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STATISTICAL THERMODYNAMICS OF PLASMAS* 


H. S. GREEN 


UNIVERSITY OF ADELAIDE, SourH AUSTRALIA 


A systematic method for the computation, with arbitrary accuracy, of the thermodynamic 
functions of a gaseous plasma is developed from first principles. The theory of the grand partition 
function is used to derive a set of exact integral equations, which determine the electronic and 
ionie distribution functions. An approximate solution of these equations yields results similar to 
those of the Debye-Hueckel theory of electrolytes. More exact solutions are developed and used 
to compute the equation of state and other thermodynamic functions for plasmas. 


1. Introduction 


For the investigation of many problems of plasma 
physics, it is necessary to know the equation of state, 
and often also the specific heat of an ionized gas. 
In the literature, see, e.g. SprrzeR [1], it is usually 
assumed that a gaseous plasma behaves thermo- 
dynamically like a perfect gas. It is, of course, certain 
that, at sufficiently low densities, the perfect gas 
laws are very closely obeyed by un-ionized gases, 
where, on account of the low collision frequency, 
the effect of interactions between the gas molecules 
can be neglected. The major corrections can, if 
necessary, be calculated and are proportional to the 
square of the density. But in ionized gases it is very 
much less certain that the perfect gas laws are appli- 
cable as a good approximation. Owing to the slow 
rate of attenuation of the Coulomb forces with 
distance, the interactions between electrons and ions 
do not become negligible in a plasma, even at very 
low densities. It seems that the use of the perfect 
gas laws is tolerated in plasma physics at present 
mainly because no reliable alternative has yet been 
found. 


The development of an exact statistical thermo- 
dynamics of plasmas does, in fact, present considerable 
difficulties which have not yet been fully overcome. 
The well-known method found by UrRseELu [2], 
Maver [3] and others for developing thermodynamic 
functions in powers of the density fails at the outset 
because the definite integrals representing the virial 
coefficients all diverge. The reasons for the divergence 
of the integrals have been discussed by the author 
in a recent paper [4], where the attempt was also made 
to adapt the theory of the grand partition function, 
at least in its formal aspects, to ionized systems. 
What is still lacking is a practical and systematic 
method of successive approximations for calculating 
the thermodynamic functions, and this it is the purpose 
of the present paper to provide. 

Before going any further, it should be mentioned 
that an approximate method of dealing with ionized 
systems was found many years ago by DEBYE and 
Hvuecxet [5], and has been very successful in its 


application to electrolytes. According to the Debye- 
Hueckel theory, the Coulomb forces between the ions 
in an electrolyte are not effective beyond a certain 
distance (of the order of the Debye shielding distance), 
but are screened by an accumulation of charge of 
the opposite sign around an ion, in its electrolytic 
environment. The Debye-Hueckel theory is based on 
approximations which are recognized as rather crude 
by modern standards, but, in its essentials, it appears 
to give a reasonable qualitative and quantitative 
account of the thermodynamics of electrolytes. There 
is no difference between a gaseous plasma at high 
temperatures and the dilute plasma found in electro- 
lytic solutions that would preclude the application of 
the theory, as a first approximation, to ionized gases. 
Consequently, the real question is: how good is this 
approximation, and can anything be done to improve 
on it? 

The Debye-Hueckel theory incorporates two distinct 
approximations, one of amathematical kind appropriate 
to high temperatures, and the other of a statistical 
nature. The mathematical approximation, in which 
the Boltzmann factor exp (—/q) is replaced by 1—fq, 
where S=1/kT' and is the inter-ionic potential, 
can be improved or even avoided altogether, as 
MUELLER [6] and GROoNWALL [7] were the first to 
show. The statistical approximation, however, is 
essential to the method, and can only be avoided by 
a radical reformulation of the theory. Attempts to 
put the Debye-Hueckel theory on a rigorous statistical 
mechanical basis have been made, with some success, 
during the past decade, notably by Kirkwoop and 
Porrrer [8], STREL’TSOVA [9], SALPETER [10], and 
VepEnov [11]. While differing widely in method, 
these various approaches have shown the possibility 
of overcoming the difficulties mentioned and finding 
the thermodynamic functions of a plasma more 
accurately than before. The present paper may be 
regarded as a further refinement of this work. 

The author has been considerably influenced by 
the analogy between plasma theory and the theory 
of liquids. In each instance, difficulties arise because 
every particle is in interaction with many other 
particles, in a disordered state. This analogy has 


* Work supported in part by United States Navy Contract No. N60530—5600. 
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also suggested to Yvon [12] the possibility of applying 
techniques similar to those devised for the theory 
of liquids, see e.g. GreEN [13]. Yvon’s method is 
based on two approximations: the “‘superposition 
approximation”’ of KirKwoop [14], and a linearization 
approximation. But clearly it should be possible to 
exhibit the Debye-Hueckel theory as a first approxi- 
mation in an exact development of the thermo- 
dynamics of plasmas. Such a development will, in 
fact, be unfolded in the present paper. 

Kirkwood’s superposition approximation is, in the 
author’s opinion, a good one which would not be 
an important source of error. To remove any cause 
for doubt, however, it has been avoided by taking 
as the starting point a set of exact integral equations 
found by Mayer [15]. Mayer’s notation is rather 
complex and differs from that used here, and for 
this reason a brief derivation of the basic equations 
is set out in Section 3 below. Another discussion 
of the same equations has been published by 
Kirkwoop [16]. To the author’s knowledge, no 
systematic method for solving Mayer’s equations has 
yet been proposed, and a new method has therefore 
been devised for the purpose, which is explained in 
detail in Sections 3 to 5. Finally, in Section 6 some 
useful approximations to the thermodynamic functions 
are obtained, valid for a gaseous plasma at low 
densities. More exact formulas are also provided, but 
require a good deal of numerical computation to 
evaluate. (It is hoped to present some tables in a future 
publication). 


2. Basic equations 


Throughout most of this paper, the validity of 
classical mechanics is assumed. Quantum-mechanical 
effects are, in fact, known to be unimportant in 
gaseous plasmas, except for the electrons at temper- 
atures below 104 °K, and even there computed cor- 
rections to the classical thermodynamic functions are 
available, see, e.g. SCHRODINGER [17]. There is, 
however, one aspect of quantum-mechanical theory 
which cannot be ignored, i.e., the existence of a 
lower bound to the energy of a system of charges 
of opposite sign. This has to be taken into account 
in a classical theory by ‘“‘cutting off” the attractive 
Coulomb interaction at short distances. Thus, while 
the mutual potential energy of two charges e, and 
ey of the same sign is 


(€a ev > 0) (1) 


where r is the distance between them, it will be 
assumed for charges of opposite sign that 


ab (7) = ea &y/7 


Pab (1) = (€aes/r) [1 — exp (— r/eav)] (@aev<0), (2) 


where gap is of the order of the radius of the smallest 
Bohr orbit. Explicitly, 


Oab = — 2 hi? (ma + Mb) /(Ma Mb Ca Cb) , (3) 


where mq is the mass of the charge eg. 
As Qap is always small compared with other 
characteristic lengths in a plasma, this modification 
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of the attractive Coulomb interaction has little effect 
for “ordinary” values of r. Its importance lies in 
the fact that, according to Eq. (2), the energy of a 
pair of opposite charges cannot be less than éaés/Qab, 
which is exactly the quantum-mechanical lower bound. 

The model for a plasma will then be a collection 
of charged particles which, in a particular state, will 


- consist of N, electrons (charge e,;=e), N, ions of a 


particular kind (charge e,=—qe where g is an 
integer) and possibly N3, Ny, ... ions of other kinds. 
To prevent these particles from spreading over the 
whole of space, it is supposed that they are contained 
within a region of volume 2 by a wall (e.g., by a 
very strong magnetic field) which they cannot pene- 
trate. This wall may be idealized as a potential barrier 
of extreme height. There is no harm in supposing 
the existence of a slowly varying external electric 
field as well. A particle will therefore have a potential 
energy Qa, depending on its charge type and position, 
as well as an interaction energy due to other particles. 
The positions of the particles of the a charge type 
in a particular configuration are denoted by Xa, Xa’, 


X,’’, ... and the total potential energy of the system 
of N (N=N,+N,+...) particles is then 


Dn ay (xz) =r Dat (X75 Xp!) : (4) 

i i,j 
When the temperature 7’=1/(k #) and the chemical 
potentials “4, 4,... of the various charge species are 
fixed, the probability that the plasma has N, electrons, 
at the points x,, X’,,..., N, ions of charge e,, at the 
points X,, X,’,..., etc., is proportional to 


exp [B (Nj, 4,+N2u2+...) —B On]. 
Thus, the probability of finding V, electrons, NV, ions 
of charge e,, etc., in the plasma (irrespective of po- 
sitions) is 
Pu=(ZN,!N,!...) exp [B (Niu, +Nop.4+.-.-)] 
x fexp (— BP ®n) dXn (5) 
where dXy=dx, dx,’...d X,@xX,'..., and the inte- 


grations with respect to all co-ordinates are from 
—oo to +oo. The constant Z is determined by the 


condition Dai (ER Salk Es 
Z =>) (Nit ,!.. >) exp [8 (Nye 4+ Noes...) 
N 


x Jexp (— 6 ®n) dXn, (6) 


where the summation is over all values of N,, N,..., 
etc., from 0 to oo. There is a relation between Z 
and the pressure P, in the absence of external forces: 


Z—exp (BPY). (7) 


If madXa is the probability of finding a particle 
of the a-th kind in the volume element dx, at the 
pot Xa, Ma (Xa) is the number density of particles 


of the a-th kind at the point x,, and the total charge 
density at the point x is 


& (X) =e, n, (X) +e, n, (x)4+.... (8) 


In the absence of external forces, this will vanish 
In a neutral plasma, and the number densities » 
will be constants, so that 


Gq Nii Co M54... —O: (Sa) 


One has 


Zna= >'Na(Ny!N,!. -.) *exp[B(Niu,+N.u,+...)] 
N 

: | exp (— B ®y) dXn-1, (9) 
where the integrations are now carried out over 
all co-ordinates except Xa, for a single particle of 
the a-th kind. Similarly, if ma, dXqdx,’ is the pro- 
bability of finding a particle of the a-th kind in the 
volume element dx, at the point x2, and a particle 
of the b-th kind in the volume element dx,’ at the 
point x,’, so that nay is a pair density, or a joint 
distribution function, 


Z Nab =) Na (No 
N 

x exp[P(Niyi+Nou.t+..-)] | exp(—[P@®n)dXn-2, 

(10) 


Se NG Ne! oc) 


where now the integration over the co-ordinates Xy’, 
as well as Xa, is omitted. One can define and express 
joint distribution functions rab-, Nabcd, ete., Ina similar 
way. 

The thermodynamic functions 


Za = XP (fi [Aa) (11) 


are the activities of the various charge species. If Z 
is expressed as a function Z (f,2z,,2,,...) of the 
inverse temperature / and the activities, it follows 
readily from Eqs. (6), (9), (10), etc., that 


2a OL [ . 

Ti the | Mad Xa 
Za@,  O°ZF if 2 9 
SS = WapidaXa a Xt 1 
Lisa OZ OLB J oe = we 


etc. All the derivatives of Z with respect to the 2 
can be expressed in this way. 
From Eq. (7) it then follows that 


B Veq (@P/8 za) = [la EXa 


w 


etc., where Ja, lay, etc., are defined by 
Nq= ike 
Nab =lab+la ly (14) 


Nabe = labe +lap Ie + lac ly + Ibe la+la ly le 


and, in general, every partition of the suffixes a, b, (@ 
etc., is represented by a term on the right-hand side. 
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The functions lap, lay-, etc., have the property that 
they approach the value zero whenever two of the 
positions Xa, Xp, X- are so far apart that they are no 
longer correlated. 

Since P=0O when all the activities z, are zero, it 
follows from Eq. (13) that 


BPV= J [ledXs— 5S | flan dxadxs 


a,b 
7 aD aa 


This is an expansion which can be used to compute 
the equation of state of the plasma; it is, as Kirkwood 
has pointed out [13], quickly convergent even when 
the densities are not small. If one neglects lay, lave, 


. 


labcdXadXydX_ —..... (15) 


etc., one obtains the perfect gas law 6 Wee hs to 


a 
find the major corrections to the perfect gas law, 
it is necessary to determine the functions Igy, labc,.... 
Mayer’s integral equations for this purpose will be 
derived in the following Section. 


3. The integral equations 


To derive the fundamental integral equations, the 
potential energy, as expressed in Eq. (4), is split 
into two parts: 


Pn = ez (Xz) + )'pab (Xa, xi)| + @n-1, (16) 
b,i 


where the second part, ®xj—1, does not depend on the 
co-ordinates x, of one particle of the a-th kind. Then, 
if Az and wap are defined by 


Aa = eXp [B (Ma — Ya) ], 
Cab = exp (— Bar) =1+ Ua, (17) 


one will have 


zaexp (— B Oy) = Aaexp(—B Ona) [(1+-ulh) (18) 
bi 

in which wu} is an abbreviation for was (Xa, Xs). 

This expression is first substituted into Eq. (9); under 

the integral one can then expand the product and 


replace ¥” ul by >’ (Ny — bab) U'an (through inter- 


bi b , : 
changing the co-ordinates «ap and a’), replace 


os Ds us), wi? by ee oe) (N.-—0ac—O bc) U' ab uw” ace 

Byantedi b,c < i 
etc. Making use of Eqs. (6), (9), (10), etc., to simplify 
the result, one thus obtains: 


Na = ha E + S'np Uy AXp 


b 
Ste Sry Mc tay Uae AXt! EXc" + ae a (19) 
b,c 


Next the expression (18) is substituted into Eq. (10); 
the same procedure can then be applied, except that 
the factor 1 + wap —eap must be left intact. The result 
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is (omitting the primes, which will henceforth be 
understood to be present where necessary, though 
not shown): 


Nab= ha Cab 


Ny + ) Noe tac d X¢ 
; 


1 | 
b> y Nocd UacUaddXcAXq+.. 


(ont! 


Similarly one has 


Nabe = Aa Cab Cac |r: a ’ Nocd Uad AXd+.. ) 


d 


(21) 


etc. These results were obtained by Mayer, in another 
notation. They are not yet in a very convenient 
form, as the integrals converge only very slowly 
where Coulomb forces are involved. Eq. (19) is much 
improved in this respect by taking the logarithm: 


log (%ef Aa) = aD fis Uab d Xb 


b 


l AS 
=e Gil : | | lr Uabh Uac d Xp d AAP on 


b,c 


with i, ly., etc., defined by Eq. (14). When ,,, Iyca, 
etc., have been determined, this relation will enable A,, 
and therefore the chemical potential 44, to be expressed 
as a function of § and the number densities. In con- 
junction with Eq. (15), which represents the pressure 
in similar form, Eq. (22) will in fact enable all thermo- 
dynamic functions to be determined. 

To improve the convergence of the integrals in 
Eq. (20) in a similar way, it is necessary to divide 
Eq. (20) by (19); the result is 


Nab |Na = Cab [4 + DS [toc Uacd Xe 


(22) 


i FD | [loca tac aad XcdXa+.. ae (23) 
(ae 


A similar equation for nap. is obtained by first dividing 
Eq. (21) by (19), then subtracting may nac/na?, as 
expressed in (23); one obtains 


Nabe Nab Nac 
= Cab Cac ts ++ y [loca aad a 
d 


Na Nar 


oi Sr Oy | [locdetadttachXadXe+ Ms | . (24) 
d,e 


The rule for the formation of these equations is now 
clear; on the left-hand sides one has a sequence of 
functions 1, 1, 1,, ete., defined by relations 


similar to Eq. (14): 


Na b/Na a= 1,9) 


a) 


MavelMa=lee +19 1 (25) 


etc. On the right-hand sides, one has a sequence of 
expressions containing a factor é€ap éac... and a series 
of integrals involving the J as the other factor. The 
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ap (20). 


result is a system of integral equations to determine 
the n, or equivalently the 1. 

Before introducing a practical method for the so- 
lution of the above integral equations, it is instructive 
to notice a method which fails. If one attempts to 
obtain, by successive substitutions, a series solution 
in powers of the densities, one finds 


Nab = Na Nb Cab [! ila ) | Uac Ube Nn, AX¢ 


cs 


l ea es 
+ > y | | fabcd Uac Ubc Uad Ubd Ucd Me Nd AX, AXat .. | 


c,d 


where 


hieea= (14202) ea) 0 eg) a) ee 


This agrees with a result of the same type found by 
other methods, see DrE Bokr [18]. For large values 
of r (the distance between a2, and 2’), Uap iS very 
nearly — f gap, i. e., — PB ea ey/r; each of the integrals 
in the above series therefore diverges as the volume 
V is allowed to tend to infinity. The above solution, 
though it has been usefully applied to non-ionized 
gases [18], is in fact worthless for plasmas. The reason 
is easily given: nay approaches its asymptotic value 
Na Mp Much more rapidly than the first approximation 
Na Nb €ab in the above solution would suggest. According 
to the Debye-Hueckel theory, 


Nab Na ny exp [— B ea ey (e/*/r)] 


where « is the Debye shielding distance ; the asymptotic 
value is approached very rapidly when 7 > «, owing 
to the screening of the Coulomb forces by polarization 
of the plasma. Of course the Debye-Hueckel theory 
still lacks exact verification ; but still it is very plausible 
on physical grounds that the functions J,-, lyca, ete. 
do tend to zero very rapidly as the distances between 
the positions Xa, X,’ ete. increase. This will be confirmed 
by the solutions obtained in the next two Sections. 


4. An approximate solution 


In this section it will be shown that, in an approx- 
imation valid at sufficiently high temperatures, the 
Debye-Hueckel theory can be recovered from the 
integral equations (23), (24), etce., and that the super- 
position approximation used by Yvon [12] is unne- 
cessary, as it is a direct consequence of the other 
approximations employed. 

Let 
Nab (7) 
Na Nb 


Yab (rT) = log (26) 


so that — kT yay (r) is the mean interaction potential 


of two charges eg and e, at distance r in the plasma 
environment. According to Eq. (23) 


Yab = B@as+ log +S [teed X 


> 


zie yD | [eet tac tead xed xa + .. | mn (2a) 


c,d 


At high temperatures, f is small and, if one neglects 
terms of order 6?, wac= — B qac. As the term involving 
lyca, and further terms in the series, contain more than 
one factor B qac, they may be neglected in the same 
UL eras also, the logarithm may be expanded, 
so that 


Yab ~ —P [pat + Dd) |b cllb) Pac ds. | 


c 


As yap is small, one may set 
Ti OS PAV te) = LS yee 


/ 


and the equation becomes 
Yab ~ —B | pat +» | Voc Pac Nc dx.| (27a) 


The easiest way to solve this integral equation is 
by Fourier transforms, defining 


Vab (k) = as (r) exp (ik-r) dr 


Qab (k) =| pas (r) exp (ik-r) dr 
=4 7 eq ey [k? (1 +k? 0g4?)]-} (28) 


with 0a, defined in Eq. (3) for ege, <0 and 04,=0 
for eae, >0. One finds 


yan (k) — —B | pap () + Se yoe(k) paw (k) 


c 


(29) 


a set of equations which can always be solved for the 
yab (k), and hence the ya, (r) by Fourier inversion. 
When there are only two kinds of charges present, 
equal and opposite in sign, so that e; = —e,=e, the 
solution (as will be seen in more detail in Section 5), is 


2e—1/a 
Vir (7) = 22 (7) = — oe 
(ie eae Soff 
Vie (7) =Yor (7) = ae (ome e <2):, (30) 
where 
te =A es 10 = 0i5 (31) 


and g9 has been neglected in comparison with «. This 
is the same as the result of the Debye-Hueckel theory, 
apart from the term involving exp (—~r/o), which 
has been introduced through the modification of the 
Coulomb law explained in Section 2. 

It is possible to improve on this approximate solu- 
tion in two ways. One can of course solve Eq. (27), 
e. g. by numerical methods, if only the terms involving 
~Incd, Incae, etc., are neglected. But it is also possible 
to take these terms into account, by solving Kq. (24) 
and similar equations. To illustrate this possibility, 
Eq. (24) will be solved in the same approximation 
used above to obtain the Debye-Hueckel distributions. 
Combining Eqs. (23) and (24), or directly from 
Eqs. (21) and (19), one has 


eae = eat €ac| +S | (ra —rnema) aad a+ cg | : (32) 
d 


Na 
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Therefore, if 


Va log | vane (33) 


r Na Whe 


one finds, using the same approximations which led to 
Eq. (27a), 


Men he 2 p | pat + Mac 4 yy Va, be Pad Nd d x,| . (34) 


d 
By comparison with Eq. (27a), it is easy to see that 


this equation has the solution 


Va, be = Vab jf Vac (35) 


and consequently 


Nab Nac Mhe 


Na Wh Ne 


Nake (36) 
in this approximation. The above Eq. (36) is a formal 
statement of the “superposition” approximation of 
Kirkwood. This approximation, as previously stated, 
is therefore a direct consequence of the approxima- 
tions used to derive Eq. (27a). A similar treatment 
of the equation for napca yields 


Nabced = (Nab Nac Nad Nhe Ncd)|(Na Nh Nc Na)?. 


(37) 


Before passing to the exact treatment of the integral 
equations, it should be noticed that as yay has been 
assumed to be small, Eq. (26) can be written 


lab lab 
— | ~ 
Yab log 1 . a a Trin 


in conformity with the approximation which has 
adopted in this section. 


5. An exact development 


The preliminary treatment of the integral equations 
in the last section has shown that the Debye-Hueckel 
theory may be applied to plasmas at “‘sufficiently 
high” temperatures. The crude approximation adopted 
there, however, failed to provide any indication of 
the temperature limit below which corrections are 
likely to be required. If an extremely high limit 
existed, the solution would need correction anyway 
because of relativistic effects, especially magnetic 
interactions between the rapidly moving electrons, 
which become important above 10°°K. But, as will 
be shown in this Section, the range of validity of 
the Debye-Hueckel theory extends much further than 
the approximations used by Debye and Hueckel, 
and others who have recovered the theory, would 
suggest. It is to a large extent independent of the 
expansion in inverse powers of the temperature, of 
the linearization of equations, and even of the super- 
position approximation. It depends only on the low 
density approximation usual in ideal gas theory; the 
superposition approximation of course has a similar 
validity. The limit is probably reached beyond a 
density ~a-*, where « is the shielding length. 
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It will be found convenient to introduce the set 
of functions Aap, Ache etc., and yas, Vavc, ete., defined 


by 
lab 


Aab = ; 
Na Vy 


1+Ags=expya; (38) 


la be 
Rabe = 


Wa Mh We 


] t Aab + Ave = Nie ; abe == exp (Yab-- V be : | Vac t-Yabe) . (39) 


The first of the integral equations to be solved, 
Eq. (23), can be written 


hab —)?| Apc Uac A We [ab > (40) 

where dm.=n, dX; and 

[ab = Uab E +S" | Nye Wac de 

1 we 

ade eav>) | | Avcd Uac Wad d@a+..-. (41) 
: Gs d ‘ 
Similarly, Eq. (24) can be written 

Nae —}"| Aocd Wad daa fab Cs (42) 


d 
where 


Habe = hab Aac + (€a beac 1) | Ave +») dyed Wad dos | 
d 


1 ss 
+ py Cab Cac De | | Avcde Uad Uae dd Awe +.... (48) 


d,e 
The integral equations for Aapca ete. can be formulated 
in a similar way. 
A formal solution of Eqs. (40) and (42) can be 
obtained by introducing the “resolvent kernel’ ka», 
which satisfies the integral equation 


— y | lives Cag Ch Oy Wath 


c 


(44) 


The solution of this equation will be given in the next 
paragraph; at the moment it is only necessary to 
notice that, since wa, is symmetric, i.e., U5 =Upa, 
ka is also symmetric. It follows easily from Eqs. (40) 
and (44) that 


Jab =[lab +3 | lac peo di. (45) 


Similarly, it follows from Eqs. (42) and (44) that 


dabc =[abc +), | Kad abcd Oa, (46) 
d 
etc. 
The solution of Eq. (44) can be accomplished 
directly by Fourier transforms, and kay is thereby 
expressed as a definite integral* involving Bessel 


* This has been done (according to the presently 
available preprint) in a paper entitled “Correction to 
the Debye-Hueckel Theory” by D.L. Bowers and 
E. E. Salpeter. 
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functions [19]. But for analytical purposes it 1s more 
convenient to adopt an iterative method, writing 
Eq. (44) in the form 


kav py kp Pac da. = —f Pab + Vab, (47) 


where 


Va b = Vab + > | Koc Vac di, 
; J 


Vab =Uab +B ab =e %ab —1+Qav. (48) 


It will be noticed that Eq. (47) is the same as (27a), 
apart from the additional term Vap, and it can be 
solved in the same way. 

The general solution is 


eo p Wab + Ve hb — oe | Wac Vp C dw. 3 (49) 


where 
Poe =Pbe EXP (— r/o) , 


cies § Te Np CL. (50) 
b 


To verify that Eq. (49) does satisfy the integral 
equation (47) in the approximation where o, the Bohr 
radius, is neglected in comparison with «, the Debye 
shielding distance, one can make use of the mathe- 
matical identity 

4x (e-4' _e-Pr) 


ds = - Le 


rPe-PS eat 
eB (pi —=q'\r 


where t=r—s. From this it follows easily that 


BY | pac Ye dere Gav — Yas (51) 


in the approximation stated; thus / way is the resolvent 
kernel of Eq. (47). Combining Eqs. (48) and (49), 
one has 


kay = — p Wab + Jab +3 | jac key doe ; 


c 


(52) 


where 


Jab = Vab — py Pac Ve AO. (53) 


The equation (52), unlike the original (44), can be 
solved by iteration, as the kernel j,, is not singular. 
However, as vay is singular by itself, the two terms 
on the right side of Eq. (53) may not be separated. . 
At gaseous densities the approximation kay = — B pap + 
+-jab 18 valid, because the density appears as a factor 
Ol d@s—n:e d xe 

Returning to the determination of the functions 
Aabv, Aave, ete., it is clear that they can be found from 
an iterative process, based on Eqs. (45) and (41), 
(46) and (43) etc. The plan is to substitute in (41), 
(43), etc., a set of first approximations /2,, 7°,., ete., 
to the functions Agy, Aay-, ete., and thus obtain cor- 
responding approximations uu), °,,, ete., to Mab; Mabe, 
etc. These are then substituted into (45), (46), etc., 


to obtain improved approximations 2’, 2/,., ete. to 
the 2. This process is then repeated until the desired 
accuracy is obtained. Clearly the efficacy of this 
procedure depends on the initial choice of Fen bee 
if they are not well chosen, the convergence of the 
series approximations may be poor or completely 
illusory. One would like to have a set of functions 
which are exact solutions of the integral equations, 
or nearly so, at low densities. In the remainder of 
this Section it will be shown how such functions can 
be constructed. 

At first sight, the construction of solutions valid 
at low densities seems an easy matter, as the elements 
dw, dea, etc. in Eq. (41) are proportional to the den- 
sity. However, even the terms involving many inte- 
grations furnish contributions which are independent 
of the density, as one can see most easily by setting 


Aved= (1 +05-a) (1 + Ape) (1 + Apa) (1 + Aca) 


hie And Ac d 1 5 (54) 
where, according to (39), 
Obcd =@XP (Yoca) — 1. (54a) 


The term Ap. Ap¢ in the above expression for Apgca, 
when substituted into 


| | Abed Wac Uad AW Aca, 


yields an expression which, according to Eq. (40), 
is equal to (Aq, —j1p)?. The other terms are less 
important and vanish with the density. Thus, to 
obtain an expression correct at low densities, one 
should substitute Aye Apa for Aca, Anc And Ave for Avede, 
etc., and thus obtain from Eq. (41) 


fab = Uap (1 fab) €ay ©XP fab — 1 — fap, 


) fab = dab — fab =05| Abc Uac AW, . (55) 
Eliminating jay, this yields the equation 
Cat CXP fab = 1 + Aas (56) 
or taking logarithms, 
= eS | Ave id. OTE palbs 
fab = wets | Aap — log (1 + Aas). (56a) 


A formal solution of this integral equation is provided 
by Eq. (45), and at low densities one has 


hab = Hab BS) | hac Pcb do. 
= fab + kab +B Pav Vas (57) 


according to Eq. (47). Using the formulas for fay in 
Eq. (56a), and kay in (48), one finds 


1+Aap = exp {= 6] pas+ 3) | ve Vbc du. }} . (58) 
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At sufficiently low densities, the integral in the 
exponent of Eq. (58) is negligible, and one then 
recovers the formula map = ny exp (—Pqap) of the 
Debye-Hueckel theory. The validity of this formula 
is therefore not confined to high temperatures, as 
earlier derivations might suggest. Eq. (58) shows, 
however, that the formula requires correction at 
finite densities (greater than «~%), and exhibits the 
most important correction. 

A solution of Eqs. (42) and (43), valid under the 
same conditions, can be obtained in a similar way. 
When Eq. (54) is substituted into (43), it is convenient 
to set 


Aid Avd A die Obed (1 5 Av d) (1 1° Aca) 5 (59) 


so that 


Aved Xoc (Ava Sh hed al Ave d) T Ave d- (60) 


Density-independent contributions to Habe also arise 
from the part 
Abc (Apa ie ed <5 Abed) (Ave =F Ace at Abe) 

si (Ava ir Acd) Abce “ile (Ave se Ace) Abed a Abed Kiee 


of Apcde, etc., so that to the desired order of approxi- 
mation, 


Mabe = Aab Aac + (Cab @ac—1) [Ane (1 + fas + fac + fare) + fare] 
+ €ap Cac [Abc Xp (fab + fac t+ fave) —Abve(1 + fas +fac+ fave) 
+exp (fav+ fac + fave) — XP (fab + fac) — fave], (61) 
where 
(1 + Abe) fabe = Aabe — Pave — Ave (Aap + Aac) 
=(L+ Ape)” Abed Wad dena. (62) 


d 


If one eliminates ap. between Eqs. (61) and (62) 
and simplifies, with the help of Eq. (56), one finds 


habe is Me ae Aab as Nae =i 1 
= (1 Si Abc) ( ae hab) (1 “if hac) exp fake (63) 


and, with the help of (56a), 


: ‘ (1 + Aac + Ave + habe | 
ENS la + Aac) (1+ Aav) (+ Ave) 


== 7h} {[p (ab + Pac) ] =i log (1 i hab) (1 + Aac)}. (64) 


Now dave can be found by using the solution (46) of 
the integral equation; discarding some terms which 
vanish with the density, one finds that fa,-=0, or, 
equivalently, dyca=0 in Eq. (54). Thus the super- 
position approximation is rigorously applicable, at 
low densities. 

A similar discussion of the equation for Aapcq Shows 
that the superposition approximation again holds at 
low densities, in the form 


(65) 


¥ 7 2 
Nabcd = Nab Nac Nad Nbc Nod Neal (Na Nb Nc Na) 


and this is obviously also a feature of the higher 


distribution functions. 
The low-density approximations which have been 
obtained in this Section can be improved by the 
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iteration procedure already discussed. The improved 
solutions will not be written down here, but a few 
words should be added concerning the computation 
of the Map, Mabe, ete., from the formulas (41), (43), ete. 
To compute fay one will substitute in general ex- 
pressions of the type 


in 
Ap Cc Ap da Ab (aglo 
Ce ee 
Abc Ap d Av mi Abc d Ave ails Ay ce Abd =e Abe d Ay ea Abe de> 


Abed 7 
Abede = 
etc. It will be found that if fa, is defined again as 


in Eq. (55), and 


Bi l x. + 
ob = Bi y | | Abed Uac lad d Wed wa, 
Ca 


g l . . . a 
© = os y | | | Areactta Uad Uachocdwdd We, (67) 
chica aa 
etc., then 
f = , 42) (3) | 5 
bab = (1+ fav) + ean exp (fas t+fartfaot---) (68) 


The expansion in the exponent of this formula is 
in many ways comparable with the ‘‘cluster’’ ex- 
pansions in the theory of imperfect gases [18]. 


6. Thermodynamics of gaseous plasmas 


The results of the last Section enable one to calculate 
the distribution functions, and hence the thermo- 
dynamic functions, as accurately as desired. From 
the qualitative point of view, it is clear that the 
validity of the Debye-Hueckel theory extends much 
further than the approximations used by Debye and 
Hueckel, and others who have recovered the theory, 
would suggest. The next simplest approximation is 
represented by Eq. (58), and some elementary cal- 
culations based on this formula will be presented in 
this Section. 

For the equation of state, one can use the result* 


(69) 


which, though equivalent to Eq. (15), yields somewhat 
more accurate results with given approximations to 
lab, layc, etc. For the internal energy per unit volume, 
one has* 


(70) 


From Eqs. (69) and (70) it is clear that the thermo- 
dynamic variables of most interest depend on the 
integral 


l= [tes Pab dix, 


* See Eqs. (27) and (37) of reference [4]. 
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which can be computed with the help of Eq. (58), 
from which one has 


lay =a Mp [exp (— PB xan) — 1], 
Yab =Wab + Pal [yao Upc dar, . (72) 
ic 


_In order to evaluate Eq. (71) exactly, one would 


have to resort to numerical methods. At high temper- 
atures, however, one can approximate la, by 
— PB a» Yar. Making use of the identity 


[e-v: [tet ae tas 
716 nh (e—4t'—e-P') Tx(2Vhq) g 7 
= Ne , (73 

e=7)r oe 


0 


one finds 


Yab = Pab te re 16 7B Y'n Qe 
c 


7 lent ensle) (2V Fence) 
J eee ice ag}. (8 
0 
To the proposed order of approximation, one has 
therefore 


Tp-=470 Np Nc Cp" Cc? &. 


It is hoped that more accurate values, at present 
being computed, will soon be available**. The 
present approximation, equivalent to the Debye- 
Hueckel approximation, yields: 


3 Da = Bea |. 
B Pa = nal alts |; 
BU,g=— [> a al 


4, (22 


(76) 


To form some idea of the importance of corrections 
to the perfect gas laws, one may assume 7'= 104 °K, 
so that 6 = 10!" erg-!. For a plasma of electrons and 
singly charged ions, f e?/x becomes comparable to 
unity at densities ~10!§ electrons/em*, and the cor- 
rection is still appreciable at densities as low as 
10® electrons/em. At higher temperatures the effect 
is somewhat less, but if doubly or multiply charged 
ions are present, it is increased. At high densities 
corrections to the perfect gas laws are of course very 
important. A more detailed quantitative study will 
be possible in the near future. 
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A SIMPLIFIED ANALYSIS OF THE DYNAMICS OF PLASMA GUNS 


J. G. LINHART 


Assoctation EurRAtoM-ComITATo NAZIONALE PER LE RICHERCHE NUCLEARI 


FRASCATI, ITALY 


The subject of this report is the acceleration of a cylindrical layer of plasma by an azimuthal 
magnetic field, a process similar to the ordinary By JZ, pinch. The magnetic field is generated by 
a current drawn from a condenser. The system can be represented by an L, C circuit in which 
the value of the inductance is changing owing to the movement of the plasma conductor. A simple 
but approximate description of the acceleration of the plasma can then be derived using the 
adiabatic theorem for oscillators together with the law of conservation of energy. The resulting 
approximate solutions are compared with numerical solutions of the appropriate differential 
equations. The approximate solutions are also applied to a rail-type of plasma gun previously 


reported by Artsimovich, et al. [Zhur. 


Introduction 


A cylindrical layer of plasma, accelerated towards 
its axis, may have interesting applications in nuclear 
fusion [1], in generation of intense magnetic fields, 
and elsewhere. One suitable acceleration mechanism 
is akin to the well-known pinch effect and can be 
described as follows. 


C 


Fig. 1 <A schematic 
plasma gun. 


representation of a cylindrical 


An axial current Jz flowing through the plasma 
layer generates a magnetic field B,, see Fig. 1. The 
corresponding Lorentz force per centimetre length of 
the cylindrical shell of plasma is therefore, 


Fi = eB ae (1) 


This force accelerates a mass NM where M is the ion 
mass and WN the density of positive ions per cm length 
of the cylindrical shell of plasma. The equation of 
motion is then written: 

NM (e R/é #) = — Iz By (2) 
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where R is the mean radius of the plasma. shell. 
The current J, is usually drawn from a battery of 
condensers, whose capacity is C. The rest of the 
circuit through which the current Jz flows has the 
nature of an inductance L. Consequently, the flow 
of the current is governed by a circuit equation: 


(6/@ t) (LIz) = —Q/C (3) 
where @ is the charge on the condenser bank and 
lao Oe t. (4) 


Equations (2), (3) and (4) are the basic differential 
equations describing the acceleration of the plasma 
shell. They are nonlinear and impossible to solve 
analytically.* These equations can be simplified in 
form, as will be shown in the next section, and can 
then be solved numerically. However, the numerical 
solutions apply to only a finite number of specific 
cases and are somewhat inflexible. In order to eliminate 
this drawback an approximate method has been 
developed. 

The approximate method is based on the adiabatic 
theorem for oscillators, which in the case of an 
electrical L, C circuit can be expressed as: 


Stored electromagnetic energy W 
Resonant frequency ery 
= [LI7 + (Q7/C)] bart 5 
> ——__ 4 — CODStanu « 
(2xV/ZC)* ) 


It will be shown that, in many cases, this theorem 
together with the law of conservation of energy 


2ONM (oO R/et)? + x (Q?/C) = (Qo?/C) (8) 


* Kags. (2) and (3) are the Lagrangian equations for the 
system, the Lagrangian being 


> Li? 4 


L(R, 6 R/6t, Q, 6Q/6t) =LM NI (6 Riot)? 


+ > L (@Q/at)?— + (QC). 


describes very closely the acceleration of the plasma 
layer. In Eq. (6) J is the length of the cylindrical 
shell of plasma, @, the initial charge on C. Joule 
heating of the plasma is neglected. 

In the final section of this paper the above- 
mentioned approximation will be compared with 
solutions obtained by numerical methods. In an 
appendix the applicability of the adiabatic approxi- 
mation to the linear (rail) type of plasma gun will 
be discussed briefly and the results of the approximate 
analysis compared with computations carried out by 
ARTSIMOVICH et al. [2]. 


Mathematical formulation of the problem 


Let us first rewrite Eqs. (2), (3) and (4) for a cylindri- 
cal shell conductor. The azimuthal field B, in gauss 
is related to the current J: in amperes by 


B,=0.2 12/R (7) 
and the total inductance ZL in henries is 
L=2-10-* Lin h,/ Rk) + Le, (8) 


where L, is the inductance of condensers, connecting 
leads, etc. and FR, is the initial mean radius of the 
plasma shell in centimetres. (The mixture of units 
is appropriate to our problem). Substituting Eqs. (7) 
and (8) into (2) and (3) yields: 


MN (2 R/at®) = —0.2 (12/R) (9) 
and 
lL aR AQ é Ry eQ Q 
_9 § olv Se hee #0 { Se ae 
oe [2 10-87 In L,| —— 


1 0.5 0.1 
XG 


Fig. 2 The normalized velocity x as a function of x for 
a,=1/100 and a,=1, 1/4, and 1/10. Numerically com- 
puted results are represented by broken lines. Adiabatic 
approximation results are represented by solid lines. 


Let us change to dimensionless variables: 


R/R,=2, QQ. =g, 0? =(2-10-91 0), wt=r 


(11) 
and introduce the two parameters 


a, =Q,2/(100 MN'R,2), a2=Lo/(2-10-* J). 


DYNAMICS OF PLASMA GUNS 


Eqs. (9) and (10) become 


LL = —a,q? (Qa) 

(x/x)q+(In x —a,)g—q=0 (10a) 

for which the initial conditions are t=0, x) —1, 
© 9 —0, dy = Land q, = 0. The dots denote differentiation 


with respect to T. 


0) 
10 0.8 0.6 0.4 0.2 
x 


Fig. 3) The normalized velocity # as a function of x for 
a,=1 and a,=1, 1/4, and 1/10. Numerically computed 
results are represented by broken lines. Adiabatic 
approximation results are represented by solid lines. 


These two simultaneous, nonlinear differential 
equations are not soluble by analytical means and have 
been solved numerically, using the CERN Mercury 
computer, for several values of the parameters a, 
and a,. The results of these computations are plotted 
in Figs. 2, 3 and 4. 


0 
LOO SaaOle 0.6 0.4 


0.2 O1 


Fig. 4 The normalized velocity « as a function of x for 
a,=100 and a,=1 and 1/4. Numerically computed 
results are represented by broken lines. Adiabatic 
approximation results are represented by solid lines. 
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The adiabatic approximation 


Let us assume that the capacity of the condenser 
bank is infinite while the stored energy is finite. In 
that case Eq. (3) simplifies to (@/ét) (L/z)=0 and 
as, by definition, L /, is equal to the magnetic flux @ 


associated with the current Lz, we have 


L Iz=constant =. (12) 
A first integral of Eq. (2) can always be shown to 
lead to the law of conservation of total energy of 
the electrodynamic system which, in the case cf 


infinite capacity, can be written as [see Eq. (6)] 
LMN (@R/2)? + (pe/L)=(Ge/Lo) (13) 


where Ly is the initial inductance. Thus, instead of 
two differential equations, we have now two algebraic 
equations, Eqs. (12) and (13), which give the velocity 
@R/ét directly as a function of the changing L and 
therefore as a function of R. Thus, 


oR \? ae 4y coe es Ly 
ot LMNI a 


It would be very useful if a similar method could 
be used even when C is finite. In such a case, the 
theorem of conservation of magnetic flux cannot be 
used and one must look for another and more general 
integral theorem. It can be shown that for C—O 
one can use the adiabatic theorem for oscillators, 
Eq. (5). A necessary condition for the applicability 
of the adiabatic theorem is that 


(14) 


(15) 


where f=1/(27V L C). It follows that foo as C-+0 
and Kq. (15) is therefore satisfied. 

Let us assume that the condition Kq. (15) is satisfied. 
Then Eqs. (5) and (6) can be written as 


Wif= W olfo (16) 
W++MN 1(@R/0t?=W, (17) 
from which 
eR\ | W, i 
ea am | IMNI )() a Soa 


Aree : . : 
Considering that Wo + °?/C and expressing Q in 
coulombs and C' in farads, one has 


OR Qu ! 


at /i07 M NIC 


a ut 

—_" Lye eats 2 
[L,+2-10-9 1 In ra 

(19a) 


or in terms of the dimensionless variables, Eq. (11) 
this can be written as* 


pe Son 


a range = te ae 
ot up a =|. 
* For values x~1 (i.e. R~R,y) the Eq. (19b) simplifies 


to 
& = (Va,/a,) V1 — 2 


which suggests that for plane geometry the problem 
could be specified by a single constant, namely a,/ay. 


3 


(19b) 
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Comparison of rigorous solutions with those derived 
from the adiabatic approximation 


In Figs. 2, 3, and 4 the quantity @x/é7, computed 
from Eq. (19b), is plotted as a function of x for the 
values of a, and a, used previously in the numerical 
computations. It is thus possible to compare the 
results obtained by means of the adiabatic approxi- 


‘mation with the correct results obtained numerically. 


Comparison makes it evident that the larger the 
value of a,, the poorer is the agreement between the 
two, ie. the larger is the error in the adiabatic 
approximation method. Let us find out whether this 
observation agrees with the range of validity predicted 
by the condition of adiabaticity and expressed by 
Kq. (15). This condition can also be written as 


where 
f={(2n VG) [L,+2-10-9 In (Ro/R)}}*. 
Using Eq. (19a) for @R/et and changing to the 


dimensionless variables [Eq. (11)], one gets: 


(20) 


eat 1 wy! = 1 1B 
Va, SH (GGG) fF : | Vin Va, 
where 

F (x, a,) =1 — [(In z)/a,]. 


The left-hand and right-hand sides of this inequality 
can be plotted as functions y, (x) andy, (x), respectively, 


Wo (Xm) 


¢) Xm 1 


Fig. 5 Schematic representation of the form of y», (x) 
and yy, (@). 


as shown schematically in Fig. 5. It appears that a 
suitable approximation of the inequality Eq. (20) can 
be derived if we demand that 


Max Y,<Wp (am) (21) 


where 2» is the 2 coordinate of the maximum of Wr. 
This maximum is given by 


peta 


| 
yy 

l 
ae 


from which the maximum of F is — 9/4 and 


m= exp (— 5a,/4). (22) 


The relation (21) can, therefore, be written as 
a1 <(27/8 1?) a, exp (— 5a,/2). 

As the right side of Eq. (23) is a maximum at a, — 2/5, 

then the highest admissible a, is 


(@i)max = 0,050. (24) 


This is in agreement with the comparison of the 
adiabatic x(x) solution and the correct 
(Figs. 2, 3, 4). 

From these figures it is also evident that the actual 
x oscillates about the smooth curve obtained by 
using the adiabatic approximation and the fewer these 
oscillations the larger is their amplitude, especially 
at the beginning of the acceleration process. Thus 
even though the criterion (23) may be satisfied, the 
error attributable to the oscillating nature of & in 
a narrow range of x near x=1 is so large that in this 
range the adiabatic approximation is inapplicable. 

This is understandable as the adiabatic theorem 
should not be applied in comparing states of an 
oscillator within the same half-cycle of an oscillation. 
Thus, as a supplementary criterion, we shall require 
that during the acceleration period, there is, at least, 
one current reversal. Hence, the processes described 
in Fig. 3 are near to the fulfillment of this criterion; 
those of Fig. 2 satisfy it well, whereas the conditions 
corresponding to Fig. 4 do not come anywhere near it. 


solution 


Conclusion 


It has been shown that the use of adiabatic theorem 
gives a good agreement with numerical solutions of 
the appropriate differential equations provided that 


C2 V,2/(100 MN R,2) <0.05 


where Cy, Vy are capacitance (farads) and initial 
potential (volts) of the condenser bank, WM the positive 
ion mass, N the linear density of ions and R, the 
initial mean radius (centimetres) of the cylindrical 
shell of plasma. An additional proviso is that the 
current flow in the cylindrical plasma layer reverses 
at least once before the layer reaches the axis of 
symmetry. 

Even in case these criteria are not satisfied the 
adiabatic approximation gives a useful first estimate 
of the performance of cylindrical plasma guns as 
can be seen from the graphs of x (x) in Fig. 3 where 
OC? V,2/(100 MN R,?) =1 and not even one full reversal 
of current occurs. 
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Appendix 


It is interesting to apply the adiabatic ap proximation 
to the rail-type gun described by Arrstmovicu ef al. [2]. 
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Equations (16), (17) and (18) are applicable to the 
linear geometry giving 


oe (Wo/> m) (1 Wve (Al) 
where m= MN I. The inductance is, however, 
L=1,+ ba 


and using the notation of the Artsimovich article, i.e. 


tT=(I/VL,C)t, y=x(b/L,) 


Eq. (Al) becomes 


where 
bP? (CV)? 
2 Omir Ls 


This last expression differs by a numerical factor 
from that of Artsimovich on account of the system 
of units used here: C (farads), L (henries), V (volts), 
m (grams) and length in centimetres. 


oy ei @2 0.4 0.6 0.8 1.0 


Fig. 6 Comparison between numerical computation 
(broken line) and adiabatic approximation (solid line) for 
a rail-type plasma gun. 


In Fig. 6 are plotted the y (y) curves deduced from 
the solutions given by Artsimovich et al. of the 
corresponding differential equations and also, for the 
same q, the y(y) curves representing Eq. (A2). The 
agreement is encouraging. 
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. OBNWIME 3AMEYAHMA ... . Pee 2.85. 458) 
. HEKOTOPLIE YACTHbIE CJIY4AU " HECTALIMOHA- 
PHbIX HEJIMHEMHBIX JBYXKEHHM PA3PEXKEHHOM 


A. A. BEEHOBR, E. I. BEJIMXOB MU P. 3. CATEEB 
OPJIEHA JIEHAHA MHCTUTYT ATOMHOM SHEPrMM MM. UM. B. KyPUATOBA 


AKAHEMMM HAYK CCCP, MOCKBA, CCCP 


CraTbs, B OCHOBHOM, upegcTaBpiaeT cob6om 0630p paga paboT, MocBANIeHHbIX TeOpHM HesIMHeHHBIX JIBH- 
*KeHHi T1a3Mbi B YCOBHAX, KOrZa CTOJIKHOBEHUA MexKLY 4acCTHUaMM He HrparoT OMpeeAOMeH POH. 

Bo BBegzeHun POpMysIMpyeTcaA MOCTaHOBKa 3a0a4H: OO IBOJIOWMH BO Bpe€MeHH HayaJIbHOrO BO3MYIIeHHA 
KOHeYHOH amMmiMTyob!. BosHukarollad (u3H4ecKad KapTHHa OyyeT 3aBHCeTb OT KOHKypeHUHH MexKTy Mpo- 
yeccaMu: HeMHeiHOrO yBesIHYeHHA KPyTH3HbI, JHCMepcuH, MOrsomeHuA HK HeyCTOM4YMBOCTH. B pane ciy4aes, 
kKorga WormomeHHe HM HeyCTOMYMBOCTL HeCyLWIeCTBeHHbI, MO2XKHO TOJIYYMTb WpescTaBsIeHHe O XapakTepe HEJIM- 
HeHHbIX JBWKEHHHM, MPHBIeKad COOTBeETCTBYFOWHM JIMHeMHbIM «3aKOH THCHepCHM>. 

Bropas ruiapa NOCBALIeHa W3JIOKCHHIO HEKOTOPBIX YaCTHBIX THMOB HeCTalHOHAPHBbIX HeJIMHeHHbIX [[BHDKe- 
HUM, DOMyCKaroWlHx TOWHOe MaTeMaTHYecKOe pellieHHe: HeMHeiHbIe KONeOaHHA 9IeKTPOHOB pH T=0, 
HeJIMHeMHbIe JBYXKEHHA TJIa3Mbl MOMepeK CHJIbHOrO MarHHTHOFO MOsIA, HOHHbIC BOJIHbI KOHEYHOH AMIMIMTY BI 
B HEM30TEPMHYECKOM MWa3Me pH p;<p,. B pane ciyyaeB 9BOJFOUMA HavasIbHOrO BO3MYICHHA MPHBOZHT K 
O6pa30BaHHIO MHOTOMOTOKOBBIX TeveHHii, HeKOTOpble OCcObeHHOCTH KOTOPbIX OOcyxXAaloTcA B Tru. 3. B 
yeTBeEPTOM riaBe ONMCAHbI YCTAHOBHBINMeCA HeJIMHeMHbIe BOJIHbI, T.e. BOJIHbI, He MeHAFOMHe CBOeli POpMBI 
BO BpeMeHH. B yacTHOM ciIyyae 9TO TaK Ha3blBaeMble «“yeMHeHHble» BOJHbI, HamOHOOve BOJIH Ha TOBepx- 
HOCTH T#.KeNOH 2#KHTKOCTH B KaHasle KOHeYHOM TlyOHHbI. BO3MO2%xKHOCTbh CYLWICCTBOBaHHA TaKHX BOJIH Tpe- 
OyeT JIMHeHMHBbIe 3aKOHbI WHCHepCcHH OmpemeueHHOrO xapakTepa. Yka3bIBaeTCA Ha BO3MO%KHOCTb «yeHHeH- 
Hb, BOTH pa3pexeHua. B mato rape coelMalbHO OOcyxaeTca BOMpOC O MOTJIOMWIeEHHH BOJIH B pa3pe- 
*KCHHOK m1a3Me. Pa3sBuBaeTcA NPHOJIMKeHHIM “KBa3HIMHeEMHbIM> MeTOD, MO3BOJIAIOWHU yMpOCTHTb KMHeTH- 
yeCKOe PaCCMOTpeHHe NOTIOMICHHA BOJIH KOHEYHOH aMMJIMTY BI. 

CyWIHOCTh MeTOa 3aKJIFOYaeTCA B TOM, 4TO *yHKUHA pacupenenenua f(r, v, tf) MpencTaBlAeTca B BUTE 
CYMMBbI ObICTpO HM MeJICHHO MeHsAFOWMIHXCA uacTeH. IIpH 9TOM B ypaBHeHHM JIA MeJIEHHO MeHAFOLIelcA 
yaCTH YYHTbIBAaeTCA KBaTpPaTHYHbIM yCpeoHeHHbIM odmekT OpicTpbix OciwMINAWHN. Meron mpuMeHsetca K 
QBYM YaCTHbIM 3aa4aM: O MOPIOWeHHH JIeHTMFOPOBCKHX 93JIEKTPOHHBIX KOJeOaHHi (B Mpenene O4eHb 
MaJIbBIX AMIVIMTY BbIpaxKeHHe IIA 3aTYXaHHA BOJIH NepeXOOHT B M3BECTHYHO (OpMyIy WIA Tak Ha3biBae- 
MOro «3aTyxaHHa JlaHaay»), O WMKIOTPOHHOM MOrsOWeHHH MOMepeyHO MOJIAPH30BaHHbIX BOJIH, pacupo- 
CTPaHAIOWIMXCA BJLOJIb MOCTOAHHOO MarHHTHOrO MOJIA. 

B nocnenHet 6-0 riaBe yKa3bIBalOTCA HEKOTOPble THIIbI HeEYCTOMYHBOCTH HeJIMHeMHbIX TBH KeHHH. KpomMe 
HeyCTOHYHBOCTeH MHOTOMOTOKOBOTO UBHXKCHHA MOKa3aHa HeyCTOMYHBOCTb BOJIH B MarHHTHOM mouse (B 
YaCTHOCTH, YeWHeHHbIX BOJIH), CCIM UX aMMMIMTyHa MpepbiiiiaeT HeEKOTOpOe KPHTHYeCKOe 3HAYeHHeE, TEM 
MeHbIee, YHM MeHbINe TeMMepaTypa TJ1a3MBI. 


CO JEPKAHHE 


4.2 YcraHOBHBUIMeca MarHHTO3BYKOBbIe BOJIHBI KOHeY- 
HOH aMIJIMTyIbIl, PactpoctTpaHsarolMecd MoMepeK 
MarHHTHOTO MONA... . of: Sopp Venn cee 
SA .. 85 5. KBA3HJIMHEMHOE TIPHBIWOKEHHE . Me 2 93 


2.1 QoekTpoHHste moneoaena «xononHoi 1 m1a3MbD> 85 5.1 Bboy ypaBHeHusa ieoseaeancrs mpuGmoxernia 93 
2.2 JIBwKeHHe T1a3MbI WOMepeK MarHHTHOrO MOJIA 86 5.2 IlormomeHve BOMH BTIa3Me .. . . 5 BB) 
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1. Oodmme 3ameqanna 


KosteOaTesIbHEIM CBOlicTBaM pa3pexKeHHOii M1a3MbI 
TOCBALCHA NOBOJIbHO OOMMMpHaA JMTepatypa, B TOM 
YHCJIe¢ H OOSOpHoro XapakTepa. OqHako, Kak IpaBMo, 
B He W3y¥arOTCs JIMIUb JIMHeiHbIe WIM Mable KosIe- 
OaHla Ma3MBbI, T.e. Take, B KOTOPbIX XapakTep JBH- 
*KCHHM HE 3ABUCHT OT aMIVIMTyAbI KONeGanuii [1—3]. 

B sMHelHoH Teopun xkoueGaTembHOe JBIKeHHe 
Ha3Mbl MpeltcTaBiaet COOOU cyNepno3HIUHFO OTAe/Ib- 
HbIX H€B3aMMOAeHCTBYHOWIHX BOJIH — TapMOHHK 
(exp i(wt — k-r), rae wm — yactota, k — BomHoBoit 
BeKTOp). 


Puc. 1 
HOCTH. 


VUickaxeHHe OpMbI 3ByKOBOi BOJIHBI H3-3a HeJIHHeli- 


Mexny w uk, BooOule roBops, cylitecTByeT ompe- 
TesIeHHad CBA3b — «3aKOH WHciepcHu» (w= w(k)). 

AcHo, 4TO y4eT HeHHeMHOCTH KOeOaHH MOxeT 
VW3MeCHHTb KapTHHy JBHOKeHHA, HMeFOLUIYIO MeCTO B 
JIMHeMHOH Teopuu. OOpaTHMcaA K HarJidqHOW aHa- 
JIOrHH CO 3BYKOBbIMH KOJICOaHHAMH B OOBIYHOM 1a30- 
WMHaMuke. XOPOUIO H3BeCTHO, 4TO 3BYKOBbIe BOJIHEI, 
TrapMOHMYeckHe B JIMHeMHOM TpHOMWKeHHM, W3-3a 
KOHeCYHOCTH aMIVJIMTYHbI C TeYeHHeM BPeMeHH HCKa- 
*KatoTca (cM. pue. 1). Dra DepopMalnA UpopussA 3By- 
KOBOM BOJIHBI MaTeMaTH4ecKH OMMCbIBaeTCA HeJIM- 
HeMHbIM YJIeEHOM B ypaBHeHHH BwxKeHHA (V-V )V 
B ra30BOH JMHaMMKe, OTpaxatolleM TOT dakT, 4TO 
y4aCTKH UpodH1A, KOTOPbIM COOTBETCTByeT OoNbIAA 
CKOpOCTb, CTpeMATCA OMlepeMTb y4acTKH C MeHbUIeH 
ckopoctbro. Ecsm 3ByK HMeeT WOCTaTOYHO OOsbILy1O 
aMILIMTyAy Wud TOrO, 4TOObI NOAOOHEIM HeMHeHHbIii 
adexkT ycliesI MpOABHTbCA paHblile, 4M BOIHa IpocTo 
3aTyXHeT 43-34 TeMJIOMpOBOMHOCTH HW BA3KOCTIM B 
ra3e, TO B KOHIe KOHHOB OOpa3yHOTCA pa3pbIBBI. 
Pa3ppIBbI B OOBIYHOM ra3s0BoH MMHaMuKe (ecm He 
YYHTbIBATh JMCCHIATHBHBIX MIpOlleccoB) 3aMeHAIOTCHA 
MaTeMaTH4eCKHMH TOBeEPXHOCTAMH, IMpeCTaBJIAro- 
WIMMH (poHTbI yHapHbix BoIH. Ha camom Jel, 
port ylapHol BOUHbI UpescTaBJiAaer codon mepe- 
XOMHYIO OOJIaCTb KOHE4HO! TOJIMIMHBI (B oOBI4MHOK 
ra30qMHaMuke BO BCAKOM cuJIy4ae OOJIbIMe AJIMHBI 
cpoOomHoro mpooera). 

Tenepb MmpocieqHM 34 BO3MOXHBbIM MCKaxKeHHeM 
npopusa kaKkoli-HuOy ib rapMOHM4ecKOn BOJIHBI B 
pa3pexeHHoi mia3sme*. Ha 9BOJIKOIMIO TaKOM BOJIHBI 


* B ormmune OT 3ByKa B OOBIYHOM Ta3e TaKad MOCTAHOBKAa 
3alayv [IA Wy1a3MbI CIO*KHee, TAK KaK B TIa3Me MOXET CyIIIe- 
CTBOBaTb HECKOJIbKO pa3IMYHbIX THHOB KOseOaHHit (xome6a- 
TebHbIX “BeTBelm). Tak mp HasIMunH MOCTOAHHOTO MarHuT- 
HOrO MONA BO3MO2KHbI CCMb Pa3HbIX BeTBeH. 


HEJIAHEMHbIE KOJIEBAHMA [JIA3MbI 


BO BpeMeHH OyeT BIIMATb [Ba (:bakTopa: 1) HestMHeH- 
HOcTb, 2) Mormoulenue. Paccmotpum cHayasia BIINAHHE 
HeJIMHeEMHOCTH, peAWOMarad MOrsOUuleHve MaJIbIM. 
TeHdeHuMA K YBeJIMYeHHIO KPYTH3HbI TepesHero 
(PpOHTa H3-3a HeMHeHHOCTH COXpaHsAeTCA HB BONHAX 
B pa3pe2%KeHHOM TWla3Me (HCKIFOYeHHe COCTaBJIALOT 
BCAKHe BOJIHbI C MOMepeyHO NMOsApM3atMel, Kak 
HallpHMep, aJIb(bBeHOBCKHe MarHHTOrHAposwMHaMH- 
yeckne). Ecuim B rasoBol WHHAaMUKe pocT KpyTH3HbI 
(PponTa orpaHn4unpaetca MHCcHMAaTMBHBIMU 9(pdex- 
TaMH, TO B pa3pexKeHHO MWla3Me TlaBHy!O pOJIb 
MOLYT Hrpatb apex WucHepcnu. B Hattiem mpumepe 
C TapMOHH4eCKOH BOIIHOM «KOHKYpeHIHIO» Mex Ly 
HeJIMHCHHOCTBIO, CTpeMALIeHCA OIMPOKHHYTb BOJIHY, 
AMCHepCheH MOXKHO MpOMJUIFOCTpHpoOBaTb Ce YFOUUM 
oOpa3somM. YseuIMueHHe KpyTH3HbI MepeszHero dpouta 
Ha sA3bIKe (pypbe-pa3sIO%KeHHA O3HAYaeT pox TeHHe 
BbICIUHX TaPMOHHK B BOJIHe TO], BIIMAHMeEM HeJIMHe;t- 
HOcTH. B nepBpom (JMHeiHOM) IpHOsMxKeHUM BCAKAA 
BOJIHAa OCTaeTCA rapMOHHYecKOH (exp i(wt — k-r)); 
BO BTOPOM TIpHOJIMWKeHHH DOJDKHbI MOABIIATBCA BTO- 
pble TaPMOHHKH (KaK 9TO HMeeT MeCTO B 3BYKOBOI 
BoJHe). B pa3ioxeHHM TO aMIIMTye BOJIHbI ypaB- 
HeHHe IIA MOMpaBkKH BTOporo UpHOsMxKeHHA IpUMer 
BH 
oots=1 fi? exp 1 Qot—2 k-r) (1) 


3necb f — OTKIOHeHHe Kakol-M60 BeIMYHHEI, 
XapakTepH3yrolleH MWla3My WIM Hose, OT paBHosec- 
HOrO 3HaveHHA (MHZeKChI 1, 2 O3HayaFOT MepBoe HU, 
COOTBETCTBEHHO, BTOpPoe IpHOsIMxKeHHA); Ly — JMHeli- 
HbIM OMepaTOp, COOTBETCTBYFOLIMH JIMHEMHbIM KOJIe- 
OaHHAM I1la3Mbl C KaKHM-TO 3aKOHOM JucIepcuu 
@=w(k). B w3BecTHOM cMbIcuIe ypaBHeHHe (1) uMeeT 
BH, ypaBHeHHA JBMKeHHA «OCIMIIATOpa» Mod Teli- 
CTBHeM BbIHyKTaroulen CuIbI ~f,?. AcHo, 4TO BTOpad 
rapMoHukKa OyeT BO30yxKTaTbCA, eCIM 9Ta cHla 
HaXOWHMTCA B “pe30HaHce» c «COOCTBeEHHOM 4acTOTOM» 
OCUMIATOPA, T.e. CCIM YIBOCHHOM MCXONHOM YacTOTe 
2@ COOTBeTCTBYeT (B 3aKOHeE JUCMepcuH) BOJHOBOM 
BeKTOp, paBHbIi 2K. Takoli «pe3oHaHc», Boodle 
TrOBOpA, Sy HeT OCYLIECTBIATbCA JIMIUb TIA JIMHEMHOrO 
3aKOHa JMcIepcHH w—=ck, Kak 9TO UM UMeeT MECTO B 
OOBIYHOM 3ByKe. J[JId MPOW3BOJIBHOrO 3aKOHa AHMCHep- 
CHU, BOOOLIe TOBOpA, yxKe He OyAeT MepekKa4kH 9HEp- 
TMM OCHOBHOM TapMOHHKH BO BTOpy!o Hi T.Z., eCJIH 
«BbIHYKTaOwlad Cusla» HAXOMUTCA WasIeKO OT «pe3o- 
HaHca». Takad KaveCcTBeHHad WJWIFOCTpallud MOKa3bl- 
BaeT, YTO NepHosAMYecKHe** BOJIHEI B 1a3Me B OOIacTH 
yacTOT, Fe CYIeCTBeHHO OTKJIOHEHHe OT JIMHeMHOTO 
3akOHa JIMciepcMwH, MOryT pacipocTpaHATEca 6e3 
WcKaxKeHMA CBOeH POPMbI W3-3a HeMHeWHOCTH. 3HaA 
XO] J[MCIepCHOHHBIX KPHBbIX w=@(k) 43 TeOopHHu 
JIMHeHHbIX KOJeOaHHit W1a3Mbl, MOXKHO TaKHM OOpa- 
30M IIpeBUyeTb HeKOTOpble OOMe CBOMCTBa HeJIH- 
HeiHbIxX DBMKeHHM. IlycTb, HalpumMep, pewb HET O 
MarHUTO3ByYKOBbIX  KOJIeOaHHAX, paciipocrpaHsAlo- 
WMxca WoMepek MarHHTHOTO MOJIA B XOOAHOM 


** Oco6Obili Tun HenePOpMuUpyFOMIUXCA BOJIH MpeyCTaBaeT 
co6ok Tak Ha3biBaeMble «yeMHeHHbIe BOJIHED>, THe WHCHepcuA 
TakKe wrpaeT BaxKHy!O poss. Jia cyieCTBOBaHHA TaKHX BOTH 
HeOOXONMM chemupuyecknit Bu 3aKOHa WucHepcuu (cM. § 4). 
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nmia3Me. IIpa 4actoTax, MeHbIWMX ,,,— JIAaPMOpOB- 
CKOM YaACTOTI HOHOB, (ba30BaA CKOPOCTb TaKHX KOJIe- 


6annii c Gonbuloi TouHocTHYO paBHa H,/V 47 Op 
(Hy HeBO3MYIIeHHOe MarHHTHOe MOJIe, %% — 
MaCCOBad HJIOTHOCTb HEBO3MYLWeHHOM TyIa3MbI). C 
POCTOM 4YacTOTEI (ba30BaA CKOPOCTb HayMHaeT YMeHb- 
wlaTbeaA WM pH WpvOuMKeHHH K YacCTOTe, paBHOH 
cpelHeii reomMeTpH4eckol M3 HOHHOM M 9IeKTPpOHHOK 


1 
(Wy; Og)? OOpamlaeTca B HYJIb. 


We/c 


Puc. 2 3aBHCHMOCTb Y4aCTOTbI OT BOJIHOBOrO BeKTOpa ANIA 
MarHHTO3BYKOBbIX KoeOaHHi. 


J|ucnepcnvoHHad KpuBad JIA 9TOFO THMa KOJIeOAaHHH 
w300paxeHa Ha pic. 2. 


wo? leh @o7/C* 


ke 4m 0) k? + o2/C2 : 


Wo = 4rne?/m. (2) 


OTKIIOHeHUA OT JIMHeMHOTO 3aKOHa Mcnepcun 
Ha4HHarOT CYLIeCCTBCHHO MposABIATECA pu k + w,/Cc. 
Benmunna c/@) WM OyeT xapakKTepHbIM lMpocTpaH- 
CTBeHHbIM MaclliTaOoM Id yCTaHOBMBIUMXCA HeJIH- 
HeMHbIX MarHUTO3BYKOBbIX BOJIH (CM. § 4). 

B oTcyTcTBHe MarHHTHOLO MOJIA HOHHbIe 3BYKOBbIe 
KosIeOaHHA B pa3pexKeHHOM TM1a3Me, KaK H3BeCTHO, 
MMEFOT CMBICJI B JIMHEMHOK TeopuH [3], ecm MaBseHue 
9JIEKTPOHOB 3HAYMTEJIBHO MpeBblilaeT TaBJIeHHe MOHOB 
Pe > pi. Takwe ycloBua peasiM3yroTca, HalpuMep, B 
HeH30TeEpMHYeCKOH yla3Me, Kora TeMMepatypa 31eK- 
TPOHOB 3HAYHMTeJIbHO MpeBblilaeT MOHHYHO. Ecum WA 
IIPOCTOTbI MpHHATb HOHbI «XOJIONHbIMM) (7; =0), TO 
3aKOH MciepcuH OyeT MOAOOHBIM (2) 


w? Oop 2 
Be 2h’ 
V= OA MIT, Qf =4nrne/M . (3) 


Pojlb XapakTepHoro MacilTaOa 37[ecb urpaeT e- 
OaeBcKHH pamnyc 1/x. 

Hakouell, KoIeOaHHA 93IeEKTPOHOB B «XOJIOZHOM» 
mla3Me Oe3 MarHHTHOTO MOJIA MMeFOT B Ka4eCTBe 
TMCHePpCHOHHOTO COOTHOLMICHHA MpOcTo w?=«,?. 
30eCb HeT HMKakOrO xXapakTepHoro macuiTaGa u 
MO%KHO CKOHCTpyHpoBaTb YCTaHOBMBIIMecd HeJIMHel- 
Hbl€ BOJIHbI JOOOrO MpoctpaHcTBeHHoro MepHosa [5]. 
JIa HeJIMHeHHbIX TBWKCHHM XOMOAHOM 91eKTPOHHOt 
Wla3Mbl pelliaeTcaA TOYHAA OAHOMepHad 3ayjaya mpH 
MPOM3BOJIbHBIX HavaJIbHbIX HM TpaHW4HbIX yCJIOBUAX, 
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eCIM AMILIMTY a He CJIMIUKOM BesIMKa [6] (CM. TakxKe 
$2). 

VUtak, B oTIM4Me OT OOLIMHOM Tra30BOK JHHAaMHKH, 
rie MpwunHoi, orpaHvuMBarouleh Ha HeEKOTOPOM 
9Tane TasbHeimui pocr KpyTH3HbI (PpoHTa HeJMHeM- 
HbIX JBWOKCHHM, ABJIAFOTCA JMCCHMATHBHbIe MpOueccsl, 
B pa3pexKeHHo TMia3Me Takoli MpMyHHOH MOryT 
ABATbCA JIMCHepCHOHHbIe 9PexKTHI. 

Ormuuve MexKYy STHMM AByMA TpynmamMu sppekTos 
HaXOQMT CBOe OTpaxkeHHe B MaTeMaTHYeCKOH CTPyK- 
Type HCXOJHbIX ypaBHeHui. JLuccunaTHBHble 9pPexkTl 
(BA3KOCTb, TEMIOMPOBOAHOCTh HM T.M.) HapylllaroT UX 
oOpaTHMOCTb — YBeJIMYMBAFOT MOpAAOK MpOu3BoL- 
HbIX Ha HeyeTHOe 4NCIO (Kak, HallpHMep, BASKOCTb 
moOaBiiaeT K ypaBHeHHtO Diislepa B Ta30qHHAaMUKe 
yJICHbI CO BTOPbIMH TpOH3BOUHbIMH). J,ucnepCHOHHBEIe 
apekTbI He HapyllaroT OOpaTHMOCTH HM yBeJIMYHBalOT 
MopaaoK WHpdepeHunpoBaHHA B YpaBHeHHAX Ha YeT- 
Hoe 4HCJO. 

Jo cux nop paccyxXJeHHA MpOBOAMIINCh TIA KOHeY- 
Hol, HO MaJIOH aMIMIMTYIbI BOJIH. JJId BOJIH C WOcTa- 
TOYHO OOUbINIOM AMMIUTYLOU MOXKeT OCYLIeECTBATECA 
COBeplcHHO MHaa cuTyauua. JucnepcHoHHble 9p pex- 
Tbl MOryT OKa3aTbCA HeOCTAaTOYHbIMH IIA OrpaHu- 
YeHHA POCTa KPYTH3HbI, HM PpOHT Up amMMIMTy Wax, 
IIPeBbIMMAaFOLMX HeKOTOpOe KPHTHYeCKOe 3HAaAYeHHe, 
MOXeT “OMNPOKHHYTbCa». BO3HHKaFOT OOJIACTH MHOTO- 
CKOpocTHoro TeyeHHaA (§ 3) (pa3syMeeTcaA, 9TO HMeeT 
CMBICJI TO OTHOLWICHHIO K Tl€pBOHaaJibHO XOJIOQHOU 
Tlla3Me). 

Pa3pexeHHOH mia3Me TMpucylM, B OTIMYMe OT 
ra30qMHaMuyeckol cpedbl, MH CcBOM cnewMduyeckue 
aPPekTb! MOMOWeHHA BOJIH (KaK, HallpuMep, «3aTy- 
xaHve Jlangay» [8]. M3 muHeitHot Teopun [9—10] 
M3BeCTHO, 4TO TakOro pola 9ddeKTbI CBA3aHbI C 
onpedesIeHHOK rpynnmow YacTH U3 paciipewesieHnA 10 
CKOpOCTAM, KOTOpble pe30HaHCHbIM OOpa30M_ B3a- 
MMOeCHCTBYHOT C 93JIEKTPH4YeCCKHM WM MarHUTHbIM 
NOJIEM BOJIHbI. TakKHMH YaCTHUaMH ABIIAFOTCA, HalpH- 
Mep, 4acTHIbl, JBWKYLIHeCA CO CKOpocTAMH, O6.1M3- 
KHMH K (pa30BOH CKOpOCTH BOJIHBI v — (w/k) = 0, 
WIM 4YacTHIbl, B CHCTeMe KOOPAHHaT KOTOPBIX 
yacTOTa BOJIHbI OJIM3Ka K I[HKJIOTPOHHOM 4acToTe 
v — [(@ — wy)/k]=0. OOmMeH xe 9sHeprneii MexzTy 
11a3MOH WM MOJIEM BOJIHbI CyUIeCTBeHHO 3aBHCHT OT 
JIOKaJIbHOrO MoBewqeHHA PyHKUMM pacmpeweseHua 4a- 
CTHIL (HOHOB, 93JICEKTPOHOB) B OKpeCTHOCTH TakKUXx 
«Ppe€3OHAHCHBIX» cCkKOpocTeH. HesiMmHewHocTH cylle- 
CTBCHHO BJIMAKOT Ha BU (PyYHKUMM pacipenereHua B 
3TUX “TOUKAX» (Tak Ha3bIBaeMOe ABJICHHe UCKaxKeHHA 
«oHa> — paBHOBecHOli (byHkKUHM pacipeneseHusa)*. 
JIuHeapH30BaHHasd %Ke TeOpHa He OMMCbIBAaeT 3TOrFO 
apdexta. Tosromy ona ciipapeqiMpa sib Tora, 
KOra CTOJIKHOBCHHA YCHeBalOT BOCCTAaHOBUTb paBHo- 
BeCHOe pactipedeseHHe “wacTHI 10 CKOpocTam. JTO 
HakilabiBaeT OrpaHwyenHwe Ha aMIIMTyy BOJIHBI, 
3aTyXaHWe KOTOPOH MOxeT ObITb elie ONMCAHO JIMHelt- 


* HariaaHbIM TIpHMepoM TOMy MOxeT cyIy2KUTS CylIllecTBO- 
BaHWe HeJIMHeMHbIX He3aTyxXarOLWMX BOJIH B TIa3Me, THe ucKaxKe- 
Hue «OHA» BbIPaxKaeTCA B MOABIICHHM Tak Ha3bIBAeMBIX «3aXBa- 
YeHHbIX» YaCTHL, 


HOW Teopneii (cm. § 5). Hexoroppim yCOBepLIeCHCTBO- 
BaHHeM JIMHCapH30BaHHOM TeOpuu ABJIAeTCA TaK Ha- 
SbIBACMAA «KBA3SHIIMHEMHAA» Teopua (§ 5), KoTopasa 
NpHHHMaeT BO BHHMaHHe PpOJIb MaJIbIX HeJIMHEIHBbIX 
ophekTOB JIMIUb «ORHAKIBD — yunTbIBaer uckKa- 
*KeHHe «pPoHa». DopMabHO MeTO MOsyYeHHA KBa- 
SWJIMHeMHBIX YpaBHeHHit HalMOMHHaeT H3BeCTHbIM Me- 
Tod Ban-nep-lona u3 HenuHeitHoit Teopun Koseba- 
Hu. DyHKUMA pacripedeseHuA MpecTaBssaeTca B BUE 
CYMMbI JIByX 4acTeli: MeJVICHHO MCKarxKatolleroca 
«ona» fp(r, v, 1) uw OBIcTpo ocuMIMpyromleit YacTH 
f(t, Vv, 1), YAOBeTBOpsTOUeH WMHeAapH30BaHHOMy KH- 
HETHYCCKOMY ypaBHeHHtO. B ypaBHeHun %*Ke A fy 
YHepxXUBAHOTCA ycpeHeHHble KkBapaTbl Obicrpo 
OCHMJLVIMPyYFOUMxX BeIMYHH. C MOMOLULbHO ypaBHeHHit 
KBa3HJIMHEHHOLO MpHOJMKeHHA MOXKHO HaiiTH Morso- 
IWWeHHe BOJIH C yYeTOM «HCKaxKeHHA (PoHa». 

Jlaxe Takad faslekKo He TpUBHasbHad KapTHHa 
SBOJIFOUMM HavaIbHOrO BO3MYLIICHHA B TMa3Me, B 
KOTOpOH BCe OMMpeesseTcA KOHKypeHMeii Mex Ay 
HeJIMHCHHbIM “OMPOKHbIBAHHeM», WHciepcvei MH m0- 
TJIOM{CHHEM, MOXeT ellie Oouee yCOKHHTbCA, eCIIH 
IIpHHATb BO BHHMaHHe BO3MOXHbIe HEyCTOMYHBOCTH. 
B § 6 MbI IpHBeyeM Mpoctbie MpHMepbl HeycTOM4MBO- 
cTeH, KOTOpble NPHCyliM HeJIMHeMHbIM BOJIHAM, Kora 
WX aMIVIMTya MpeBbiiiaeT HeKOTOpOe KPHTHYECKOe 
3Ha4eHHe. 


2. Hekoropbie 4“acTHble cJ1y4an HeCTallHOHapHbix 
HeJIMHeCHHbIX JIBHXKCHHH pa3pexkeHHOH M11a3MbI 


II[pw HasIoxKeHHM W3BeECTHOrO 4UCia OrpaHwyeHuit 
yHaeTcd MOJYYMTb TOYHbIe pelieHHA DJIA HEKOTOPbIx 
THNOB HeCTalMOHAapHbIX HeJIMHeMHbIX DBYOKeEHHM pa3- 
Pex*KeHHOH TW1a3MBl. 

Campi oOUIMH MOAXO K ONMCaHMFO ee MOBeTeHHA 
OCHOBaH Ha IIpHMeHeHHM KHHeETH4eCKHX ypaBHeHHi (c 
y4eTOM CaMOCOracOBaHHbIX 3JIEKTpH4YeCKOTO MU Ma- 
THHMTHOrO nose) Ona dyHKuMH pacnpezesenu 
fe,iff, V,t) WOHOB UU 93IeKTpOHOB 10 CKOpocTAM 
(Vv — ckopocTb, r — mpoctTpaHcTBeHHas” KOOpAMHaTa, 
tf — Bpemas). 


2.1 DIIEKTPOHHBIE KOJIEBAHUA «XOJIOMHOU 
TIIA3MbD»> 


Ecsm He y4HTbIBaTb JBHKeCHUA MOHOB (T.€. paccMa- 
TpHBaTb KosIeOaHHA C OOJIbUIMMM YaCTOTaMM) HM TIpH- 
HeOperaTb TeMJIOBbIM pa30pOcoM CKOpocTen 3J1eKTpo- 
HOB, TO OKa3bIBaeTCA OMHOMepHad 3aaya NOMyckaeT 
mpoctoe TouHoe peuieHue [6]. i 

B 9TOM csly4ae BCe JJICKTPOHbI B aHHOW TOUKe 
MMeIOT OJHY MW TY Ke CKOPOCThb, yOBJIETBOPAIOLLYtO 
ypaBHeHHto JBYDKeHHA* 


oe, Ov oot 
ma Aran | eH. (4) 


I]n0THOCTE QJIEKTPOHOB ONpewesAeTCA U3 ypaBHe- 
HHA HeIpepbIBHOCTH 


on O(nv) _ 
ot i Ox (5) 


* J[a MpocTOTbl OrpaHHYHMCA OHOMEPHBIM TIOCKHM Cily- 
yaeM. 


HEJIMHEWHbIE KOJIEBAHUA TWJIA3MbI 


MH, HaKOHCH, JIA MOJIA WUMeeT MeCTO ypaBHeHhe 


OH 
ee er Ng) Ce, (6) 


roe Ny — MIOTHOCTh HOHOB. 

Cuctemy ypaBHeHuii (4)—(6) MoxHO npHBecTH kK 
TIpOCTOMy BHAy, eC MCHOb30BaTb JlarpaH>xKeBbl 
MlepeMeHHble a, ¢, re A — HarasibHad KOOPAMHAaTa 
IIEKTPOHA, HAXOJALLErOCA B TOUKE X B MOMEHT Bpe- 
MeHH f¢. JleiiCTBHTeIbHO, ypaBHeHHaA [BMKeHUA, He- 
lipepbisHocTH u IlyaccoHa 3anmvcbiBakoTca B 9THX 
TlCPEMeHHBIX CJIEYIOWWHM OOpa3om: 


Meet = — eH (4’) 
N%a=N,y (a) (5’) 
Ha=%q- 47 (No— n) € (6’) 


(MHeKC O3HaYaeT ANPepeHMpoBaHHe MO COOTBeT- 
CTBYFOLWeH He3aBMCHMOM TMepemMeHHOH). udpdepen- 
uupys (4') no a uw ucKiFouaa E, un C TOMOLIbIO (6’) 
u (5’), MOJYYHM OCIMIIATOpHOe ypaBHeHve WIA x: 


Lit + Wy2x = (a), (7) 
rae 
oO, =4r N, elm, (a) =| da 4% Np (a) e?/m, 


YJIn 


Extow,*é=0, €=a-+ 9 (a)/o,’. (8) 


Puc.3 CmeleHve YacCTHIbl B HesIMHeMHbIX JIGHTMFOPpOBCKHX 
Kome0aHHax. 


HesmHetiHbie DBWKeHHA SJIEKTPOHOB B XOJIOQHOK 
mla3Me CBOJATCA, TAKUM OOpa30M, K TapMOHHYeCKHM 
KOsIeOaHHaM C JICHTMFOPOBCKOM YacTOTOH wo. 3anaBad, 
HarpHMep, HavasIbHble yCIOBHA JIA CKOPOCTH H TJIOT- 
HOCTH 3JIEKTPOHOB, MO2%KHO C TIOMOLIbHO (8) HaHTH UX 
JIBVKeHHe BO BCE MOCIeAyHOULMe MOMEHTHI BpeMeHH B 
IpOu3BOJIbHOH TOUKe WpocTpaucTBa. IIpu 9TOM, oOf- 
HakO, CJleqyeT MMeTb B BUY cilewyoujee OOCTOATEJb- 
crBo. IIpu BprBoge (8) MbI npeanomarasm, uTo Jlarpan- 
*KeBa KOOPAMHaTa xX KaxKOrO 9JIeEKTpOHa ABIIACTCH 
OHO3HaYHOH PyHKUMeH ero HavaJIbHOM KOOPAMHATHI 
a (puc. 3a). Eca xe, HallpuMmep, HavaJIbHble CKOpocTu 
QJIEKTPOHOB CWJIbHO MeHAIOTCA B MIpOcTpaHcTBe (B 
3aBMCHMOCTH OT a), TO MO MCTeYeHHH HeEKOTOPOrO 
poMexyTKa BpeMeHH 1, HeKOTOPbIe IJICKTPOHbI 
CMOryT OrHaTb (pyc. 3b), a 3aTeM HM TeperHaTb 
(puc. 3c) cBoux coceyeH, Tak 4TO B HeKOTOpoH o6sia- 
cTM MpoctpaHcTBa xX,;<xXx<X, B KaxOH TOKE xX 
6yHyT HaXOJMTbCA TPH TpyMMbl WIeKTPOHOB, JBHKYy- 
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WHecd C pa3JIM4HbIMH CKOpOCTAMH HM HMeBIIHe B 
HavaJIbHbIM MOMCHT BPeMecHH pa3Hble KOOPAMHAaTbI 
1, Ay, Az. YpapHenue (8), KaK HM MCXOAHAaA CHCTeMa 
(4)—(6), OMMCbIBaeT JIMUIb OJHOCKOpOCTHOe TeyeHHe, 
WMeFOLee MeCTO B paCCMOTPeHHOM CJly4ae IMLS TIA 
t<t,; 9TO CBA3aHO C TeM, 4TO DNPH HallucaHHu HCcxoL- 


HbIX ypaBHeHHn (4)—(6) mpenmosarasiocb, 4TO B Kaxk- 


ow TOUKe MpOcTpaHcTBa B TaHHblii MOMeHT BpeMeHH 
BCE IJIEKTPOHbI JBUKYTCA C OMHOM HM TOM KE CKOPOCTbHO. 
J\uia omMcaHHa MHOFOCKOpOCcTHOrO TeYeHHA, BOSHH- 
Katollero mp ft > ft,, HEOOXOHMMO paccMOTpeTb CH- 
CTeMy ypaBHeHHit TBHXKeHHA MW HelpepbIBHOCTH JIA 
KaxK LOM 43 Ppyli WIeKTPOHOB, HaXOAAMIMXCA B TAaHHOK 
TOUKe xX, C yyeTOM ypaBHeHusa Ilyaccona, B KOTOPOM 
B KaueCTBe IICKTPOHHOM MIOTHOCTH CyieyeT MMCaTb 
CYMMY IIJIOTHOCTeM BCeX IJIEKTPOHHbIX MOTOKOB. 
UccneqopaHue Tako CHCTeMbI BeCbMa CJIOX%KHO; 
paccyxkaad HavBHO, MOXHO, OHaKO, CYHTaTb, 4TO 
BO3HUKINMe Mocwe «MepeceyeHua» TpaeKTOpHit B3a- 
MMOMpOHHKalollWe MOTOKM IIEKTPOHOB MMUTHUpPyroT 
B H3BECTHOM CMBICJIe «TeNIOBOM» pa3x0poc cKopocTei, 
T.e. MpOH30IIa THcchunaludA SHepruu yNOpATOYeHHBIX 
KoJIeOaHHi B TermsoByro*. AHasMTMYecKoe UcceO- 
BaHve XapakTepa BO3HHKAaFOLUlerO MHOFOMOTOKOBOTO 
TBYWOKEHUA pelcTaBsiaeT OoMbUIMe TpyqHOcCTH. 


2.2 JIBVOKEHUE TIJIA3MbI TIOMEPEK 
MATHUTHOLO ITIOJLA 


B 9ToM cyryyae TakKxKe BO3HHKAFOT OOJIbIIMe yupo- 
IIeHUA, CCIM JIAPMOPOBCKHe PpaMyYCbl HOHOB UH 9IJIeK- 
TPOHOB OcTaTOYHO Masibl. IIjasmy MO%xKHO paccma- 
TPHBaTb TOTWa, KaK COBOKYIMHOCTb «KBa3HYacTHIy> — 
JIAPMOPOBCKHX KpyXKOB Cc ayMaOaTHYecKH COXxpaH- 
AFOLWMMHCA MarHUTHBIMH MOMeHTaMH It = €,/H (e, — 
QHEprHA JapMOPOBCKOTO BpallleHHA 3apAa BOKPyT 
CHJIOBOHM JIMHHM MarHHTHOLO Tosa). Ec, KpoMe TOFO, 
lipeHeOpe4b HHEplMel IeCKTPOHOB UM CYMTaTb Wa3My 
KBa3HHeMTpasIbHOH, TO MCXOHYFO CHCTeMy KMHeTH- 
YeCKMX ypaBHeHHH 6e3 CTOJIKHOBeHHM HM ypaBHeHHit 
MakcsBeJsUIa MOXKHO CTporo cBecTH (Ia JBYOKeHHA, 
NePNeHOTMKyJIAPHOTO CHJIOBLIM JIMHHAM MarHHTHOrO 
MOA) K BUY, HalMOMMHaOlleMy cHcTemy ypaBHeHHit 
MarHHTora30qvHaMuKH C oOKa3aTeeM ajMabaTbI 
y=2. Hampumep, aia nOcKoro ONHOMepHoro JBH- 
*KeHHA 


& ; Ov Op @ fal 
(2) 
ie =| Ox 6x Br 
dQ d (ov) 
ai alcee Poaceae (9) 
é (H/o) 0 (1/0) 
ea aes 


P= Po° (0/00)? 
(3mecb @ — MaccoBad IIIOTHOCTb, p — aBslenne, 
p=H|uf dy). 


* VintepecHpii MogembHBIt ananM3 «MHOrOMOTOKOBOrO» 
MBWKEHMA OICEKTPOHOB, BO3HMKarOllero mMocne «nmepeceveHum> 
TpaeKTOpHK, NPOBOAUIICA C MOMOMIbFO BHIMMCIIMTeEMbHBIX Man 
O. BYHEMAHOM [7] 4 JDK. LAYCOHOM [6]. Pe3ynprarsr 
PpacdeTOB OKa3bIBarOT, Y4TO MeMCTBUTesbHO WMeeT MeCTO 
Tuccunauna. 
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C MOMOLIbEO CHCTeMBI (9) HeTpyHHO MpocseHHTb 3a 
pa3BATHeM MIpOH3BOJIbHOrO HayaJIbHOTO BOSMYICHHA 
B Tyla3Me MoMepek MarHHTHOLO Noa. Tak, BOSMYLIe- 
HMA MaJIoit AMIVIMTY Dbl (T.H. MaTHHUTHBIM 3ByK) pactipo- 
CTpaHAKOTCA CO CKOPOCTbIO 


1 1 


ap* \2 H.? a Ve H? 
ert (Be tots pr # 


G0 4705 20 


+). 


HennueitHoe ucKkaxeHve (OpMbI UpodPusaA BO3My- 
INCHUA HarAHee BCeroO WIWIKOCTpupyeTcaA AIA OHOTO 
BaXKHOLO YaCTHOrO cyyad, KO Wa HavaJIbHOe pactipe- 
mesleHHve aBJIeHHA, MArHHTHOrO MOJIA, CKOpOCTH U 
IWIOTHOCTH TaKOBO, 4TO JIFOObIe TPH M3 ITHX BeIHYAH 
MOXKHO TpeicTaBuTb Kak dbyHKuMH YeTBepToH. Kak 
H3BeCTHO, B OObIMHOM Ta30BOU AHHAMHKe B aHaJIOry- 
HOM culy¥ae cyllecTByeT pelieHwe Pumana, OMMCBI- 
Batollee Tak Ha3bIBaeMyFO TIpOcTy}0 BOJIHY Ipou3- 
BOJIBHOM AMIMJIMTYIbI. 3ABMCHMOCTb CKOPOCTH OT Bpe- 
MeHH HM KOOPAHHATHI B ITOM PellleHHM OlpeyesAeTcA 
HeaABHOH yHKuHet 

a=tlvte(v)|+z (r), (10) 
roe c?(v)=(dp*/dv)/(dp/dv), a y(v) — dyHKuns, 
3aBHCAIad OT HavasIbHbIX ycIoBul. Cormacuo (10) 
Ipodusb TeyeHua OyneT DePOpMHpoBaTELCA Tak, 4TO, 
HavHHasd C HEKOTOPOrO MOMEHTA, pellleHHe CTaHOBUTCA 
Tpex3HayHbIM. Ha camMomM >xe JeyIe elle WO 9TOrO 
HCXOHbIe ypaBHeHHA Ha HEKOTOPOM 9Talle CTaHOBATCA 
HeIIpHMeHHMBIMH, T.K. HAPYWIHTCA XOTA Obl OHO H3 
TIpeAMONO*KeHHH, UCMOUb30BaHHbIX Tp MWosyIeHun 
cuctembl (9). Jia ciayyad pa3spexeHHOH XOJIONHOU 
(p < H?/8 x) Ta3MbI NOABIAFOTCA I¢deKTbI Wucrep- 
cu (cM.(2). XapakTep BO3HMKaIOUIHX yCTaHOBHB- 
muxca** TeyeHui MompoOHoO obcyxmaetca B § 4. 


2.3 JIBMXKEHME «XOJIONHbIX» MOHOB B HJIA3ME 
bE3 MATHUTHOLO MOA 


B pa3pexeHHOM Mla3Me, B KOTOpO BEIMOHAeTCA 
ycIOBHe pi< Pe, KAK M3BECTHO 3 JIMHeMHOW TeopunH, 
MOryT paciIpocTpaHATbcaA TpOWOUbHbIe «HOHHBIC 
3BYKOBbIle KOJIeOaHHA C THCMepCHOHHbIM ypaBHeHHeM 
(3). Tak Kak (ba30Baa cKopocTbh w/k TaKux BONH 
3HAYNTeIbHO TIpeBbIllaeT CpeHIOFO TeIJIOBYIO CKO- 
POCTb HOHOB, TO pa3syMHO IpeHeOpeyb pasOpocom ux 
ckopocteH. C mpyroi cTropoHbl B TakuX BoTHaX w/k 
3HAYHTCJIBHO MeHBIIe TEMIOBbIX CKOPOCTeli 9IEKTPO- 
HoB. IlosToMy 93sIeKTpH4yeckoe MOe BOJHbI 10 OTHO- 
ICHHFO K 93JIEKTpOHAaM OyyeT KBa3HCTaTHueckuM. 
Torga, ecuIM B OOsIacTH, rye 9leKTpHueckuit MOTeHIMa 
(P MaKCHMaJieH, pactipedeueHHve 3IeEKTPOHOB TO CKO- 
POCTAM ABJIACTCA MAKCBEJIIIOBCKUM f~ exp (—mv?/2 T), 
TO IWIOTHOCTbh 9JI@KTPpOHOB B JIKOOOM MectTe OyyzeT 
ONHCbIBAThCA pacipewesweHHem bosbyMana n=n, X 


** B oOprHoit rasoBoi nuHamu«ke (c Manoit ATHHOK cBo0ou- 
Horo mpoOera) B nOn0OHOK cuTyalMM BO3HUKaeT yCTaHOBMB- 
mleecA TeYeHHe C pa3spbIBOM (yqapHoit BomHO;). Ha ocHoBe onn- 
CaHHOH MaTeMaTH4eCKOii aHanlorMu WH BO3HUKIAa rHmoTe3sa o 
BO3MOXHOCTH OeCCTOJIKHOBHTEIBHOIt yHapHOu BOJIHBI B pa3- 
PexeHHOK m1a3Me. 


exp (e y/T).* Tpu coenannpix npeznonoxennax OHO- 
MepHoe TOCKOe BwKeHHe OyleT OMnHcbIBaTBCA 
CHCTeMOH ypaBHeHHit 


Ox Cx 
Oni O(Njv) 
ot Ce oe 0 
o2 
— = = 4me(ni— nyee?!T). (11) 


3necb M, v, ni — Macca MOHa, CKOpocTb H MIOTHOCTB 
MOHOB COOTBETCTBeEHHO. JIA JBYKeCHHM C XapakTep- 
HbIM MaCllITaOOM, 3Ha4HTeIbHO peBbIMaouluM Je- 


1 
OaepckHit paguye (7/4, e2)?, MOxKHO cuHTaTb 
Mla3My KBa3HHeHTpasbHOH i= Ny exp g/T=n (To 
€cTb B Mocue HEM ypaBHeHHu CHcTeMBI (11) omycTHTB 


yneH 0?p/0x*). Torga, HCKIHOUHB 3 ypaBHeHHii 
a1eKTpHyeckoe ose, NOUyIHM 
av Ov IU lig 
M Lv — 
(5 $e") n Ox 
on e(nv) 
a (12) 


(12) no dopMe cospnayaeT c ypaBHeHHAMH H30TepMH- 
yecKOrO OBHxKeHHA (y—1) OOBIHOM ra30BOi WHHAa- 
MHKH. VM 3yecb pouT, BooOule roBops, mHOGoro 
HavaJIbHOrO BO3MYLIeHHA C TeYeHHeM BpeMeHH OyeT 
CTaHOBHTbCA BCe Kpy¥e HM Kpyye oO Tex Nop, WoKa He 
«OTpOKHHETCA». OTHAKO, Mpex de 4eM pellleHHe cTaHeT 
MHOIlO3Ha4HbIM, HapyIHTca ycoBHe IpHMeHHMOCTH 
HONyWeHHA O KBa3HHelTpasIbHOCTH, Kora 0 Mepe 
pocTa KpyTH3HbI XapakTepHbIii MacliTaO yMeHbIIMTCA 
Ho HeOaepckoro padnyca. DhdekT pa3qeseHud 3apaya 
MpHBOAHT K WucnepcuH (cM. dopmysly (3)) H MoxHO 
OKWTaTb YCTAHOBMBINHXCA TBHKeHHH C MaclITaOoM 
lopaaka feOaesBckoro payuyca. 


3. MuorockopocTHble TeyeHHA B pa3pexKeHHOH M1a3Me 


B pa3pexeHHOHM TWsla3Me MOLyT OCYLIeCTBIIATbCA 
TeveHHA, IPH KOTOPbIX B HeEKOTOPOH oOOsIacTH TIpo- 
cTpaHcTBa B KaxOi TO¥Ke HMeFOTCA DBE WIM Oosee 
IpyMMbl YacTHL, TBUKYLWIMXCA C pa3JIM4HbIMH MakKpoc- 
KOmMYeCKHMH cKOpocTamu. IIpH noctaTouHoO Maso“ 
IWIOTHOCTH Mjla3Mbl cpeytHee BPCMA MeXKy CTOJIKHO- 
BeHHAMM 4YaCTHIL BeJIMKO HM MOITOMY CHIIbl TpeHua 
M@XKy pa3JIMYHbIMH MOTOKaMH WpeHeOpexKHMO MaJIBI. 
B3aHMHoe BJIMAHMe 4YACTHI, MpvHallexaliux kK pa3- 


JIMYHbIM TOTOKaM, OpeesIaeTCA B 3JTOM CiJIy4ae 


MCKJIFOUMTeEJIBHO CAMOCOTJIACOBAHHbIM IJICKTPHYCCKUM 


WU M&@lrHUTHbIM MOsIeM, CO3aHHbIM 3apATaMH UW TOKAMU 


yacTHI, BCeX rpyNM, HaXOAMIMXCA B TaHHOK TOUKe 
tipocrpanctBa. B 9ToM Maparpade MbI paccMOTpHM 
HeKOTOpBble CJly4aH TaKHX MHOLFOCKOPOCTHEIX TeyeHHH. 


* STO COOTBETCTBYeT y4eTY Tak Ha3bIBAeMbIX “3aXBa4eHHbIX?? 
9IIEKTPOHOB, MOCKOJIbKy MaKCHMyM P OTBe4aeT “HY MOTeH- 
WMarbHolti AMbI (MMHAMyMYy MOTeHIMaIbHOK 39HePrH SJICK- 
TPOHOB). «3axBaT» %Ke 3IIeEKTPOHOB HOTeHIMabHOK AMOK B 
oOmleM culyyae OnpesesAeTCA CTOIKHOBeHHAMH. B 9TOM pa3- 
qesle Mbl lipewMosaraemM, 4TO YaCTOTAa CTOJIKHOBeEHHM 3/1eKTPO- 
HOB JOCTaTOYHO BeIMKa DJIA TOTO, YTOOBI ObLIO MpHMeHHMO 
pacmpenenenue bosbiumanHa. 


HEJIAHEMHBIE KOJIEBAHUA TJIA3MBbI 


1, OoOpamumcsa cHauaaa kK cayuato, Kozda eHeunee 
MaeHUMHOe NOAe 6 NAAZMe HaANPABACHO BOOAL NOMOKA. 
TTpu cuavbHomM Hepasencmee 9dAeKmponHott u UOHHoil 
memnepamyp Te> T;** u 6binoanenuu ycaoeult Keazu- 
HeuMpaAbHOCMU Ne= Ni PacnpocmpaneHue «UOHHOZO 
36YK@> OnUCbIBaeMCA CucmMeMOt ypasHeHuil UZ30MepMU- 
yeckoll ea30duHamuKu (12). 


Ecita MbI NonbiraemMca Tetlepb ¢ momo (12) 
PellMTb 3aayy O TBWKeHHH, BbI3bIBaeMOM B 11J1a3Me 
UBWOKYUIMMCA OeCKOHeYHBIM NOpltHeM***, To B csryyae 
MaJIOH CKOpocTH nopiHa U MbI HalieM, 4TO BO3HH- 
Katollee BOSMYLIeHHe IpescTaBsiAeT CoOon Seryityro 
OT MOPUIHA HOHHYIO 3BYKOBYyIO BOJIHY, pacrpo- 
CTPaHAFOULYFOCA CO CKOPOCTbIO C, a CKOPOCTb YacTHI 
B BOJIH€ PpaBHa CKOPOCTH NOpMIHA C yyeTOM 3aMa3IbI- 
BaHHA: v= U (x—ct). DTa KapTwHa coBnayaeT c 
COOTBETCTBYFOLMeH KAaPpTHHOH B cilyyae ra300HHaMUKH. 
OHakO eCIIM MbIl OyeM YBeIHYHBaTb CKOpOCTb 
NOpwUIHA, TO 9Ta AHAJLOrMA MEK Ay W1a3Mon HW ra30H- 
HaMHKOH HcvesHer. Ecsiw B ra30WHHAMH4eECKOM CyIyyae 
MHCCHMaTHBHbI!e 9PPeKTbI IPHBOLAT K BOZHAKHOBEHHIO 
yapHow BOJHbI, TO B pa3pexKeHHOM mia3mMe, re 
GTCYTCTBYIOT 3aMeTHbIe CHJIbI TpeHHA, IpH OombUO 
CKOpOCTH NOpwHA BOIH3H Hero BO3HHUKaeT OOaCTb 
TBYXCKOpOCTHOrO TeyeHHA, Ppannyailad c OOMAcTHIO 
OWHOCKOpocTHoro TeyeHus. B paccmaTpHBaemMoMm 
HaMH cJlyyae Be TpyMlbl HOHOB, JBMOKyUIHeca c 
Pa3JIM4HbIMH CKOPOCTAMH, BO3HHKAaIOT B pa3yJIbTaTe 
OTpaxKeHHA OT NOPLIHA; IICKTPOHBbI Ke, ABJIAFOWLMECA 
OJHOCKOpOCTHBIMH, JBHTatOTCA Tak, 4YTOObI KOMIIeH- 
CHPOBaTb TOJIOXKHTCIbHBIM MpOCTpaHCTBeHHbIi 3apaT 
MOHOB. 

B o6OnacTw OByXCKOpocTHOrO TevyeHHuA CcHCTemMy 
(12) HyxXHO 3aMeHHTL CJleqyrouleH cHcTeMOl ypaB- 
HeHHM, OMMCbIBAIOWIMX JBWKeHHe ABYX MOTOKOB 
MOHOB: 

2 
v6) + y 7,9 = — Vin "nl : 


a=] 


a) + (n@ 7), =0, «=1,2 (13) 
C IpaHH4HbIM yCJIOBHeM 3epKasIbHOrO OTpaxkeHHA Ha 


TIpousHe, DBYWKYWIeMcA CO cKOpocTbYo U: 
gt) y= 20, n= nn) npn x—|Udt. (14) 


B csry4ae paBHOMepHOrO JBHKeHHA MOpUIHA CO 
ckopoctbto U,, muIOTHOCTH MH CKOPOCTH MOTOKOB B JByX- 
CKOpocTHOM oOslacTH ONpeeAKOTCA Ce qyIOUWMMu 
BbIPaKeHHAMH (yLOBJICTBOPAFOWIMMH, Kak JIerKO Tpo- 
BepuTb, cucteme (13)—(14)): 2M=n@=n; vO = 2U, 
v2)=0, roe n — MNOTHOCTh Mla3MbI B OOsacTH 
mokosuielica mia3mbr 1 (puc. 4). Upanuua mMexry 
oOsacTaMu NoKos | Ww AByXCKOpocTHoro TeyeHuA 2 
yIBMKeTCA C YMBOCHHOM ckKOpocTbro noputaa 2U. 
CkopoctTb 9JleKTpoHoB B OOslacTH 1 paBHa U, a Ux 


** UacTo peasIM3yIOMlerOcd B OKCICPHMeHTAJIbHBIX YCTAHOB- 
Kax. 

*** Pon DOPUIHA B Ciy4ae pa3spexXeHHOH M1a3Mbl MOXKET 
urpaTb, HallpHMep, CHJIbHOe MarHHTHOe HOJIe, KOTOPOe BKJIKO- 
yaeTcad Ha TpaHule Wia3Mbl M MapasiiewbHO 9TOK rpaHAle. 
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MIOTHOCTh — 2n; MOITOMY CKaYOK 3JIEKTpOCcTaTH- 
yecKoro MOTeHUMasIa MexAyY OOacTAMH | uM 2 paBeH: 


Ag=(T/e) In 2 


UccaeqoBpaHne yCTOMY4HBOCTH ABYXCKOPOCTHOTO Te- 
4YCHHA NOKA3bIBaeT, YTO MaJible (bsrykTyaunn B OOaCTH 
2 IKCNOHEHIMAJIbHO HapacTaroT JIMUIb B Cilyuae, KOra 
CKOPOCTb OTHOCHTCJIBHOFO BYXKCHHA JIBYX MYOHHBIX 
MOTOKOB Me€HbIUe C; B NpOTHBONOJIOHKHOM CiIy4ae 
ABYXCKOpOcTHOe TeveHHe yCTOHMYMBO. 


ut 2Ut 


Puc. 4 JiByxckopocTHoe TeyeHve nNepey NOpLIHeM. 


JpyruM pumMepoM, TpvBODAWIMM K BO3HMKHO- 
BeHHIO MHOTOCKOPpOCTHOrO TeYeHHA, ABJIACTCA 3alaya 
060 «OMpOKHAbIBAHHH Mpodusia WOHHO-3BYKOBOK 
BOJIHbI OobWIOH aMMIMTyAbI. Ecau Mbl paccMOTpHuM 
cmyuai mpoctod (pumMaHOBCKOH) MOHHO-3BYKOBOM 


BOJIHbI, KOTOpad onmucbiBaeTca (opmyson (10) c 
1 


c(v) = (T72/M)2 =const, TO MOMeHT ,,oOmMpOKMbIBa- 
HUA” BOJIHbI OMpeweuTCA yCNOBHAMH 


éx/0v=8xldov'—0, T.c. t=—y' (v), x’ (v)=0. 


1 j2ie 


Puc. 5 O6Opa30BaHve oOsacTH TpexcKopocTHoro TeyeHUA. 


Tlocue «onpokUNbIBaHHa» MOHHO-3BYKOBOM BOJIHbI 
BOJIH3M TO TOUKH Mpousia CKOPOCTH, OKOIO KOTOPOt 
MpOW30IIIO ONpOKHAbIBAHHe, OOpa3yeTca OOsACTb 
TPeXCKOPOCTHOTO TeYeHHA, T.e€. BO3HHKaIOT TpH 
TOTOKAa HOHOB, JBYKYLIMeCA C pa3zsIMYHbIMH CKOPOCT- 
AMM. DTa OOsacTb 2 (cM. pre. 5) rpanu4HT c DByMA 
oOnactamu | u 3 omHocKopocrHoro TeyeHus. B 
oOsactax | u 3 WBMKeHMe HOHOB M1a3MbI OMMChIBaeTCHA 
cHcTeMOH ypaBHeHul (12), a B OOMacTU 2 — cucTemoit 
(13) (4HgeKe «, HyMepyroulMit MOTOKN, NpHHUMae>r B 
9TOM cyIy¥ae 3Ha4eHHA 1, 2, 3). 
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B csty4ae HOHHO-3BYKOBbIX BOJIH OYeHb OOOH 
aMIIMTyobl v>c (4ucno Maxa M=v/c>1) (10) 
HlepexOHT B ypaBHeHHe, OMMcbIBarollee CBOOOMHOE 
BWKeHMe YacTH: 


L2=vr-+ YW). 


Oro ypaBHeHve OMMCcbIBaeT KaK OMHOCKOPOCTHOE 
TeyeHne (10 OMPOKHAbIBAHHA), TAK HM DBWKeHHE IMOCIE 
ONpOKHAbIBaHHA, KOra MOABJIAeTCA TpeXCKOPOCTHad 
oGslacTb, H3MeHAFOWIAACA C TeYeHHeM BpeMeHH. 

B 3aKsIFOUeHHe HACTOAUIerO pa3syesa cieayeT 3aMe- 
THTb, 4TO HCMOJb30BaHHOe BbILMe MpeAMOJIOHKeHUE O 
KBa3HHeiTpasIbHOCTH TWIa3Mbl OKa3bIBaeTCA HEBep- 
HbIM B CJIy4ae, KOrMa UMerOTCA OOJbUIMe TpaqHeHTbI 
BeJIMYMH, XapakTepH3yIOWMX ABWOKeHMe Wia3MbI. B 
9TOM cCuLyYae HYXKHO TOJIb30BaTbCA CHCTeEMOM ypaB- 
HeHnii (11), yanTEIBaFOUleit OTKIIOHEHHe OT KBa3HHeH- 
TpaJIbHOCTH, WJIM aHaJIOTHYHOM CHCTEMOM [JIA MHOTO- 
CKOpOCTHOHM 3a7a4H. 

Ecamu, HanpumMep, B HavaJIbHbId MOMeHT BpeMeHH 
MbI CO3aMM B IlJIa3Me BO3MYLIeHHe C XapaKTe€PHbIM 
pa3MepoM, 3Ha4HTeJIbHO MeCHbLIMM JjeOaeBCKOrO pa- 
auyca D= V7T/4xne?, TO MIOTHOCTb 93J1IeKTPOHOB 
MN MOXKHO CUNTATh MOCTOAHHON (MOCKOJIbKY TeOaeBCKoe 
9KpaHHpoBaHWe HMeeT MeECTO JIMLIb Ha PaCCTOAHHAX, 
MHOrO Od6snbuIMx D). B 9TOM cayyae yHOOHO omnncpi- 
BaTb JBYXKeHHe MOHOB B JIarpaHXKeBbIX MepeCMeHHBbIX 
a, t. Ucnomb3ya ypaBHeHua TBWXKeHHA HOHOB 


May, =e8, 
HellpepbIBHOCTH 
N ta=N , (a) 
u Ilyaccona 
Ea/ta=4re [N —n (a)], 


NOJIYYHM IIA KOOPAMHaTbI HOHOB 2x (a, tf) OCUMIISA- 
TOpHoe ypaBHeHHe 


(%a)er +. Q? (a) ea =4rr N, (a) €?/M, (15) 


OTIMYaFoleecd OT (8) JIMLIb TeM, 4TO BMeCTO 9JIeK- 
TPOHHOHM JISHTMFOPOBCKOM YACTOTbI Wy B PaccCMaTpH- 
BaeCMOM CJIy¥ae BXOJHT HOHHAas JISHTMIOPOBCKasd 4ac- 
Tota Q=V4rn(a)e?/M. V3 (15) cnenyet, 4To ana- 
JIOTHYHO CILY4aHO IJIEKTPOHHBIX JIJHTMIOPOBCKHX KOJIe- 
OaHHii Mp WOcTaTOYHO SoubWIONM HayasbHOM aMIIn- 
TyHe BO3HUKaeT «nepeceyeHie TpaeKTOpHii> HOHOB, 


NpuBOTAMIeCe K MOABJICHHEO MHOTOCKOpocTHoHK 06- 
JIaCTH. 


2. Ilepeiidem menepb kK paccmompenuro MHOzOCKO- 
POCMHbIX MeveHUll 6 Pape dCeHHOU NAAZMe NPU HaAUWUU 
@ Hell MA2HUMHO2O NOAA; NPUIMOM Mobi OyOem uZzy4Yamb 
AUULb ORUMCEHUA NAAZMbl NonepeK MaeHUMHOZO NOAA. 


OaHMM M3 TIpocteiiumMx MpumMepoB MHorocKopoctT- 
Horo TeveHHA ph HasM4yn4H MarHHTHOrTO HAOMA 
ABJIACTCA 3aaia* O TBWKEHHH M1a3MbI MON WeiicTBueM 
NOpwIHA, MepeMellarolleroca NepreHAMKyAPHO CHJIO- 
BbIM JIMHHAM MalHHTHOTO MOJIA C MOCTOAHHOM CKO- 
poctb1o W, Muoro Oombieii anbdpBeHOBCKON CKOpocTH 


* PaccmotpenHaa M.A. JIEOHTOBUYEM cosmecrHo c 
OWHUM M3 aBTOpoOB. 


Va=VH?/4nz n M. Benencrsue OTpaxKeHHA HOHOB 
1a3Mbl OT NOPWHA (KOTOPbIN B DelicTBMTebHOCTH 
MOXKeT TpeAcTaBlaTb coOow oOnacTb cHIbHOTO 
MarHUTHOrO MOJIA), BONM3M HeErO BO3HHKaeT OGACTb 
| MByXCKOpOcTHOrO ABWOKeHHA HOHOR, rpaHuula KOTO- 
poH MBwxKeTcA co cKopoctbro U. B to xe BpeMA 
SJIEKTPOHBbI, W3-3a4 Maso MaCCbl, COBepLiatoT jpeii- 
(boBoe WBUxKeHMe, Tak 4TO UX Te4eHHe ABIIAETCA ODHO- 
CKOpocTHBIM. Ha yBwxyllelica rpannue o6sacteit 
ABYXCKOPOCTHOFO H OMHOCKOpOcTHOrO TeYeHHit cTa- 
BATCH YCIOBMA HEeMpepbIBHOCTH MOTOKOB BelllecTBa, 
SHEprwu WM MMMyJbCa. 


Puc.6 JiByxckopocTHoe TeyeHHe nOMepeK MarHATHOrO noms. 


CuctemMa ypaBHeHHii ZByXCKOpOcTHOM MarHHTHOH 
ra3s0QHHaMHKH B pacCMaTPpHBaeMOM cCJly¥ae HMee>r 
BUI: 


Ou*/0t + u* du*/dx =Qy (v%— v) — V4? dln A/dz, 


Ov%/dt + u% dv*/0x =— Qy (u*— wu), (16) 
On™/0t+ 0 (n® u*)/ex=0. 
is Us Os — TJIOTHOCTb HM KOMMOHEHTHI CKO- 


pocTH (BNONb ocel x, y) DA HOHOB 
moToka « («=1, 2); 


— HOJIHaAA WJIOTHOCTb HOHOB (paB- 
HaA MWJIOTHOCTH 9JIEKT POHOB); 


= y n*v%/n 
oa 
—CKOPOCTH IIEKTPOHOB BAOJIb Ocel 


uy 
V2—=H*/4nnMi. 


Qu=e H|/ Mic, 


Pa310xKeHHeM B pA, MO MasIoMy MapaMmeTpy, paB- 
HOMY OTHOIJJICHHFO aJIb(PBeHOBCKOM cKkopocTH V4’ K 
ckopoctw NopmiHaA W (T.e. oOpatHomy uucity Maxa 
1/M=V4'/W< 1), Obiio HaliweHo pellieHve CHCTeMbI 
(16) c cooTBeTCTBYIOLIMMHM TpaHH4HbIMM yCOBHAMH 
Ha opine M Ha rpaHulle c OOJIacTbHO MOKOA 2. 

STO pellleHve cipaBeWJIMBO TIA HavaJIbHOM CTanqun 


JIBYKCHUA 
(Qyt/M)? <1 


Oxa3biBaeTca, 4TO Ha PTpaHulle OHO- MW BYXCKOpOcT- 
HOM OOsacTeili UMeeTCH CKAYOK MarHUTHOTO MOsIA (HM 


IWIOTHOCTH), PaBHbIii 
Hi —H,=H,, 


HEJIMHEMVHbIE KOJIEBAHVNA TMIA3MbI 


a CaMa rpaHHlla TBMKETCA CO CKOPOCTbIO 
U=2W 


(C TOYHOCTbIO LO WICHOB BbICIerO NOpsALKa M0 1/M). 

PacnpeqesIeHne xapakTepu3yroulnx TBWKeHHe m1a3- 
MbI BeJIMYHH B OOACTH ABYXCKOPOCTHOrO TeyeHHA 
MOXKHO HaHTH C MOMOLIbIO CIeAYHOUero HarsiaqHoro 
paccyxyeHut. B neppom npnOnmxKeHun no 1/M 
MpOCKUMUM CKOPOCTH HOHOB MepBoro HM BTOpoOro MOTO- 
KOB Ha OCb paBHBI: 


tu —Un to — 2. 


(17) 


[loTHOCTH MOHOB B 9THX MOTOKaX paBHbI MexKLy 
coOoH M COBMaatOT C MJIOTHOCTbIO HOHOB B HeBO3- 
MYLICHHOM Mia3sMe. JIA BbITIOSIHeEHHA yCIOBMM KBa- 
3HHeEMTpasIbHOCTH HeOOXOAHMO, 4TOObI B OOsacTH 
ABYXCKOpocTHoro TeyeHHsA | 9JIeKTPOHbI (MMOTHOCTE 
KOTOPbIX paBHa B 9TOH OONaCTH n) ABUrasIMch co 
ckopoctTbro W. MaruutHoe ose, IpOMOpuMOHasbHOe 
TIOTHOCTH 3JIEKTPOHOB, B OOacTH | BABOe MpeBbI- 
iaeT Mose B HEBOSMYINeHHOH na3mMe Hy. 3ameTHM 
Tenepb, 4TO BHKeHHE IIEKTPOHOB C MOCTOAHHOM 
ckopocTbro W monepek MarHHTHOrO MOJIA HalpsAxKeH- 
HocTH 2H, BO3MOXKHO JIMLIb Mp HasIMYnH MOCTOSH- 
Horo oIeKTpwyeckoro noma Ey=(1/c)W-2H,; 370 
oeKTpMueckoe Tose, AelicTByA Mocle Npoxox*xTeHHA 
rpaHnueh WaHHOM TOUKM x Ha MOHbI, HaXOAMBLIMeCHA 
paHee B NOKOe, MpHqaeT UM 3a BpemaA ft — (x/2W) 
CKOpOCTb B HalipaBJIeHHH OCH y, paBHyto 


w é ¢ Q 
cee (:— aa Ey=Qn(2Wit—x). (18a) 


IIpH paccMoTpeHuM MOHOB BTOpOrO MoOTOKa cileqyeT 
yuecTb, 4TO OHH B TeyeHHe BpeMeHH t,—(a/W )— t 
TBULaJIMCh BAOJIb OCH & CO CKOpocTbo 2 W, a Ho sToro 
B TeyeHHe BpeMeHH t,—t — (x/2W) ux ckopoctTs u! 
Oba paBHOH HYJIKO, U BCe BpeMA f,-+ f, Ha HUX ei- 
cTBoBasio ose Ey. Tlostomy mpoekuwa cKopocTHu 
HOHOB BTOpOrO TOTOKa Ha OCb y paBHa 


. Cn | e 2W le 5 
Oh agadte al ts (a (aan 


= Qy (4wt— 32). 


(186) 


BeipaxeHua AIA cKopoctei, onpeaenaroulveca dop- 
mysiamu (17)—(18), mpeactaBiatoT coOon Mepspre 
YJICHbI pa3JIOx*KeCHUA pellleHua cucTeMbI (16) 10 oOpaT- 
HbIM CTemleHaM 4McsIa Maxa. 

MbI BUAUM TakKuM OOpa30M, YTO 3aa4a O MOpLHe, 
TIpHBOTAMLAA B YCIOBHAX OOBIMHOM HW MarHHTHOK Ta30- 
BOM JMHaMMKM K MOABJICHHIO YapHbIX BOJIH, MMeeT 
B pa3pexKeHHOM Mla3Me KaveCIBeHHO MHOe peLlieHue: 
TIpH GOJIbUIMX CKOPOCTAX MOPLIHA BOSHUKaeT OOACTb 
JIBYXCKOpOCTHOrO TeYeHHA, OrpaHwyeHHaA MOpLtHeM 
MW OJHOCKOpOCTHOM OOJIACTBYO. 

UccneqopaHne BOJIH OOJIbINON AMIMIMTY Ib, pactipo- 
CTpaHAFOWIMxcd B pa3pexKeHHOM Mla3mMe TMonepek 
MarHUTHOLO MOJIA, TAaKKe YKa3bIBAeT Ha BO3MOXKHOCTh 
“ONPOKMAbIBAHH) IPOPWJIA BOHI MU BOSHUKHOBCHUA 
TpexckopoctTuHoi oOsnacTu. Jia WBwKeHUM C XApaKTep- 
HbIM IpOCTpaHCTBeHHbIM MaciuTaboM L, 3Ha4HTeJIbHO 
TIpeBbUuaOWMM Ay=c/M, (THe ) — 9IJICKTPOHHAs 
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A. A. BEXJEHOB, E. I. BEJIAXOB, P. 3. CATEEB 


JIQHFMEOPOBCKaAA YaCTOTAa) ypaBHeHHA, OMMCbIBAFOUIIMe 
paciipoctpaHenue Tako momepeyHou «MarHHTo3By- 
KOBOI> BOJIHbI, COBMaqaroT, KaK OTMeYaocb B § 2, 
¢ ypaBHeHHAMH Ta30qMHaMUkH Cc y=2; ecm xe L 
CTaHOBUTCA HOpAAKa Ay, 3aa4a yCuOxKHAeTCA. OWHAKO 
pu OoubWO AMMJIMTYWe BOJIHbI HM B 9TOM CJIyyae 
uMeeT MecTO «MepeceyeHHe TpaeKkTopHii» u oOpa3o- 
BaHHe MHOFOCKOpOcTHOrO TeYveHHA. 

OcoOeHHO MpocTo onmucbiBaeTcCA Mpolecc ONpOKH- 
[{bIBAHHA B JlarpaHxKeBbIX KOOPMHHaTaxX B CJIyyae 
L <i). Tipu 9ToM ypaBHeHue TBYKeCHHA YaCTHIL 


é 
Le = Mu E (a) 


MOKa3bIBaeT, YTO HMeeT MeCTO PaBHOYCKOPeHHOE JIBH- 
*KEHHE C YCKOPeHHeM, ONpeeJIAHOWIMMCA HayaJIbHbIM 
pacipelesIeHveM MarHuTHOrO MOJIA. 

B 3akurOY¥eHHe ITOFO pa3zyella 3aMeTHM, 4TO, XOTA 
JIA CHCTEMbI YpaBHeHHt MHOFOCKOpOcTHOrO TeyeHHA 
Tuna (13) wm (16) MoxHO HaliTH pA, YACTHBIX, ABTO- 
MOJI€JIBHBIX HIM CTallMOHapHbIX pelleHHii*, Ucce0- 
BaHHe OOlleH 3aa4n O MHOTOCKOpOCcTHOM TeyeHHH 
CBA3aHO CO 3HAYHTeJIbHbIMU TPyTHOCTAMM. 


4. Hekoropbie THIbI ycTaHOBABLIAXCA 
HeJIMHeHHBIX JIBROKeHHH 


YctTaHOBMBIIMecd HeJIMHeMHbIe BOJTHbI pa3JIMYHbIX 
THMOB B M1a3Me 6e3 3aTyXaHWA UCCMeOBaIMCb MHO- 
TrHMM aBTopaMu. CraHaapTHad mpouenypa mosyieHHA 
TaKUX PeIeHH 3aKIOYaAeTCA B TOM, YTO B HCXOZIHbIX 
ypaBHeHHAx BbIOMpaHOT CHCTeMy KOOpPHMHaT, JBu- 
*KYLLYFOCA BMecTe C BOJIHOW. B Tako CucTeMe OTCY¥eTAa 
ipomayaeT 3aBHCHMOCTb OT BpeMeHH VM 3aaya CBO- 
UTCA K OTbICKAHHIO CTAaI[MOHApHOTO TeyeHHusa. CKo- 
POCTb BOJIHbI U CHaYasla BXOJMT B 3ayja4y Kak cBoOon- 
HbIii MapaMeTp. 3aTeM H3 YyCIOBHA pa3pellIMMocTH 
OUpedesAOTCA TpaHulbl, BHYTpH KOTOPbIX MOxKeT 
MeCHATLCA U, a TAKKE CBA3b UC AMIJIMTYMOM BOJIHBI. 

OcTaHOBHMCA Ha HeEKOTOPBIX KOHKPeTHBIX THIaXx 
yCTaHOBMBIIMXCA BOJIH. 


4.1 YCTAHOBMBIIMECA MOHHBIE 
BOJIHbI MPV p< pe 


3necb OyeT HATH peyb OO ycTaHOBMBIIMXcaA DBH- 
*KCHUAX, OMHMCHIBAFOWIMXCA CHCTeMOM ypaBHeHnii (11). 
IIpunaB, 4TO BCe BeEIMYMHBI 3aBHCAT OT & HM ft TOKO 
B kKOoMOnHalMH =x — ut, cuctemy (11) mMoxHO 
cBeCcTH K OJHOMy MpdepeHuvalbHOMy ypaBHeHHto 
BTOPOrO MOpAyKa WIA MOTeHIMala ~p 


p" =4r nye [u/ Vu2— 2ep/M — exp (20) 2) | iS es 
Vuterpupys (19) onHH pa3, TomyuuM 


—4 (p')? = deme (—™ |/s— 22 


M 
le 
— [exp F| +C. (20) 


* Cuctema ypasHennit [13] umeer, Hanmpumep, Klacc pemexnit 
Tana mpocrpx (PAMAHOBCKUX) sons, B KoToppix Bemn- 


YHHbI CBA3AHbI MexKLY Cobo dyHKUMOHAIbHBIMM COOTHOIIEe- 
HMAMH. 


** Tiltpux o3HayaeT nubdepenuupoBanne m0 ¢. 
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B 3aBHCHMOCTH OT BbIOOpa KOHCTaHTbI HHTEIPpHpo- 
paHua C MOXKHO CKOHCTpyHpOBaTb pa3JIM4Hble MepHo- 
yuM4ecKHe BOJIHbI (CM. HHTerpasIbHble KpHBbIe Ha :a3o- 
BOM MJIOCKOCTH plXc. 7). 


Puc. 7 Wurerpasbuble KpHBbie Ha ta30BOH MIOCKOCTH. 


Oco6nml csryyaii penctaBiseT C, BbIOMpaeMoe H3 
ycnoBus y’->+0 upu y->0, T.e. C=4r ny (Mu? + T)***, 
Ha (ba3soBoii mOCKOCTH STOT CyYyal BbILeeH OCcobo. 
On cooTBeTcTByeT Tak Ha3blBaeMOH yeTHHeHHOM 
BosIHe (pc. 8), MpeycTaBsarolleH CoOoM CHMMeTpH4- 
HbIi «ropO» moTeHuMaia. 


Puc. 8 YenwHeHHad HOHHO-3ByKOBasA BOJIHA. 


CkopocTb pacipocTpaHeHuaA TakOli BOJIHBI u Kak 
(@YHKUMEO Pmax-AMIVIATYbI MOTeHMMasIa, HalieM 3 
(20), nonaraa y’=0 up p=—Gmax 


tt ge [exp (e ?max/T')—1)? 
2M exp (¢ pmax/T)— 1 —(€pmax/ T) © 


uw (21) 


B mpedeJIbHOM Coly4ae MaJIbIX AMIVIUTY TD (CPmax < T) 
u CTpeMHTCH K CKOPOCTH H30TepMM4eCKOTO 3BYyKa 


(VT/M). IIpu Oospumx aMILIMTy 1aXx (€@max > T) 
u~+ VT/M exp (e@max/T). Ja mManpix amnantyy 


mpodwib MOTeHwnNasIa B ye MHeHHOH BOJIHe WMMeeT 
BUT 


eee ah 
Px oe Me 


< sech? (ates ee Ys (22) 


*** Takoli BbIOop C wMeeT CMBICI, CCIM MBI MHTepecyeMca 
ACHMNTOTHYCCKHM BANOM pacupocTpaHArolleroca BO3MYIIeHHA, 


Tl€PBOHAYaAJIBHO JIOKAJIM3OBaHHOTO B OrpaHHyeHHOK oOOsacTH 
IIDOCTPaHCTBa, 


4.2 YCTAHOBMBIIMECA MACHUATO3BYKOBBbIE 
BOJIHbI KOHEYHOM AMIMJINTY JBI, 
PACIIPOCTPAH AIOIWMECA MOMEPEK 

MATHMTHOLO T1OJ14 [12 — 15] 


B 9ToM cuyyae addekTbI WucHepcHM cBA3aHbI C OT- 
CTYMJICHHeEM OT KBa3HTHApOMMHAaMMYeCKHX ypaBHe- 
HMM (9), B KOTOPbIX He YYHTBIBAJIMCb, BO-MepBbIX, 
HMHEPUMA SICKTPOHOB HU, BO-BTOPBbIX, OTCTYIMWIeHHe OT 
KBa3HHeHTpabHocTH. Ip yyere xota GbI ONHOTO 13 
9THX aKTOPOB MOXHO TONyYHTh ycTaHOBHBIIMeca 
ABWXKCHHA, OTIIMYHbIe OT TWIOCKO-MapaJesIbHOrO T0- 
Toka. Mm cooTBeTcTBy!oT Be XapakTepHble JJIMHBI. 
Tleppaa, oveBuqHO, cBA3aHa C MHeplneli 9eKTpOHOB 
(3aBHcuT OT Maccbl o9ueKTpona). Ecan c/w, > 
H,/(4xne)*, To 10 Mepe yBeH4eHHA KPyTH3HbI Ppouta 
paHbilie HadWHaeT HrpaTb pOJIb HepBblii (bakTop, a 
pa3sqeeHHeM 3apaya MOXKHO TpeHeOpeub. Paccma- 
TPHBax 9TOT Ciyyaii, MbI He OyemM elle yYHTHIBATb 
M TeMJIOBOrO JBHOKCHHA, TaK YTO CHcTeMa ypaBHeHHii, 
OMMCHIBAIOIAd TBWKCHHE HOHOB H IICEKTPOHOB H MIpo- 
UIb Noel B ycTaHOBUBUIelica BOTHe IpuMeT BHI: 


M vx; (vxi— u) =e Ex, + (e/c) vyi H 


— ypaBHeHHe BYOKCHHA MOHOB B HalipaBJIeHHH OCH 2 
(kya pactipoctpaHsetca BosHa); 


M vy (vxi— u) =e Ey— (e/c) vxi H 


— BJOJb OCH ), NepmeHOkyIaApHO HallpaBsIeHHto 
TBYKeHHA BOJIHbI H MarHHTHOMY IIOJIFO (cM. pic. 9); 


MVxe (Uxe— U) = — eE— (e/c) vye H; 
MVye (Vxe— U) = —eHy+(e/c) Uxe H; (23) 
nL. ee _ _ Nou 
a er Vi? Me eee 


i— Ne 


(M3 nocneqHero ypaBHeHHs, BbIpaxarolllero KBa3H- 
HeHTpasIbHOCTb, BbITeKaeT paBeCHCTBO KOMIMOHCHT 
CKOPOCTH 9JIEKTPOHOB HM HOHOB BUOJIb x) 


Ey = (u/c) (H — H,) 
— H’' =(4r/c) ne (vyi— Vye) 


VUickirouadt 3 9THX ypaBHeHHii BCe TepeMeHHBbIe 
Kpome H, mosty4uM (c TOYHOCTHEO JO 4ieHoB c m/M) 


mc” d Eaten (See 
—_ u ——-—— Y 
8xn,Mu 


4Annje?u dé| dé 8xn,Mu 
hee 2 
=(F Hy u) H+uH, (24) 


8xn,M u 


3To ypaBHeHve olpesenaeT npodusb u3mMeHeHua H 
B HccuIenyeMoi ycTaHoBHMBulelica BoHe. Mnterpupysx 
OMHMH pa3, UpHBeyeM ero K BUY 


H?—H 2 2 
FB 4\2 ae 0 ee 
a? (H’) lal u| 
(H? — H,?)? 167m, Mu ~ Hy . 
= l6xn,M 
as angel | 25 
(«  Annye” @o” Fa 


* 3ro ycioBHe MOXxXHO nepeOpMyJIMpOBaTb CJIeytOWHM 
o6pa30om: nmc? > H?/8x. 


HEJIAHEMHBIE KOJIEBAHUSA MJIA3MbI 


QTO ypaBHeHHe, Kak HM ypaBHenue (20), omncprBaer 
NephOWMYecKHe BOJIHbI KOHeEYHOH ammmiMTy br. Mose- 
MeHHe WHTerpasIbHbIxX KPHBbIX Ha (pasOBOi MIOCKOCTH 
(H’,H) BecbMa HanloMuHaeT KapTHHy, yxe u306pa- 
*KeHHYy!O Ha pu. 7. Beioupas C u3 ycnosua H’—>0 
mpH H — Hy, mosyyumM ocoOniit cityyai yenuHeHHoit 
BoNHBI. M3 ycnosux H’'=0 npn H=Amax HaxOquM 
CBA3b MCKAY AMIMINTY HOW BOJIHbI MW CKOpOCTBIO 
(Hmax+ Hy)? 


2 a 
Se are 


(26) 
IIpu Maybix ammmTyqax (Hmax —> Hy) ckopocTs 


BOJIHbI, YMCHbINAACb, CTPeCMUTCA K H,|V4r nM. 
IIpodvste MarHuTHOrO NOJIA B cy4ae MaJIOM aMIUIn- 
TYMbI UMeeT BUT 


7 / 2 
ean. ji+2(= —1) 


j/4rn, Mu? 


ie 


x sech? { - | (27) 


y 


l" 


ZH 


— ~~ Uj Vy 


Puc.9 CucTeMa KOOpaHHAT AIA BOJIHBI, pacnpoctpaHsAroMelica 
monmepek MosA. 


YpapuHenue (25) HMeeT HelCTBHTeIbHOe peLlleHve 
He IPH CKOJIb YrOAHO OonbuiMx uu H. Tak HanpHMep, 
TIA YeTMHeHHbIX BOJIH PeLIeHHA CyLIeCTBYOT TIpH 


Hymax < 3H, (1.e. u<2H,|V 4% ny) M ). Tipu npn6m- 
*KCHMM AMIJIATYIbI BOJIHbI K KPUTHYeCKOM MIIOTHOCTS 
MOHOB (3JIEKTPOHOB) Ha TpeOHe BOJIHbI CTPeCMHTCA K 
OeckOHeYHOCTH. Pu3n4ecKH ITO O3HAYAET CIIeNyFOUlee. 
VYenmunenHad BOsIHa MWpelctapiaeT codoh «rop6» 
9u1eKTpHyeckoro NoTeHuMasa p. B cucTeme KOOpAHHAT, 
CBA3AHHOM C BOJIHOM, MOTOK HOHOB M3 #=co HaberaeT 
Ha 9TOT MOTCHIMaIbHbIM Oapbep CO CKOPOCTbIO U. 
IIpu He CIMWIKOM OosbUIMX aMIIMTyWax HayasIbHad 
KMHeTHY4ecKad 9Heprua HoHa Mu?/2 peppiiiaeT BbI- 
COTY MOTeEHMMabHOTO Oapbepa €Pmax WM MOHbI, He- 
CKOJIbKO 3a/.epxKaBUIMCh, MepeBasIMBakOT Yepe3 Hero. 
OnHako, Kak CyleqyeT 3 pellleHuaA, C POCTOM aMILIN- 
TYMbl BOJIHbI MOTeCHUMAJIbHbIM Oapbep cTaHOBHTCA 
HACTOJIbKO BbICOKUM, 4TO €Pmax > Mu?/2. Moment 
€Pmax = M u?/2 coorsetcrpyet aMmuiuty 2e Hmax= halen 


u=2H,/|V 4t ny M (unaye ropopa KpUTH4eCKOe «YHCIIO 
Maxa» papHo 2). Ha rpeOHe Tako BOJIHbI MOHHI, 
HWOTepAB CKOPOCTb, KOCTaHaBJIMBaFOTCA», a UX IJIOT- 
HOCTb Bo3pacTaeT fo OGeckoneuHocTu. IIpu emie 
6ObUIMX AMMJIMTyLax HOHbI MpocTo «OTpaxaJIMCb» 
6b OT Gapbepa, HO COOTBETCTBYIOLIee TAKOM KapTHHE 
mBywKeHHe yxKe He ONHCbIBAacTCA B PaMKaX Halen 
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HCXOMHOM CHUCTeMbI ypaBHeHuit (23), Tak Kak MocJIe 
oOTpaxeHUA TexeHHe CTAHOBHTCA “MHOLOMOTOKOBbIM» 
(B3aMMONpOHHKaroulne MOTOKH HaOeraroull UX OTpa- 
%KCHHBIX HOHOB). 

TakuM 06pa30M, MbI BHM, 4TO apipeKTbI AHcnep- 
CHM HE MOryT OCTaHOBUTb «OMpOKHAbIBAHHe» BOJIH C 
mocraTouHo O6oubmot amnosiuTyqoi B XOJOMHOU 
myla3Me. 

Ecnu Obl MbI yu TemsOBOH pa30poc cKOpocTen 
MOHOB, TO laxke pH MaJIbIX AMIMIMTYHaX BOJIHbI 
MOrJIM Obl HaliTHCh, BOOOLIe TOBOPA, MOHbI, OTPaxka- 
roulweca OT Gapbepa (9TO HOHbI C MaJIOM OTHOCHTECJIb- 
HOM CKOPOCTBIO U — vx), TO CCTh JBUTaBLIMecA TepBO- 
HavasIbHO B HalipaBJICeHHH paciipocTpaHeHHuA BOJIHbI 
CO CKOpOCcTAMH, OJIM3KHMH K WU; 9TH HOHbI MO2KHO 
Ha3BaTb «3aXBa4eCHHbIMM)». 

Bes yueTa «3aXBaYeHHbIX» WOHOB JIerKO HavTH 
pelleHve [Id yeqMHeHHOM BOJIHbI MH B Oomee OOLIEM 
Bue C yYeTOM TelIOBOrO pa30poca, paccMaTpHBaA 
(PyHKIMFO pacpeyeteHua WOHOB TO CKOpOCTAM. 
PaccMoTpuM cpa3y NpOTHBONOOXKHbIM MpeeIbHBIN 
cya nym c? < H?/8a, korga Ducnepcusa onpenessA- 
eTCA pa3esIeHHeM 3apAOB, a He HHeEplHeH IWieKTpo- 
HOB. MyHKIMA pactipeneneHua HOHOB /(v, €) yHOBIeT- 
BOpAeT ypaBHeHHto 


of ep Of 
o€ M dv, 


(ve — u) =10 28) 


3necb MbI He y4JIM TeliicTBue Ha HMOHbI MarHHTHOTO 
OA. ITO cipaBeJIMBO, eC XapaKTepHbIM pa3smMep 
BO3MYLICHHOM OONacTH (AJIMHa BOJIHbI) 3HAYMTCJIBHO 
MeHbIUe padWyca KPHBU3HbI HOHOB B MarHATHOM 


IOJIC, T.e. 4TO BCer a BbITIOJIHACTCHA, 


U 
4nne < Hi Me” 
T.K. MbL upHuamm H2/8r<nMc? (u~H|V4rn M ). 
Ilo sTow %*xe Npu4unHe B (28) ONyLIeH WieH, yYYMTHIBA- 
FOWUIMM WeMcTBHe BUXpeBOrO BIeKTpMyeckoro noua Fy, 
Tak kak Ey=(u/c)(H — H,). 

QnekTpwHyeckoe Tose yHOBNeTBOpAeT ypaBHeHHtO 
Ilyaccona 


—y"=4re (ni—Ne) , (29) 


ite yn | fdv. Wockonbky WHepuua 971eKTPOHOB He 


YUUTHIBACTCH HU, CICHOBATCJIbBHO, MarHHTHOe Tose 
MepeCHOCHTCA CO CKOPOCTbHO JBYXKCHUA QJJIEKTPOHOB, 
TO IWIOTHOCTb IJIEKTPOHOB MCHACTCA TpAMO Mponop- 
UHOHAJIBHO BeJIMYHHE HallpxxXCHHOCTH MarHHTHOro 


NOJIA 
Ne No 


Tf i) 


Hakonell, MarHuTHOe Mose ONpesesAeTCA U3 ypaBHe- 
Hua Maxcsesia rot H=(4z/c)j (rok cmemenusa 
HECYLICCTBeHEH, MOCKOJIbBKY MbI IIpHHAJIM, 4TO 


H,|V 4x ny M<c). 310 ypaBHeHne laeT 


4x 
— | EN Ye, 


—H'= (31) 


THe Vye = (p'/H) (MocKoNbKy B MpeHeOpexeHuN uHep- 
ue v=c EK x H/A?). 
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Cuctema ypapHennit (28)—(31) wHTerpupyeTca cule- 
y}ouluM oOpa30m. I[lomb3yxicb ypaBHeHvemM (Gry) 
HalinemM pemleHne (28) aa PyHkuMn pacnpeweseHuA 


os — up? 4 


eas 
2nn,M 2 


f=fo gz 


“THe fsx) — pacnpeesieHHe MOHOB 10 CKOPOCTAM B 


HeEBO3MYILeHHOM BOJIHOH o6nactu*: VMcknroyaa u 
OCTaJIbHbIe MepCMeHHbIe KpOMe Jél TLOJTY 4HM 


—H" = (Are)? Ff | fo x 
Tal ge , (A— Hp) 


u)? + 
TakuM oOOpa30M, 3afa4a CBOJMTCA K peleHHto 
OObIKHOBeHHOTO DHdbepeHunasIbHOrO ypaBHeHHA BTO- 
poro mopsykKa c rpaHHyHbIM ycoBpuem H’-—> 0 mpu 
H —> H,. Ecnu, Hanpumep, OaTb BEpHyTbCA K CLy4ato 
XOJIONHBIX HOHOB, KOA fy (Vx) = Np O (Vx) To (32) mpH- 
HuMaeT BU 


=! |dv.— pee } : 
0 


2xn,M 
(32) 


Ht) 
== JAIL" = (47e ee) = en ee Be ere 3333 
: ) Hy \/ ; (H — H,)H, Ay ( ) 
' Inn, M 


Tlocie OHHOKpaTHOrO WMHTerpwpoBaHHA TMOJLyYYHM 


g __ (4ne)?n.?~H? 
Sie ft 
(4ne)? | CS rr, 
SED OT Hi? Ao ul jae am +C 


(34) 


YequHeHHasd BOJIHa COOTBeTCTBYyeT BbIOOopy H’ — 0 
uph H-> H,. XapaktepHow OMHOK sABIIAeTCA 
Hi |(4a ny e). CBA3b Me%K TY CKOPOCTbHO BOJIHbI u 
aMIIMTY HOW MarHuTHoro TOJIA Hmax WMeeT yxKe 3Ha- 
KOMBIii BU UW? = (Hmax+ Hy)?/(162 nyo M) kak ut B Ipo- 
THBOMOJIOXKHOM IIpeeJIbHOM CJIy¥ae (CM. POpMysy 
(26)). [ua mpon3BoNbHOoK dyHKUMH pacipenesmenus 
fo(v) (8 paMkax HasIOKeHHOTO OrpaHMyeHuA 06 oT- 
CYTCTBHM 3aXBa4eHHBIX YaCTHL) CBA3b U C AMIIMTY DON 
BOJIHbI BbIPaxKaeTCA CICHYIOUIMM ypaBHeHHeM 


co 


8x M [over—B B fo (u—v) dv+ Hinax 


VB 
= 8r M | 0 fy(u—v) dvt+ HY, (35) 
re ee 


Eciim TpvHaATbh (vy?) = | vfdv MasbIM B CpaBHeHuM c 


Hy’ |(4% ny M), TO pasnaras (31) B pag, Haiizem 


* OrcyTcTBHe «3aXBayeHHbIX) 4YacTHIL o3HayaeT, 4TO fo(v)=0 
u—|/@ IMaxX pe teh o) Jel, 


27n,M 


npuv > 


| D 3 
(2) | Go? eee ea 
UA Uy + = — { Somesil Zs 7 
(2 Xo? — B — 29 1/ uy? — B) (Up? — B) 
(36) 
a Uo = A me + Hy 
2—/4nn,M 


Hy2kHO MMeTb B BUY, 4TO HOObIe YeHHEHHLIe BOLI- 
Hbl MpeAcTaBsAroT CoOon OcoObI TUN yCTaHOBUBLUIMX- 
CA HeJIMHeHHBIX BOTH. Ecau nmepHogMueckne BOJIHBI 
MOTYT CYlIe€CTBOBaTb TPH MpOH3BOJIbHOM, BOOOLIE 
TOBOpA, 3aKOHE AHCNepcun (HUIb ObI He JIMHeHOM), 
TO JIA CYILeCTBOBAHHA YeQMHeHHbIX BOJIH TpeOyeTcs 
OnpeyeseHHbIM XapakTep 3aKOHa MCHepcHH. DTO 
CBA3AHO C TEM, 4TO B TO BPeMA KaK CHeKTpasIbHOoe 
pa3sJlO%KeHHe NepHOMMYECKHX BOJIH COMepxKUT AHCKpetT- 
Hble w Wk, pa3sloxKeHve MpOdusA yequHeHHO! BOJIHBI 
WMeeT CHIOWHON cneKTp. Tlostomy yxe HenlpHMe- 
HMMbI paccy*KTeHHA, UCMOJb30BaBLIHeCA BO BBOXHOM 
Naparpade. WU300pa3um mpodusb ckopoctu (BdOsIb 
HallpaBlleHua paciipocTpaHeHHA) B yYeMMHEHHOHM BOJIHE 
(puc. 10a). Buguo, uro yyactkam c HaHOoubuUIMMH 
MIpOCTpaHCTBeHHbIMH [pa dHeHTaMH («3pcdbeKTHBHBIMM»> 
k) cooTBeTcTByHOT HM HavMOONbUIMe AMIMJIMTYIbI CKO- 
pocTH. AcHO, 4TO AIA CylileCTBOBaHHA CTallMOHAapHo;t 
KapTHHbI HeEOOXOAHMO, 4TOOBI OobUIMM k COOTBeT- 
CTBOBaJIN MeHbUIHe Pa30Bble CKOPOCTH w/k B JIMHe;- 
HOH TeopuH. Tora Oosee cusIbHOe BJINAHMe HeJIMHeH- 
HOrOo wWieHa (vV)v Ha yyacTKH c Gombe aMMJITy- 
How ckopoctu OygeT, rpyOo roBops, KOMMeHCHpo- 
BaTbCA YMeHbIIeHHeM «/k*. Takoro pola 3aKOHaMH 
muctiepcuu (w/k magaeT c poctom k) oOmazarwrT pac- 
CMOTPpeHHble HAMM MarHHTO3BYKOBbIe BOJIHbI HW «HOH- 
HbIM> 3BYK B T1a3Me Tp pi< Pe. 


Vv 


(a) 


(>) 


Puc. 10 Yeuunenuas Boma: (a) — cxaTua; (b) — pa3pexenna. 


~B oGpmHoh ruapomMHamMuKe OIM3KUM 3aKOHOM 
JIMcrepcHM XapakTepH3yIOTCA BOJHbI Ha NOBEpXHOCTH 
TAKEO %KUAKOCTH B KaHasle KOHeYHOM rlyOHHBI. 
Teopua BOJH Ha «MeJIKOM BO», KaK M3BECTHO, 06- 
HapyxuBaeT (byHHaMeHTasIbHOe CXOCTBO C TeopHen 
W39HTPOMM4eCKUX TWIOCKMX JBWKeHHM B oObI4MHOK 


* AnaslOrM4Hble paccyKJeHUA MOKa3aJIM Obl, TO JIMHeMHbIM 
3akoHaM jucnepcuu oOpaTHoro Tuma (w/k mocTtoaHHO mpu 
mMasix k uw pactet mpu Gompuux &) MO%KHO COMOCTaBUTb HeJIM- 
HeliHble yeMHeHHbIe BOJIHbI “pa3pexKeHHA» (puc. 10b). 


HEJIAHEMHbIE KOJIEBAHUS TJTA3MbI 


ra30BOH WMHaMukKe (9(pipeKTHBHbIM NOKa3aTeNIb anna- 
OaTbl y=2), a, cao ObiTb, M c MHAaMUKON pa3pe- 
*KCHHOH T1a3Mbl, TBWKYWeHCA MomepekK MarHuTHOro 
MOA (CHCTeMa ypaBHeHHii (9)). Ha «mMenKoi Boge» 
NpOn3BOJIbHbIM, BOOOLE FOBOpA, Mpodusb Hayasb- 
HOTO BO3MYLICHHA CTPeMHTCA «“OMPOKHHYTbCH>. Ox- 
HakO, TO Mepe YyBeJIMYeHHA KPyTH3HbI MepesaHero 
(pponTa, HaYMHaA C HEKOTOpOrO MOMeHTa BpemMeHH 
CTaHeT CylUeCTBeHHOM KOHeCYHOCTH TsIyOHHbI KaHavia. 
YueT ee MaeT HYXKHbIM DuMcHepcHoHHbtii opdext. 
JleiicTBUTeNbHO, 3aKOH AMCMepCHu JIA MaJIbIX KOJIe- 
OaHHii Ha BOe KOHeYHOM rsryOuHb! h umMeer Bug 


ow? =gk tanh (kh) , (37) 


rae gy — yckopeHue custbr TaxectTH. pu masbix k 
(WIM OOJbIUIMX WWIWHaXx BOTH A> /h) (37) uMeeT BUA 


@ \2 ] 
Pad reed os 
i J i) 2 y (kh)? 


J\ucnepcvoHHoe cooTHoueHve (38) Hamomunaer, 
HallpHMep, 3aKOH WMciepcun (3) Id MarHHTO3ByKO- 
BbIX BOJIH B pa3pexKeHHOH MWia3Me. Potb 1|/x B (3) 
vurpaeT XapakTepHbiii MacuiTaO h. 


(38) 


5. «Kpa3nJinneinoe> npnOsmkeHne 


Buiusnne Masiow HesMHeHMHOCTH Ha 9¢pdeKTbI Norso- 
UleHuA YHOOHO OMHCbIBATb B PaMKaX «KBa3HJIMHeM- 
HOTO» TIpHOJIMWKeHHA, B KOTOPOM y4uTbIBaeTCcA OOpaT- 
Hoe BJIMAHHe KOeOaHHH Wia3Mbl Ha ycpesHeHHoe 
pactipefesieHie YacTHIL MO CKOpocTaAM («cpeqHuit 
(bow), HO He YYHTbIBAHOTCA HeJIMHeMHbIe 9pdekThI 
WCKaxKeHUA (POPMbI BOJIHbI (B3aHMOZelicTBHe rapMo- 
HUK). SACHO, YTO 9TO CNpaBeAJIMBO JIMUIb WIA Wocta- 
TOYHO CjIaObIX BOJIH. 

Bropoe orpaHwyeHve HakJlablIBaeTcA Ha 4YHCIO 
ONHHOBPeMeHHO CYLECTBYFOWIMX pa3zJIM4HbIX TAapMOHHK 
B BOsHe (MHaYe TOBOPA, Ha WIMPHHY BOJIHOBOTO T1a- 
KeTa), 4TOOb] MOXKHO ObLIO TpeHeOpedb 3axXBaTOM 
pe30HaHCHBIX YacTHL. B cityyae, HaNpuMep, NpOOJIb- 
HbIX JICHTMIOPOBCKHX KOJIeOaHH Did 9TOrO HeEOOXoO- 
JIMMO BbIMOJIHeHWe HepaBeHCTBa 


Av, =A(w/k) AV eq /m 


RHeRAy, pa30poc da30BoH CKOpOocTM B MakeTe 
BOJIH, a Yy — AMMJIMTYa BIeKTpOCTaTH4eCKOrO T0- 
TeHUHasia B BOJIHe. AHaIOrM4Had OLEHKA MOXeT OBITS 
HalMcaHa JIA MpOW3BOJIbHOFO THMa BOJIHbI B TJIa3Me. 
IIpene6pexeHue 3aXBa4eHHbIMM YaCTHWaMH MO3BOII- 
sdeT CUMTATb CpeqHu (POH OAHOPOAHBIM B TIpocTpaH- 
cTBe. 


5.1 BbIBO. YPABHEHMA KBA3MJIMHEMHOLO 
TIPUBJIVOKEHUA 


B 9ToM pa3jes1e MbI NOJIY4YMM KBa3HJIMHeMHOe KUHE- 
TuyecKOe ypaBHeHve MIA ycpewHeHHOH 3a TMepHoy 
KoneOaHHi (:byHKUMM paciipesesIeHHaA YaCTHI TO CKO- 
poctam. JI mpocToTbl OrpaHH4HMca JIBYMA CJly- 
yYasdMU: JIGHTMFOPOBCKUMH KOJICOAHHAMM 3JIEKTPOHOB 
B rla3me 6e3 MarHUTHOrO MOsIA M MOsAPH3OBaHHON 
10 Kpyry JI€KTpOMarHuTHOM BOMHOK, pacipocTpaHA- 
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FOWICHCA BILOJIb ONHOPpOHHOTO MarHuTHOrO TlOJIA B 
mila3Me Wpw WacrotTax, OJIM3KUX K IMKJIOTPOHHOK 


YaCTOTE IJICKTPOHOB. 


a) Jlenemropoéckue KoAcOaHUA 


OekTpwyeckoe Tose KoOseOaHHH MpescTaBuM B 
Buse: 


K (x, t)= Be exp {i (k-x —at)} 
& 


Ber Ep ke oep— — Re oe (39) 


Pa3naraa dyHKWMFO paciipedeseHHA YaCTHI, B MHTe- 
rpan Pypbe 10 MpoctpaHcTBeHHbIM KOOpAMHaTaM Hf 
10 BpeMeHu 


i= fom ‘Xx —ot)} (40) 


<7 Dy feexp {i (k 
k 


WM Mpeqmouarad MasocTb f_, WOJLyYaeM 3 JIMHeapH30- 
BaHHOTO ypaBHeHuad BbombumMana 6e3 yyeTa CTOJIKHO- 


BeHHH : 
(e/m) Ex + (6 fy/Ov) 
—iwotik-y 


fe = (42) 
roe fo, B OTWM4Me OT OOBIYHOH JIMHeMHOM TeOopHH, 
mpemmouaraetcaA He MOCTOAHHOH, a MeAJICHHO H3MeHA- 
Follleicad BO BpeMeHH (yHKUHeH. 

Ait Hee, C Apyrow CTOpOHbl, cipaBedJIMBO ypaB- 
HeHHe, MOJlyuarolleecA U3 KMHETHYECKOFO ypaBHeHHA 
llyTem ycpeHeHHA 


df Of GE = Or 


dtm ahig SOY 
EG 2 s Of, (dv 
=<, SAYRE 2 Qo. 0 e 
~~ m2? dv; eat | Bx? | io tikev (43) 


Kak W3BeCTHO, HHTerpast MOXKHO OpaTb nO DelicTBH- 
TeJIBHEIM Kk, ecum W=o;+i@r H wr>0. 
Tlostomy 


Gio ed hile 
dt Sales | Bx P= 
Afo/a 
é Tater +01] 
oe bike @ 
= Tn? By sy [BigP a 6(@,.—k-y), (44) 


rye Mbl Wipe qWOO*KMIM, YTO wr< w,. Ha camom dese 
HasIM4He MHHMOM 4YacTH y YaCTOTbI WaeT KOHeYHYIO 
IWMpHHy OOacTH B3aMMOeHCTBHA Mex Ay OTTeIbHOH 
@Mypbe — rapMOHMKOM BOJIHEI MH YaCTHIUAMM W1a3MbI 
(cBoero powa «payqMalMoHHyto> LWIMpHHy). 

OOmeH sHeprvel MExKTY W1a3MoOl UM BOHOM oMmpe- 
TleAeTCA BbIPAaxKeHHeM: 


: dk . dk 
é = [oor kk Ext = —e = ay | Vie Bi dy (45) 
WIM JIA OTHeIbHOK Dypbe-KOMMOHEHTHEI: 

Spy —e{v fcBi dy (46) 


Tlogctapiaa B (46) fe u3 (42), nomy4aem: 


: Ex Of lov 
ek aE «| Smee 
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Bsaowa WMJIMHTpUurecky to CHCTCMY KOOpdHHAaT C OCbHO 
v) BHOJb BeKTOpa k, tostyyaeM: 
Ey 


Ton” (47) 


e Mo 
Sih == Hy onl | : 
kv = @p 


roe F=27 feo, v,)v, dv, — «mpoyojbHas PyHK- 


IMA pacnpeneseHuaA YWacTHui. 


Jlo cux mop MbI paccMaTpHBasIM pa3spexKeHHyto 
mia3My 6e3 y4eTa CTOJIKHOBeHHH YacTHU. Boobure 
TOBOpa, BIMAHHe CTOJIKHOBeCHHM CpaBHMBaeTCA C 
BJIMAHHEM BOJIHbI Ha JBMKeHHE YaCTHI TOJIbKO B TOM 
cmyyae, Kora BOJIHa ABIAeTCA paBHoBecHo [11], 
T.e€. ee AMIMUIMTYTa He MpeBblliaeT AMIMVIMTYObI COOT- 
BeCTBYFOIeH TapMOHUKH B CII€EKTpe TeMJIOBbIX LIYMOB 
1a3MbI. TONbKO JIA TeMJIOBOLO WyMa CpaBHHBaroTCa 
Take IpoOlecchil, KaK YPCHKOBCKOe H3JIyYeHHe BOJIH 
TBWKYyIeHcA YaCTHUeH, W3yYeHHe Mp CTOJIKHOBe- 
HMAX, «3aTyXaHHe JlaHay», MOTIOMWeHHe pH CTOJIKHO- 
BeHHAX. YpoBeHb TenJIOBOrO WiyMa KOJIeOaHHH Ma3- 
MbI Kak pa3 MH OmpesesaeTcA OaslaHCOM Me2xKY HMM. 

OnHako WM WIA KOTeOaHHH OONbUION aMIMJIMTy BI 
(«HaTeMJIOBbIX») CTOJIKHOBCHHA MOTyT OlpeeATb 
pa mpoueccop Mw mpexae Bcero — pe30HaHcHoe 
norsomeHve. Ilo elicTBHeM BOJIHBI IpOHCXOQHT 
CWJIbHOe HcKaxKeHHe (pyHKUMM paciipedeueHua B OOsIa- 
CTH pe30HaHCHBIX YacTH. B pe3ybTaTe CTOJIKHOBe- 
HHH %*Ke YCTHYHO KBOCCTAHABIINBaAeTCA» MaKCBeJIJIOB- 
cKad (pyHKUMA pacipeeteHHa WM ycCTaHaBJIMBaeTCA 
cTalwMoHapHoe MormouleHve BosH. Bce xe mpo4ne 
IPPeKTbI CTOJIKHOBeHHH («CTOJIKHOBHTeJIbHa»> LIM pPH- 
Ha B (44), cTrONKHOBeHHA Ppe30HaHCHBIX YacTHIL Wpyr 
C ApyroM W T.7.) Mo-mpexHemy Masibl. DopMasbHO 
ypaBHeHHe, ONMCbIBaFOLee MOBeqeHHe ycpeqHeHHOM 
(PYHKUMH pactipedeseHHa BO BpeMeHH, MOsyyaeres, 
KaK HyJIeBOH WICH B pa3JIOKeHHH TOYHOrO KHHeETH- 
yeckoro ypaBHeHua 10 1/Np (OTHOWIeHHIO v/m, MII 
SHeEprHH TeIMJIOBbIX IIyMOB K TelJIOBOM 3HEprHu 
T1Jla3MbI) : 


df, e 


kj ke G) ii 
(ey m2 kb fa) Ve 


OSM IS BE 


6 (a, — k- v) 


(48) 


roe MocieqHAM YWJIeH OMMCbIBAeT CTOJIKHOBEHHA pe30o- 
HaHCHbIX YacTHIL C UpO4Y4MH YacTHMaMH I1J1a3MBl. 
TOT 4JIeH MOXHO, HallpHMep, B3ATb B PopMe Jlannay 
H JIMHeapH30BaTb, Tak Kak Pe3OHAHCHBbIX YaCTHI Maso: 


@ Al 
26 5 {ui fot |e? be — e104 


bees v* dik —3 Ui VR] Of 
m 2 v2 at 


rye L= Aw,'/N u A/8m — xynonoscknit Jlorapu@M. 


6) Honepeunvie Konebanua npu Haauuuu nocmosnnozo 
MQ2HUMHO20 NOAA 
B ma3Me, Haxoauleiica B MarHHTHOM Mode, MOryT 


PpacipocTpaHATbcA pa3MyHOrO Tuma BONHEI. MBI 
OrpaHH4HMcsA, [JIA MpOcTOTbI, H3yYeHHeM B3aHMO- 


AeHCTBUA M1a3MbI C NoMepeyHoH BosHOii, MOJLAPH30- 
BaHHOM M10 Kpyry B CTOpony BpaljeHHa OJIEKTPOHOB 
PaciipocTpaHAlolleHicA BAOb ONHOpORHOTO BHeLI- 
Hero Nowa. BBoaA WMIMHOpWYeckHe KOOpAMHaTHI ¢ 
OCHO 2 BAOJIb BHELUIHErO Nowa H, nomyyaem Cenyroulee 
BbIP@KCHHE MIA WOMpaBKU K (pyHKUMH pacnpeneneHus 


é 0 
1 (@ — kw) 5 fa +v,.k 5 . 
fe 2) o— kv)— oy 2m © = G9) 


rye E_—E, —i Ey, on=e Hime, ap — yroJI B Ipo- 
CTpaHcTBe CKOpocteii. 3ecb yuTeHO, 4TO 


(50) 


7{ucnepcHoHHOe ypaBHeHHe Id Takoii BOJIHBI 
MMeeT BHI: 


Wk = WH (1 — w,?/k? c?) (51) 
Tlogctapiaa (49) B ycpeqHeHHoe m0 BpemMeHH ypaB- 
HeHHe boublMana ¢ yueTOM IpPHHATHIX Domyuennit, 
Tow1yyaem : 


ho — (— é vik a 
Le 1 
AUD a 
jg ae eee | 
| k | k = v\|/(»— on) 
é vik a 
Klaas ef = x fo DESIG. (52) 
Rg 1 +co 3 
e d ; 
Tl ‘8m?n | Be P =, Ee 27° Prd Of)dE—=1-o@ = 


M3menenne 9Heprun k-oif rapMOHUKH BBIMHCIIAeTCHA 
Tak Xe, Kak H [JIA JICEHTMHOpOBCKHX KOJIeOaHni. B 
pe3yIbTaTe mosly4aem: 


O16 Ofo 
@ du 


ee = ee Eee ral i oon Jor2dey (54) 


5.2 TIOPJIOMMEHUE BOJIH B ITIJIA3ME 
a) Bez maenumuoeo noaa 


JIeHTMFOpOBCKHe BOJIHbI B pa3pexeHHOW m1a3Me 
3aTyXxaroT, ecm *yHKUMA paciipedeseHuA pe3soHaHc- 
HBIX yacTum yObtpaeT, T.e. OF /6v<0 gna v=ayz/k. 
OTO CBA3aHO C TeM, 4TO Oosee ObICTpble YaCTHUbI 
3aMeJIAKOTCA, a Ooee MEJJICHHbIe YACTHUbI — yCKOp- 
AKOTCA BOJHOM. Ecam B pe30HaHce OBICTpbIX 4aCcTHIL 
MeHbIUe, 4M MeJIJICHHbIX, TO BOJIHa 3aTyXaeT, CM. 
mompo6uee [8—10]. 

PaccMoTpHM B3aHMOJeHCTBHe OJHOMEPHOrO BOII- 
HOBOFO IlakeTa 3a/jaHHOW AMIMVIMTY Dbl UM CileKTpasIbHOu 
MIOTHOCTH (O(k)) c mi1a3mMo;n. 

Iloka cTONKHOBeHHA He ycileBalOT BCTYMHTb B 
MelicTBHe, UCKaxKeHHe HayasIbHOW PbyHKIMH pacipese- 
MeHHA OMMCbIBACTCA ypaBHeHHeM: 


HEJIMHEMHBIE KOJIEBAHUA TUJIA3MbI 


of fa) © (v}!) of 


— = Ye oa aT .— 55 
ot 100 |o’ — wo /k| pieeavy 2 ol (55) 


f.(v) 


w/k 


Puc. 11 Wekaxkexne dbyHkunn pacupegenesus. 


Corsacno (55) pesoHaHcuble YacTuibr Mepepacripe- 
HeTAOTCA M Ha PYHKWMM pacnpexesteHua OOpasyerca 
m1aTo (ypaBHeHne (55) aHaslorM4Ho ypaBHeHHIO TelI0- 
MIPpOBOAHOCTH B HEOAHOPOAHOL cpene). CromKHOBeHHA 
MOCTeHeHHO «CIIaxKHBaIOT» Kpasd WlaTo MW ycTaHaBJIH- 
BaecTCA CTalMOHapHOe COCTOAHHe, B KOTOPOM: 


1/Np 1 8TTNT 


Puc. 12 3aBucHMOcTb MOTNOWIeHHA JIEHTMFOpOBCKHX KosIe6a- 
HMM OT aMIMIMTYBI. 


y 6/ y? : v-k 
UCN rp com eg Y (MH); n= 
z= | wo’ — o/[k| moje 
(56) 


Tak Kak B pe3yJIbTaTe OOpaTHOrO elicTBHA BOJIHBI 
W3MeHACTCA B OCHOBHOM IIPpOH3BO]Had, a He Cama 
(yHKUMA pacipezeseHus, TO 


, 6 / vy)? 
ag PORT Ce Ia ca 
L |e’ — wfk| MUI\ 
En 
~ 7 Be [a eee (67) 
os 8a NT \ mo} 12 2H 2A 
roe (k) — cpemHee BOJIHOBOe 4MCIO MakeTa, 7 — 


nosymmpuna, a Pm =( NV 2x T/m) exp(—mv 7/2 T). 
Tlogcrapsisaa (56) B (47), nomyuaem: 


Sigel Wo" F'm(|£e|?/87) 
pen rt ae ey omy — 8) 
“oN one eal A 
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Mu, CYMMUpys TO BCeM rapMOHHKaM B MakeTe, MOJIy- 
yaeM*: 


TOne [ina |} (k)) Ey?/2 ae 
2 (ky? EY? o \3 N «ky 1 
8x NT = {ky} 12 2 A 


pu E,2/8% NT + 1/Np', roe Np’ = N(yj/@o)* 37/4) — 
YHCIO YACTHIL B Ctbepe pauyca v%/M, € > 2y E,"/87, 
rye y momyyaetca v3 sMHeMHOM Teopuu. IIpu 
E.2/8% NT > 1, € ~v E,?/8x. Takum o6pa3o0m, 9¢- 
(peKTHBHOe «BPeMA 3ATYXAHHA» MakeTa MCHACTCA OT 
BpeMeHH Nopaska |/y WA BOHbI, He MpeBbIMaroulen 
YPOBeHb TemJIOBOrO LlyMa, 10 BpeMeHH NOpsAAKA Bpe- 
MCHH CTOJIKHOBCHHA JIA BOJIHbI OOJIbLUIOM AMMJIM- 
Tyopl (E,? ~ 8x NT.) 


l 


Puc. 13 Orpaxenve actu, OT TOTeHUMaNbHOrO «ropba». 


6) B npucymceméuu MaeHumHo2eo NOAA 


Mbl orpaHH4uMcsd TOJIbKO H3yYeHHeM MOPIOWleHHA 
OMHOMepHOoroO MakeTa «HeCOObIKHOBCHHBbIX» BOJIH C 
KpyroBoi moswApu3auneli BOM3H YacTOT TMopsKa 
woH=eH|me. 

Tak kak W< WH, TO pe30HaHC MMeeT MeCTO B OOJIa- 
CTH OTpHUaTeIbHBIX ckopocTelt vy (vj k<0). Ha 
pe30HaHCHble YaCTHUbI, C OMHOM CTOPOHbI, WelvicTByeT 
9NeKTpUuYecKoe MOJIe BOJIHbI, “packpy4HBarollee» UX, 
a c [pyro — MarHuTHOe Tose, Co3qaroulee «CBETO- 
Boe» MaBJICHHe. 


* Oro BbipaxeHve MOMycKaeT mpocTyrFO MHTepmpeTaLuro. 
IlpeazctapuM ero B Bute é =( €))/(1+7,/T2). 3necb ( €)y — Mors0- 
WleHve JHEPrHH B JIMHEMHOM NpHOsMxKeHMH («3aTyXaHHe JlaH- 
Tay»), T, — XapakTepHoOe BpeMA ycCTaHOBJIEHHA IOKasIbHOrO 
MaKCBeJIIOBCKOrO pacipeneseHusA, T. — XapakKTepHOe BPeMsA 
vickaxkeHua (byHKWUMM pacnpeneneHuaA MOM eiicTBHeM MOJIA 
BOHOBOrO MaketTa. Ecmu 1t,<T., TO €CTb CTOIKHOBEHUA BCE 
BDeMA ycreBaloT “MaKCBeJIIN30BaTb» (PyHKUM1O pacnpedeseHua, 
Mb MOsy¥aeM OObHHOe 3aTyXaHHe JlaHaay. C pocromM ammin- 
TYbI BOJIHbI UCKaxKeHHE, BHOCHMOEe e1O, CTAHOBUTCA HAaCTOMbKO 
OOsJIbIIMM, 4TO CTOJIKHOBEHHA He yCneBaFOT “MaKCBeJIJIM30BaTb»> 
WU DeKpeMeHT 3aTyXaHuA yMeHbilaetTcs. Takad uHTepuperTalua 
MO3BOJIACT OLICHUTb MOTJIOWJeEHHe VW B Cily¥yae K“MOHOXPpOMaTH- 
yecKO) BOJHbI (MIX KOTOPOM KBa3znIMHeMHOe mpHOsMxKeHHE 
HempuMeHuMoO). IlycTb amnsmutTygqa MOTeHUMasa B BOJIHE —. 
Torga OTBeTCTBCHHbIMM 3a MOrouIeHHe OyayT YacTHUbI co 


o 220 2 eh Qep 
k in 1S m 
CTHUbl, OTPaxkaroulMecd OT «MOTeHIMAbHBIX ropOoB»). ITO 
3HaYHT, YTO HauOoOsee CHJIbHO MCKaxKaeTCA (PyHKUMA paciperte- 
JIeHMA B OGNACTH C LIMpHHOH Mopsnka +1/ ey/m . M3-3a KyIOHOB- 
CKHX CTOJIKHOBeEHMM C paccesHWeM Ha MalJIble yribl OKasIbHOe 
paBHoBecue B 9TOM OONacTH OyeT BOCCTaHAaBJIMBATbCA, O4e- 
BHHO, 3a BpeMA Tt, ~ e~/»T. Bpemsa 2Ke HesMHeiHOrO MCKaxKe- 
HMA TO WeMCTBHEM MOJIA BOJIHbI MMeeT HOPALOK T. ~ Ala/. ep/m , 
rye A — pyIMHa BOHEI. OKOHYaTeNBHO MOsyuNM 


E~(é)o/ (1+ (epy2 | Tarv/m) 


CKOpOCTAMM B MHTepBase (4a- 
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K 


Puc. 14 Pe30HaHcHble YaCTHUbI DJIA HEOObIKHOBCHHOM BOJIHEI. 


Vickaxkenve (pyHKUHM pacipedesenHaA yacTul fy 3a 
BpeMA, MeHblilee BpeCMeHM CTOJIKHOBeHHA, OMMCbIBa- 
eTCA ypaBHeHHeM 


Ofo _ ile r mide @ Om) 
Ob "tN way ea oH Ov) | o’—(@—on)/k| 
o vk @ 
x (, Jom: )fo (60) 
ov OH CU|| 
Ec BMeCcTO Vv), UV, BBeCTH HOBbIe MepeMeHHble 
Oe 
W)=0,35 W=Y— (61) 


2vq 7 


TO B OOsacTH, roe O/)w' — (@ — wy)/k) MOo%KHO c4H- 
TaTb MOCTOAHHOM, ypaBHeHue (60) mepexoHT B: 


a 1 e oF 
Ly ee ps CN (62) 
ot Wi) OW, OW, 
(C) 
rae Lb, = Le 


| w’ —(o — op)/ k | 


YpasuHenue (62) onncbiBaeT Tpollecc BbIPaBHMBa- 
HHA (pyHKWHH pacipeyesieHua BOOJIb JIMHHI: 
W\=const., T.e. v; — (v3, /2v,) = const. SdbdbexTus- 
HIM KOoPPuUMeEHT LHpPpy3un oOpaulaetca B HYJIb Ha 
rpaHHle pesoHaHCHOH OONacTH MpH v=, Vy. On- 
HaKO aCCHMITOTHYCCKH 3a BPeCMA, 3HAYUTeIBHO OOsIb- 
ulee BPeMeHH CTOJIKHOBECHHA, YCTAHABJIMBaeTCA COBep- 
WeHHO HHOe CocTOsHHe. OueBuyHO, YTO OHO oMpe- 


v 


Puc. 15  Xapaktepucruku Ha myockocTH (v,, 2). 


ACIACTCA yKe He HavaIbHON byHKuMei pacupezese- 
HHA, a TpaHM4HbIMH YCOBUAMH. Mbr JOJDKHBI HOTpe- 
OoBaTh, YTOOEI ciipaBa OT y, PyHKUMA pacipeneneHuat 
Oba MaKCBeJWIOBCKOH HM pu vj=v, He GOEIO OBI 
ckauka (byHKuMM pacnpesenenus. Tlostomy (PyHKUMA 


B TipeneOpexeHuu 9(pdpekToM 


CTOJIKHOBCHHH, O4e- 
BHIHO, paBHa: 
N mv,2 Mov ) 
Of = 1 MUL ¢ vy mr Pp Vj 
= — ex ——— —s 
fo (27)*/2( T/m) 2 r{ Ap fh gE 
mY 2 
— "yr } Oe) 


@yxkuna f\’ aBAeTCA HyeBLIM NpHOmMWKeEHHEM 10 
£/£,, T.e. 10 o6paTHoH ammuntyne BosHEt. Ipu 
MOyYeHHH 9TOTO BbIpPaxkeHHA MbI IpeHeOperaem 
«XBOCTOM» MaKCBeJIIOBCKOrO paciipeaeseHna (v%)<v,). 
Tak Kak 10 ycnoBHIO v,>|v|, To, Momaraa, 4To 
mv, Av/T> 1, roe Av=v, — v,, MOxHO mpeHeOpeub 
«XBOCTOBbIMM> 4acTHWaMu. 

Pa3ylarad TelicrBUTebHYy!O (pyHKUHIO pacnpedeste- 
Hua B pAa mo L/L, u3 (52) nomyyaem Bbipaxenne: 


a (: line VL Je) + 
GON Vp dv|| 
Donznne SAN SIS On eS 
2m = {7 Zt ss, f,° (64) 
ce v - 
Otcroga, Booobule roBops, erko HalTH nNepByl1o 


MompaBky K PyHKUWHH pacnpenetenua f,!: OMHAaKO OHA 
Hac He HHTepecyer. 

TlogctasBsiaa BbIpaxeHHe (64) B (54), momy4aem no- 
TOK 9HeprHu OT k-oOH KOMMOHEHTHI BOJIHbI K TJla3Me: 


8xéR 8x NT 7 1 Ok ) 27 
i a a pe ie a | | Ons 
(alee lal Np \op—oy] ° (ky 
mv," m 
iz exp{— oa + A % (v v)} (65) 
roe 27 — wipuHa naxeta, a H.?=H,? 0/27 
Np — eCTb 4HCO YacTHI B «ZeOaeBCKOM» cciepe, 
VY) — CKOPOCTb pe30HAHCHbIX YaCTHL, a Vv, — 


rpaHHlla pe30HaHca. 
Ecam MakeT ocTaTOYHO BeJIHK, TO 3PdeKTHBHAas 
uiMpwHa oOmacTH (B k — mMpoctpaHctBe), BHYTpH 
KOTOpOM MpOwCXOQHT OOMeH 9HEprHel, ecTb 27)*~ 
~(T/m »v?) ((e — @/v,] (ve — a30BaA CKOpOCcTb 
BOJIHBI). 
BOsu3H OT rpaHHIbl pes3oHaHCHOH OOsIaCTH 


8x NT 1 


= : Dre 
Vk = A? v3 3V2 T Ny 
or \? 2 1 a= my 2/2T 66 
irene) ae (66) 


B To xe BpemMa 43 PopMy.bI (54), MOACTaBMB HeHCKa- 
%KCHHOe MAKCBEILIOBCKOe paciipedesIeHHe IIEKTPOHOB, 
nouly4aeM H3BeCTHbIM pe3yJIbTaT JIMHeHHOM TeO- 

pun [18]: 


ee oOH—w 


i OH 


la or exp| m(oH— = 
ney tin, 2 Tk? 

0 " 8x NT Np Oy (oH 21) F . 
Ye y Tipu p Hy? 6 Qn/Tim\ oH 0 


Ha camMom uesie 3Ta (bopMysia, Kak M BCe Halle MpH- 
6u1wKeHMe, 3aBeOMO HecipaBewiuBa pH Pp ~ fy. 
3aBucumocts y(1/f) cormacno (66) MpeacTaBsiena Ha 
puc. 16. UctuHHbiit xo yr MOKa3aH MYHKTHpOM. 


HEJIAHEMHBIE KOJIEBAHUSA TMJIA3MbI 


min 


1/ Bo 1 


Puc. 16 3aBHcHMOcTb NOrnowieHHA HeOObIKHOBeCHHOM BONHBI 
OT aMIJIMTy OBI. 


M13-3a pe3sKkoro oOpe3aHHa (byHKUHMM pacnpeseseHna 


Jo NOHbIN MepexoN 9HEPprHu OT MakeTa K M1a3Me elle 


CHJIbHee 3aBHCHT OT /. 


6. Ycrow4nBocTbh HeJIMHeHHBIX JIBYOKeHHH 
B pa3spexeHHoH M1a3mMe 


VispecTHo, ¥TO My1la3Ma, HAaXOAALIaAcA MOCcTaTOUHO 
MaslekKO OT COCTOAHHA TEPMOAHHAMHYeECKOTO paBHo- 
BeCHA (HHaYe TOBOPA, Tla3Ma C HEMaKCBeJIJIOBCKHM 
pactipeesIeHHeM CKOpoctTen), CTaHOBHTCA HeycTOHyn- 
BOH 110 OTHOLWIEHHWO K CAMOBO30yXX TEHHHO pa3JIHM4HOrO 
poda KoneOaHni. 

B kayecTBe IIpHMepa MO%XKHO TIpHBeCcTH Tak Ha3bl- 
BaeMy!O HeEYCTOMYHBOCTh Mp HaJIMYHH My4ka YacTHL, 
Korda (PyYHKWHA paciipeseseHuA 4YacTHIL MO ckOpocTH 
UMeeT JOMOJIHUTeJIbHbIe MAKCHMYMBI, WIM HeyCTOM4H- 
BOCTb, BO3HHKAarOLyto, Korga (pyHKUMA pacmpexee- 
HHA BOCTATOYHO Hev30TpoMHa. 

AcHO, 4TO pacnpocTpaHeHue B pa3pexKeHHOH ma3- 
Me OcTaTOYHO OOJIbUIMX BO3MYLUEHHH OJDKHO 
COMPOBOXKDaTbCA 3aMCTHbIM OTKJIOHCHHeM I1J1a3MbI 
OT TepPMOAHHaMHMYecKoro paBHoBecHsa. KpaitHum culy- 
yaeM 31eCb MOXET CJIYKUTb XOTA ObI “MHOTOMOTOKO- 
Boe» TBHxKeHHEe [20—21], Bo3HUKarollee B pe3yIbTaTe 
«OMPOKHIbIBAHH» BOJIH C AMIVINTYLaMu, lpeBbiiia- 
FOULMMH HEKOTOPOe KPHTHYeCKOe 3HA4eHHe. 


6.1 HEYCTOMYMBOCTU MHOrFOMOTOKOBOrO 
JA BVDKEHUSA 


Ecam xpaktTepHble pa3mMepbl OOsIacTe MHOFOTOTO- 
KOBOrO JBYXKCHUA 3HAYHTeJIbHO TIpeBbILWalOT LJIMHbI 
BOJIH BO3HHKAFOWIMX HeyCTOHYHBOCTeH, MO2KHO TIOJIb- 
30BaTbCA pe3yJIbTaTaMM HCCIIeHOBAaHHA YCTOMYMBOCTU 
B Cayyae OAHOPOAHOH TM1a3MbI. 

B cmyyae, HampumMep, JByX BCTpe4HbIX HOHHbIX 
MOTOKOB, JBUKYLIMXCA MomepeK MarHHTHOFO MOA CO 
CKOPOCTAMH Vy) H —Vpo, MHCMepCHOHHOe ypaBHeHHe 
umMeet Bu [19]: 

2 ] 1 
“oHRH (Ho — key ' (w+ key)? 
MakcuMaJIbHbIM HHKPpeMeHT HeyCTOHYMBOCTH MO TlOp- 


1 ee ee 
AKY BEJIMYHHBI paBeH (WH Qy) 2 . Av) < H|V4 nn. M 
XapakTepHad JJIMHa BOJIHbI HeyCTOMYMBOCTH HMeeT 
MOpAOK Cc/M@. TakuM o6pa30M, MHOFOMOTOKOBbIe 
JIBVOKeHHA TorepeK MarHUTHOrO MoJIA (§ 3) HeycTOH- 


4HMBbI. 
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A. A. BEJIEHOB, E. I. BEJIAXOB, P. 3. CAT TEEB 


B cayyae Ke ABYX HOHHbIXx NOTOKOB, ABYHOKYULIHXCH 
HaBcTpeyy Jipyr Apyry B OTCyTCTBHH MarHHTHOrO 
MOsIA (9IEKTPOHbI Tellepb MpeANOsararoTcA «rops- 
4YHMM»> H paciipesesieHHbIMH B TpocTpaHcTBe M0 
BosbumMaHy n=n, exp (e~/7T) MHcnepcHOHHoe ypaB- 
HeHHe MMeeT BHI: 

] ] 
(o+ kv)? | (@—kw)? 


2M 
be 


JItoO0nbITHO, 4TO B IYTOM CJLy4ae HOCTATOYHO ObICTpble 


MOHHbIe MOTOKH (Vy > V 7/M ) oka3bIBaroTCA yCTON4Hi- 
BbIMH *. 


6.2 HEYCTOMYMBOCTH BOJIH KOHEYHOUM 
AMITJIMTY J bI, PACITPOCTPAHAFOWUINXCA TIOTIEPEK 
MATHUTHOLO TOJIA 


Heycronw4nBocTH B BOJIHAaX KOHeCYHOH aMIMVJIMTy Zbl 
MOryT B MpHHIWMe MOABIATbCA H DO OOpazsoBaHHnA 
«MHOFOMOTOKOBOLO» JBHXKEHHA, TO CCTb H Ip MeHb- 
IWHX AMIWIMTyHaxX BOJIH. PaccMOTpwM, HalipHmep, 
yYCTAHOBHMBILIYFOCA YeHHEHHY!O BOJIHY, paciipoctTpaHsA- 
FOLLYHOCA ToMepeK MarHHTHOTO MOJIA B «XOJIONHOW»> 
myia3Me (8% n T<H?). BepHemca cHOBa K KapTHHe 
BYOKCHUA MOHOB HW 3JIEKTPOHOB T11a3Mbl B TaKOH 
BoJIHe (puc. 17). Econ H?< 8x nm c?, 11a3Ma KBa3H- 
HeHTpasibHa. B HanmpaBsIeHHH paciipOcTpaHeHHA BOJIHbI 
M WOHBI MU 3ICKTPOHbI ABYOKYTCA C ONMHAKOBbIMH 
CKOpocTAMH. OnHako 9ueKTpHuecKHit TOK B Halipa- 
BJICHHH, TepMeHMKyIAPHOM CKOpOCTH BOJIHbI HU 
MarHUTHOMY TIOJIHKO, CO37aeTCA TOJIbKO 3JIEKTPOHaMH. 
B oOHOponHOK Ma3Me, Kak W3BeCTHO, HasiMune 
3AMeCTHOIO OTHOCHTEJIBHOrO JIBYXKCHHA HOHOB UH 
9JIEKTPOHOB MPHBOAHT K HeyCTOMYMBOCTH. ACHO,; 4TO 
aHaJIOrH4HOrTO 93dmekTa MO%KHO OXKHDATb UW 3eCb. 
3alaua yIpocTHTca, ecIM Mpw paccMOTpeHHH MaJIbIx 
OTKJIOHCHHH OT CTalMOHapHOHM KapTHHbl yeqHHeHHOU 
BOJIHbI 1peHeOpeyb YIeHaMH, YYHTbIBAFOLUHMH HeBO3- 
MYLUCHHOe JIBHXKeHHe TWla3Mbl B HalipaBsIeHHH 2. 
OueBH HO, 9TO cipaBeqIHBO B TOM CJIydae, Koraa 
Bpe€MA pa3BHTHA HEYCTOHYHBOCTH 3HAYHTeJIbHO MeHb- 
Ie BP€EMeHH «MpOxoO%*K DeHHA» M1a3Mol OOacTH yeqH- 
HeHHOH BOJIHbI. TlocneqHee MO NOpaAaKy BeJIMYHHbI 
paBuo, ovesuno, L/(H/V 47 ny M), roe L—«umpuna» 
BOJIHBI. 


Ve 


Puce. 17 YennuenHas Bosna. 


Bo3mMylileHHoe ABYXKCHHE WMOHOB H 3JIEKTPOHOB 
Oy eM PpacCMaTpHBaThb VIA MpPOCTOTbI, Kak TBHXKeHHE 
JIBYX KHQKOCTeM»> C anwadOaTHYecKHMH 3aKOHaMH 
W3MeHeHHA aBsIeHHA**. BoauaHwe MarHHTHOrO TMOJIA 


* Tipu oveHb 6ombUIMX Vy) (>+/T/m) cHoBa BO3HHKaeT He- 
YCTOHYMBOCTb, HO yxKe Ha «3JIEKTPOHHOM» BeTKe. 

** B OAHOpOAHO MIa3Me TaKOH MOAXON Baer Ka4¥ecTBeEHHO 
TIPABHJIBHbIe pesysbTaThI. 
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Ha BO3MYINeHHOe JBHOKeHHe Y4MTbIBATb He OyneM, 
OrpaHHunBastch YacTOTaMH KOeOaHHH, 3HAYHTEJIbBHO 
6ONbLIMMM JIaPMOPOBCKOH YaCTOTbI 9JIEKTPOHOB 
eH/mc. B 39TOM TipHOJMWKeHHH ypaBHeHHA JIA BO3- 
MYLICHHBIX BeJIHYHH: Ux, Vy (KOMMOHeEHTa CKOPOCTH 
9teKTpoHos), Vx, Vy (KOMMOHEHTbI CKOPOCTH HOHOB), 
Ne, Ni (TSIOTHOCTH 3JIEKTPOHOB H MOHOB) H @p (QJIeKTpH- 
YeCKHH MOTeHIMa) MpHHHMarOT BH: 


: en ei 
i(w + kv) vy = ik —y —ik——n, (67) 
m No 


io ae af 9: (69) 

io Va = ap ae i 

i(m + ko) ne + 1k Ny vy + se (2,00 — OF (71) 
1@ 1 + (% Vx) tikny Vy = 0 (72) 
—k’p + y" = 47 e (me — Ni). (73) 


3necb (67)—(70) — ypaBHeHHA JBYOKeHHA JIA 9IeKTpo- 
HOB, HOHOB H (71) (72) — ypaBHeHHe HelIpepbIBHOCTH 
IIA 3JIEKTPOHOB WM HOHOB HU, HakouHell, (73) — ypas- 
HeHuve Ilyaccona — JIA 39IeKTpH4eckoro Nosa. Mbt 
cpa3y BbIOpasIM 3aBHCHMOCTb BO3MYLICHHbIX BeJIH4HH 
B Bue p (x) exp (imt+iky). Bxonautne B ypaBHeHHa 
Vo, So?) Mo TpeacTaBsatoT coOoh HeBO3MYLIeHHbIe 
CPC QHFOHO CKOPOCTb 3JIEKTPOHOB (710 OCH y), KBaapaT 
TeMJLOBOM CKOPOCTH 3JIEKTPOHOB H MJIOTHOCThb Mj1a3Mbl, 
3aBucaline OT x. B npeanosO%*KeHHH, YTO MpOH3BOL- 
Hble 10 2 OT BO3MYLICHHbIX BeJIMYHH 3HAYHTeJIbHO 
OOsIbUIe MPpOH3BONHbIX OT HEBO3MYLICHHbIX («KBa3H- 
KJIaCCH4eCKOe» MpHOJIHKeHHe), CHCTeMa ypaBHeHHhit 
(67)—(73) cBoqUTCA K ORHOMY AMpdepeHuMasbHOMy 
ypaBHeHH!O BTOPOrO MOpAAKAa DIA BeEJIMYHHBI Ne 


9 Ne 


s == 
0 dx 


2 
| w +kv,)2 peel fH Sis se. ee 
! [ > + hay)? — 9? Bt — 5 aoe | ne 0 


(74) 


VccieqopaHve yCTOMYMBOCTH CBONHTCA K 3ama4ye 
Ha cCOOCTBeHHbI€e 3Ha¥eHHA ypaBHeHua (74). Hac 
HHTepecyrOT JIOKaJIbHbIe PeLIeHWA, 3aTyxXaroulMe B 
o6e CTOpOHbI OT yeHHeHHOI BosHBI. Uccsenyem 
moBpeqeHue PyHKUHH } 


Ea ky == (eo 


kv)? 


2 
@ 
ce pet 


I — (0,3/63) (75) 


B ofHOpoaHon na3Me 9Ta PyHKUMA He 3aBHcena 6bI 
OT x, H AHCMepCHOHHOe ypaBHeHHe, CBA3bIBAaFOLee / 
uk, uMeso Opt Bua 


H(@, kh) 0 (76) 
3To ypaBHeHHe aeT HeyCTOH4MBhIe pelleHua, KOTa 
U9 > So’, TO €CTh KOra Cpe HAA CKOPOCTb OTHOCHTENb- 
HOrO JBYHXKCHHA HOHOB HK SIIEKTPOHOB TpeBbiiitaer 
TCHJIOBY¥O CKOPOCTb ITCKTPOHOB. Aaa He CJIMUIKOM 


Oonbunx k (kK? <m,2/892) 910 ypaBHeHHe 
%KCHHO MOX%KHO 3amucaTb Kak 


npHosH- 


F (ow, k)~ kb? (O57 = Sao) os 203 = 


1 — (Q,2/0) CE 


Otcroaa HaxoquM 


272 (eo 2 ue 
Qk Gae = Vo") 


5 
On — OREN OTST , 3 
cog? — k2(v,? — 8,2) 


(78) 
MPH U9? > Sy”, @ CTAHOBHTCA MHUMBIM (HEYCTOMYHBOCTB). 
Bosppallasch kK Halle HeOHOpOAHOH 3aza4e, 
PaCCMOTPHM IIpOcTpaHCTBeHHbI XOq dyHKIHH 
F(a, w, k)=k? (v_?—s892)—,?/(1 —2?/@?). (B  3Tom 
MpHOJIMXKeHHH BOCTaTOYHO paccMaTpHBatb DelcTBH- 
TeJIbHble ©”), Ja HarmaqHOcTH H306pa3uM (puc. 18) 
MpOHJIb H3MeCHEHHA Vy H W,?* B YCMHHEHHO BOsHe, 
Kak (dbyukuuio x. B oOmacTu, roe w,2> 82, roe 
F(a,o,k)>0, Da ne WMeeTcA OCIMILIMpyrollee 
peWenne. Baan of yequHeHHOH BOJHbI F(x, w,k)<0, 
4TO COOTBETCTBYeT 9IKCMOHEHIMAaIbHO 3aTYXaFOLHM 
peuleHuam. B Toukax «noBopota», roe F (x, w, k)=0, 
9TH pelleHHa cuuMBaroTcs. Utak, HYXKHBbIe JIOKaJIbHbIe 
peilleHHa Bcerga cyllecTBYHOT, a HeYCTOHYHBOCTb 
TIOABJIACTCA B TOM CJly¥ae, eCJIH BHYTPH yeqHHeHHOH 
BOJIHbI HMeeTCA OONacTb, re Vy?> So. MHkpeMeHTbI 
HapacTaHHaA TaKOH HeyCTOHYHBOCTH, KaK H3BeCTHO, 
MMeFOT TopaqoK 2, (B Ma3Me «HyJIeBO» Temmepa- 


TYPbI MaKCHMaJIbHbIH HHKpeMeHT elle Oosmpime 
Q, (M|m)"8 


tan.(x) 


Puc. 18 Wsmeneuve cKopocTu M MIOTHOCTH B yeMHeEHHOK 
BOJIHe. 


AMIUIHTY 1a V2 B YeHHHeHHOM BOJIHE yBeIMYHBacTCA 
c poctom 4ucsia Maxa (M=uv 4r ny) M | Hy). Haxko- 
Hell, IpH HeKOTOpoM 3Ha4eHHM YHcIa Maxa M — M™ 
AMIIJIHTYHa Vp" MpeBbICHT CpeZHFOIO TCIIOBY!O CKO- 
POCTb 3IeKTPOHOB, T.€. BOJIHa CTaHeT HeyYCTOMMHBOH. 
C momoulbro pe3yibTaToB §4 HeTpyHO OLeHHTb 
M* aia «xonogHoi» mia3mbl (8% 1 T< HH”): 


2 
* 3aBHcHMOCTb 8)” OT X HAMOMHMHAeT 3ABHCHMOCTb 9° OT “. 


HEJIMHEMHbIE KOJIEBAHUA MJIA3MbI 


. es TIN 
M* ~ 1+ z (“Fr ~)3 (79) 


8 \ A 

BuuaHMe Takoro powa HeycTOHYHBOCTH MOXHO, B 
H3BECTHOM CMBICJI€, TpakTOBaTb KaK CHJIy TpeHHA 
QIEKTPOHOB OO HOHbI, HMEFOLLYIO «KOJIJICKTHBHYIO» 
MpHpowy. 3ameTHM, HaKOHeL, YTO, XOTA MbI NpHMeHSIH 
PpaccMOTpeHHYFO HeYCTOMYHBOCTb JIMLIb K Ye MHHeEHHbIM 
yCTaHOBHBINHMCA BOJIHaM, TaKad %Ke CHTYALMA MOXKET 
BOSHHKHYTb JIA JIKOOBIX BOJIH B MJIa3Me C MarHHTHbIM 
NOJIeM. 


B ycnosuax (nT~ H?/8r) Oonee onacHbimu Obit 
Obl, MO-BUAHMOMy, HeycTOMYHBOcTH HHOrO posa, 
BO3HHKHOBeHHE KOTOPbIX MO2%KHO IpeACTaBHTb Cule- 
HYFOUWWHM OOpa30m. B MectTax «cxKaTHa» MarHHTHOrO 
MNOJIA B BOJIHE aNMaOaTH4eCKH YBeIMYMBAeTCA IHEPrHA 
TeNMJIOBOrO BHXKCHHA 93JIEKTPOHOB B_ IJIOCKOCTH, 
NepMeHAHKyJIAPHOH MarHHTHOMy oto (7)), B TO 
BpeMA Kak «MpOMObHAaA» BHeprHa (7)) MeHsAeTCA 
MaJIO HJIH %*e BOOOWIe OCTaeTCA NMocTOAHHOH. IIpu 
T/T), MpepbtiiatouleM HeKOTOpOe KPpHTHYeCKOe 3Ha- 
yeHHe, CCTECTBCHHO OXKUAATL packaykn KOIeOaHHit Cc 
YaCTOTOH NOpADKa WHKIIOTPOHHOM YaCTOTHI 3IEKTPO- 
HOB (KaK 3TO HMeeT MeCTO B OAHOPOAHON m1a3Me)[18). 
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We consider a fully ionized plasma. At time ¢ the state of the system is represented by a point 


X in the phase space of all the particles. We define Dd XdX’' 


.dX() as the joint probability 


that at time ¢ the system will be in (XY, dX), at time ¢’ in (X’, dX’), etc. A systematic procedure 
has been developed for calculating any desired moment of D, as an expansion in the discreteness 


parameters e, m, 
without any “* 


and I/n. 
StoBzahlansatz”’ 


Spectral densities and autocorrelation functions can thus be obtained 
or Markoffian assumption. A comprehensive treatment of a plasma 
in thermal equilibrium has been carried out. 


A large class of non-equilibrium states may exist 


in a hot plasma for sufficient time to be considered stationary. Fluctuations have been calculated 
for the class of spatially homogeneous states of an infinite plasma. It is of some interest that 
thermal equilibrium relationships such as Kirchhoff’s radiation law and the fluctuation-dis- 
sipation theorem survive. As an application we have calculated the degree of excitation of the 
collective modes such as plasma waves, ion oscillations, etc. For distribution functions which 


approach instability as some parameter is 


varied, the energy for some modes becomes very large 


and ultimately becomes infinite as instability is approached. 
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1.1 INTRODUCTION 


The state of a plasma at time ¢ is represented by 
a point in phase space X = (Xj, V1); (Xp, Vg). - - (Xn, Vn) 
where Xn, Vn are position and velocity a the n-th 
article. For an ensemble of systems D, (X, t) dX 
means the probability that at time ¢ a tera will 
be in the volume element (X,dX) of phase space. 
D,(X,t) determines the expectation value for the 
Measurement of any observable at position x and 
time t, 1. e., 


(O(x, t)) =|D, (Xt) O (xt) dX. (1) 


density ; D>) % Vn 0 Co the current density, etc. 
nl 

If a plasma is in thermal equilibrium, (O (xt))=0 for 

these quantities. However there are spontaneous 

fluctuations so that 


bo 
— 


(02 (x, t)) =|D; (X,t)O2(xt)dX40. 


It is possible to make more sophisticated measure- 
ments of fluctuating quantities whose expectation 
values are not determined by D, (Xt). We shall be 


* Research on controlled thermonuclear reactions is a joint program carried out by General Atomic and the 


Texas Atomic Energy Research Foundation. 
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concerned in particular with the auto-correlation 
function, see, e.g. Lax [1]: 
T/2 
: if ; 
C(t) =lim = [dtO (Olt +7) (3) 
mars te 


T/2 


Lo ie 
==— Peters (w) dw 


co 


and the spectral density 


T/2 
S (aw) = lim = | | dt die 88 VOW OR) (4) 
T—co vd 
“fe 


a OMEN GAR @ 


— co 


To determine the expectation value of quantities 
like O (t) O (t’), the state of the system at time ¢ is 
insufficient. It is necessary to consider a more general 
description of the plasma that involves D, (Xt; 
X’ t')dX dX’, the probability that at time ¢ the 
system will be in (X, dX), and at time t’ in (X’, dX’). 
In terms of this function the expectation value is 


(0 (t) 6 (t’)) = [D, (Xt; X’#’) O (t) O (') dX dX". (5) 
For a stationary random process this will depend 
only on t=t' —# so that 

(C (t)) = (0 (t) O (+7). (6) 


Laplace transforms will be employed in most cal- 
culations. To express S(m) and C(t) in terms of 
Laplace transforms, consider the identity 


S(o)= gy, [do [deci O18 (wo!) 
Now, 
[ate (o'— ©) t — 76 (w@'’— ow) +i ae 
0 
0 
[tetera = 6 (m’ —w)—i —- : 
where P means the principal part. Let 
S(e do’ 
St io) = 1 ppl 82 se’) (7) 
s i pf do’ 
See (1) eo 3 P| ee S(w’); 
then mis 
S* (i@)+S8- (i@) =S (o) 
$+ (10) —S- (io) = + P(A ee 


S+ (p) is the Laplace transform of the function CAT) 


where 
Ch y= C (e) (<=0) 


0) (r<0). 
S- (p) is the Laplace transform of the function C~ (tT) 


where 
( {RS ( )) 


(t>0). 


For example; 


y + i co 


; Ye OT aie ere ‘ 
hate [ s+ (p) e® 'dp= al St (iw) eb ?*dw 
y9 2 TL av 

oh = co 
co co co 
Ih if . vie ( sree ae 
= zs | ah ayes" a d wo’ |r’ eile = O)C Sy (’) 
—oo — oo 0 


1 - / / r / j fa! & / 

— 5~|do S(o )\dt e127 §(t —T) 
8 0 
! ie 1wr cy C 

= =—|dweie™S(w)=C(r) 


—=i59 


(Gee= O) 


Since C(t) is an even function of T, 
Sp) = SF Cp): 


S* (p) is regular in the right half of the p-plane and 
S~ (p) is regular in the left half. 

According to Eq. (4), S(@) must be real if w is 
real. S*+ (iw) is, however, complex; the real and im- 
aginary parts satisfy a dispersion relation. 

Im [S+ (iv)] = + P{[2 Re [S+(io)] 


7 
J o—o 


Ss) 
— 


or 


, 
@ 


Re [S+ (iw)] = = E [ 5 Im [S+ (i@)]. 


‘“—@ 
The real and imaginary parts of S* (iw) are Hilbert 
transforms. An alternative way of writing Eqs. (8) is 


co 
: r St (i aw’) da’ 
lim Il: sil Bee 
@' —a—id 
foe] 


=(, (9) 


A>0 


in which it is clear that the equality exists because 
of the fact that S* (im) is regular in the lower half 
of the w-plane (or S+ (p) is regular in the right half of 
the p-plane). Similarly 


lim {= (to)deo! 
+0 Oo — 0 eenien 


(10) 


because S~ (iw) is regular in the upper half of the 
«-plane. 

The spectral density and auto-correlation function 
can be generalized to include spatial fluctuations and 


also different components of a tensor. The spectral 
density is defined as 


, : ae ie ; 
Sap (k,o) lim, | | dxdx' dt dt’ e-itew—o Ic - (x’—*)] 
VT 


a X On (X05 (x't') 


: 1 . 
= lim +9 O2(K, @) Op (K,c) , (11) 


which is Hermitian. The auto-correlation function is 


Y ~dkdw P 
Cap (t,t) = xe se Cee) S cep (Kc) 
: 1 Fr 
=the VT | dxdt O, (x f) OF (x-+r,¢+ft). 


V,T—-0co 


= (12) 


The symmetry properties of these quantities are 


Sap (kK, w) = S3_(K, w) =i, 7 k, ) 
Cx (¥;T) = Ope(—TP, —T) “ 
The total fluctuation is symmetric, i.e., 


fr dk dw 
(23) + 
1 


= lim Tr 
I 


C26(0,0)=| S43 (K,«) 


[dxdtO,(xt) Og(xt). (13) 
oT 

For a spatially homogeneous plasma and astationary 
random process (O, (xt) Og (x +r, {+ 1)) depends only 
onr and t so that Cy, (r, tT) = (Oa (xt) Op (x +r, ¢+17)). 
A systematic procedure will be developed for cal- 
culating C,g. Fourier transforms will be employed 
for the spatial co-ordinates and Laplace transforms 
for the time. The result will be obtained in the form 


pd eeken H7.G 

Oks (t,x) =|>+e?" aay Ok Sae(kp) (14) 
EaG@e (tat) Aree) 
— A) (7. 0), 


The previous discussion of the two-sided Laplace 
transforms may be applied to infer a Hermitian and 
an anti-Hermitian spectral density. 


: Sap (kK, o) i iW ehay ’ , 

Sap (Koi) = oy — + an P| aa Sap (kK, w’) 
= : S k, « 1 Paha " i 
Sap (k, uo) aps = a); ee P| a Re S ap (k, om) 


= S.(—k, —iw) = [Sha (kK, io)]* 
“The Hermitian spectral density is 
Sup (Kk, 0) = Sz, (k, iw) + [Sha (k,i@)]* 
There is also an anti-Hermitian spectral density 
Aap (Kk, @) =Sap(K, io) — [Spa (k i@)]* 


1 dw’ , 
Sa P{——"— Sap (k,o'), 


which is simply related to the Hilbert transform of 
the Hermitian spectral density. If 2 S7,(k,im) is 
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symmetric, the real part will be the spectral density 
and the imaginary part will be its Hilbert transform. 

We shall begin with a plasma consisting of electrons 
and randomly distributed positive ions of infinite 
mass. Only Coulomb forces will be considered. The 
calculations will be progressively generalized to include 
ions of finite mass, constant external magnetic field, 
the complete electromagnetic field and_ relativistic 
modifications. In Section 1 we shall consider only 
Coulomb interactions and thermal equilibrium. 


1.2 JOINT PROBABILITY FUNCTIONS 


Ds; (Xt; Xt; ---XO#tO) dX dX'---dXS) means 
the joint probability that at time ¢ the system will 
be in (X, dX), at time ¢’ in (X', dX’) etc. The entire 
system is trivially Markoffian so that all functions D, 
can be expressed in terms of D, and D,. D, (Xt; X’ t’) 
satisfies the Liouville equation in the variables X’ t’, 


N N 


o a e? (a) 1 0 ee nce 
a r y Via@os Faas ok 2 Ee eT \ D(X Xt t j=) 
Ot OXn’ =m OX n|X n—X || CVn’ 2 
n=1 Ln (15) 


and the initial condition 
D, (Xt XC) =D, (XO O(X =X) 


where 


N 
6 (X'— X)=[ ] 6 (x',— Xn) 6 (V's — vn) - 
nl 


Coulomb forces only are considered and the ions 
are omitted from the problem in the usual way. For 
present purposes it is sufficient to determine 


Was (X, ty i V3|D, (Xt: Xv’) (4X)N-1 (aXN1 
(16) 


where all coordinates are integrated out except X;, X;’. 
The method consists of taking moments of the Liou- 
ville equation to produce chains of equations. The 
chains are solved by an expansion procedure in which 
the parameters of expansion are e, m or 1/n as discussed 
previously by Rostoker and RosensiurH [2]. The 
determination of W,; is very directly related to the 
previously discussed problem of test particles in a 
plasma [2]. 
Let 

yp (Xt; X't’) = V|D, (XHEXUT (dX Ly) 
y satisfies the Liouville equation in (X’; ¢’) and the 
initial condition 


w(X, bX Vy VD, (Xt) 0 (Xp — Xj), (18) 


Assuming that D, (Xt) is symmetric with respect to 
the interchange of the co-ordinates of any two particles 
it follows that y is also symmetric except for particle 
one, ie., particle one is a singled-out test particle. 
We have thus reduced the problem to the previously 
discussed test-particle problem except that we have 
different initial conditions for the present case. 
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The s-body functions may be defined as follows: 


fs (Ky -~ Xs5 #) =V"[D, (Xi) (AX)N-5 


ROK Gi ceX cn a= aed 
= Vs [vi COT Gig Nad Xa a 
OCG ae ee) 


a a (Xt dx aad Xin (19) 


We note that 


Men Oenk 26) Oh ags BOL 


Wie (Agta Xs F(X te XS 7). 

By taking moments of the Liouville equation, coupled 
chains of equations are obtained for PF, Q,. These 
chains have previously been terminated by expanding 
in terms of the discreteness parameters [2]. For our 
present purposes we need to know W Oe See 
The equations for these functions are as follows: 


Co eg td a @ ee O) oN (0) 7 CIN 
lap +¥1 axa ir “BS f(x" t’) ani i(Xy¢ t; X, t)=0 
(20) 
Wir (X, t; Xy' t) = V f (a) 6 (Xy'— X)) 
rg) ‘ rs) f a ee 
ae tls ae —EM(%'t’)-3 sp Wi ats X t')=0 
(21) 
Wi (Xt; XQ’ t) =f, (X1, Xo'; =F (v1) f (ve). 
Em®) means the macroscopic field 
Or 4 é 1 ; ; 
Ey (x', t') = 2 elaa iver \d A, = 
Le ae Wry px! e @ We Web 
\é Bay Wb Xe ays fe) ago 
= WG Xe ae |e 
heirs H| | | Xo’— X4" | yaa! 
(22) 
(1) yy e? exp [—|x,— x,’| /L : 
WAN bs Ky = 5 Ree). 
In the above equations 
m A eyee? 
f (0) = (a5)? exp [—mot/20], st, = tee 


The solutions of these equations are 
Wir (Xt: X40) =V (ry) 01 Vy =O] 0 (W'- Vy) 
Was (Xt; Ky") = f (0) f (r4’) 


dk 
(2 =) 


where 
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1 
Mok (Va Val = 7 (Ep) (it) (B+ ik > va) 
SK hy ik. Vo -| i(ke Vi) (x/k) U (k, P| 
ee cet Sa (k Lp)? & (Kk, p) 
f(v’)dv’ 
==(f20 Vv’ 
aig fo cep Ngee Op ik- eee 
E(k, p) — — 4 / pt eee 
: Es ED e 
=1+ qg5r[!-FPU& eI. 


1.38 FLUCTUATIONS OF ELECTRIC FIELD 


Consider first the total fluctuation 


. 3 fa) (Z ra) é 
(Ha (xt) Hp (xt) = | D(X) ) 5 aa ea) * 
a 
(gaa) 1 (4) 
= Sd be ees ae = ae U,)aX4 


mae (4) i (4) 
+. 7 et : 
ONS, 


ce See 


Xd ky exe ed, 


It is clear that to obtain the lowest order result 
consistently, f, is required to lowest order and f, 
to first order. Substituting the thermal equilibrium 
functions we obtain the result 


(Balt) Ep (xt) (Aare) | ap ail CTF . 
(25) 


The term [1+ (k Zp)?]-+ comes from the terms in 
Eq. (24) where 1+ n. These terms can be neglected 
for k>1/Lp, but are quite important for k< 1/Lp. 
The energy associated with a given kK can be obtained 
from 


{E - E) =| dk @O 1 
Se J eae 2 Te eigae 


The energy per degree of freedom in the electric field 
is evidently @/2 for kZp<1 and much less for 
kLp> 1. 

To obtain the spectral density consider the ensemble 
average 


(25.1) 


(H,, (xt) Hp (x't’)) 

= i Togo Wehogt a é _@ é = ; 

=|D, (AE XG Par |\x—x)| Oxp’ |x’—xp’| CX im 
te i ra) 1 


= |x—x,| 6x’ xox 
Wi Cat 7d Xe 
1 (4) i 
Ox, |X—X,| Oxp’ |x’—x,’| 
Wie (hat Xe te 
After substituting from Eq. (23) and carrying out 
the integrations, the result is 


+ n? e2 


¥ +100 
(Hi, (x, ) Eg (x’, t’)) = (4 me)? nf oe 
; 271 
y — ice 
al gal ee Ge) eik or oe kakp (x/k) U(k,p) 
(2 7) kA e(k, O)e sie Pp) 


According to the definitions of Eqs. (12.1) and (14) 


kakp (x/k)U(k, p) 
k, 4 fy EO P 9 
Sap (k,p) = (47 e)? n k* e(k, O)e(k, py (28) 
The spectral density is therefore 
Sap (k, ) =e Re [Sas (k, ] o)| 
9 ke kp 2 Re[U (k, i o)| 
ag Ey a ee 1K a 
(47e)2n : -(Giw)) (27) 
Ges a) lim =| aS ene 
A>) [o+k-v—iA] 
k ] 


ele 


If we define v, 


=[t (0) 


=k-v/k and mv?=6, 
0, 00, dO = - = exp |— al | 
V2zv 


co 


U (kK, iw) — ( w/k) ! [ cil LIN 
™ (@ — w) 
aS es es eS wo — i (kv kv\3 \ , 
v \W2x ea hie (k v)? | x = 3 (2) { (o> ke ) 
= f | o* i (2 1 [ao ) | = 
Selva. © a ees \ea) SPO 


(28) 
1; when kLlp<1 and 


rp 


I? 


When kLp> 1, 
o>kv 


2 Op 2)2 0 iv ii a 
le(k,iotax|1—(“P)] + 3 (k Lp) °*P | 


€ (Kk, w) 


1 
(k a 
(29) 
In this case the denominator exhibits a resonance 
at w =p. The spectral density S,, (kK, m) must satisfy 
the relation 


[ Sap(k, o) =. oe = (Hy (x f) Es (x t))p . 
or a? 
ee ee le Lp)! 
k J |e (K,io) |? 1 + (k Lp)? (30) 


By using the asymptotic forms for e(k,iw) the 
integration can easily be carried out and we obtain 


1 (k Lp > 1) 


I 


1 ( F(—w/k) deo 
El Jetmioj? 


— co 


=~ (k Lp)? (k Lp <1). 

By carrying out the integration approximately, making 
use of asymptotic forms, it is apparent that only 
values of k for which weakly damped plasma oscilla- 
tions exist are fully excited to the energy 0/2 per 
mode. It is possible to carry out the integration 
exactly by a contour method, but this gives less 
physical insight. From Eq. (27) it is apparent that 
S,,(k,@) must be an even function of «. Since 
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2855 (Kim) = Si9 (Ko) he c p [ daw 


7 
CO —— (0) 


Sx p(Kyo’) . 


and the Hilbert transform of S, g18 an odd function of a, 


feve} 


“dw rd o 
(22 sata) =[42 


2 Sis(k, iw) 


kakp 2x i ‘do U(k, ia) 


47te)2 es 
(47e)“n ee Minar (xe, O)J 2ne(K, ia) © 


w=Re 
| 
Fig. 1 Contour of integration used in evaluating the 
integral of Eq. (30). 


The most convenient contour of integration is 
illustrated in Fig. 1. In the lower half of the w-plane 
U (kK, im)/e (kK, im) has no poles. On the boundary 
circle w-= R e® 


Hinay i(k, 18) ee 
R—->co ei (22) 
lim’ 6 (k, 1’@)/==1 
R—-co 
co —t 
j U(k,io) | k 
[do e(k,iw) | x |ao- 0 (31) 
— oo 0=0 
Therefore 
pas , 3 kakp 1 
oa Sap (kw) = (4 7 e)? n — ja Ave 0) ; 


which by Sigs with Eq. (25) since e (k, 0) is equal to 
(k Lp)?/(1 + (k Lp)?}. 

For a plasma consisting of electrons and_ ions, 
Eqs. (26) and (27) apply if we define U and ¢ as follows: 


Dy @w)dv' 


p+ik- iyo 
y 
ae 
e (Kk, p) =1— Se 
j 
, m; \* mi; v 
fhe (5) exp (—- 26 


Opi? = 47 ne? /m,;. 


U (k, p) = (32) 


(ik-ofj/éev’)d 
p+ik- via 


1.4 SUPERPOSITION OF DRESSED PARTICLES 


Consider the Vlasov equation 


BF wee 22 fone nel O Don dl 


= = (0) 
ot). @x ' m Ox | OY 
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where 


V2@ = — 47 | Oext — ne [fd vin | 


3 
Suppose at t = — co, f{) = (m/2x O)? exp |[— m v?/20] 
and an external charge density of order e is switched 
on adiabatically; i.e., 
= limi oe es 


A—0 


Oext — 
If Eqs. (33) are solved in the usual way, the result ts 


470 (K, w) 


- = i(wt+ kx) ¢ 
UE vain) | ee 
and 
2g =k - df/dv 
= eo AY = AO) ee : ee! : 
2) m ong ages ee Ae St 


It is therefore clear that ¢ (kK, im) may be interpreted 
as a dielectric constant. 

For a test charge gext = — e 0 (XK —Xy — Vogt) and 
o (k, w) = —eeik-*% 6 (» +k-V,). The electric field at 
a point x due to a fully “dressed” test particle at 
X’=X,)+vV,t with velocity v’ =v, is 
ik 


S_ gik-(x—x’) ; = 
k? e(k,—ik - vy’) 


dk 

J 2n)t © 
If we imagine the particles of the plasma immersed 
in a dielectric medium characterized by «¢ (K, im), then 
the Coulomb electric field due to a particle is effectively 
replaced by Eq. (35). If this is done the particles can 
then be regarded as statistically independent in the 
following sense: 


(E,,(xt) Hg (x't’)) 


nv 


= 7\ 2 (Xe) WAX AeNe MV A teN eh) a kad ee 


B(x, X’) =4 ne (35) 


> 
(4 7) Wee ant ert’ —1 eik-(x’—x) sae 
J} (p+ik.- ee ike yore (36) 
Therefore 
2 Sip (k,iw) =(4-ne)? n # ae: 
See ene sy 


This is the same as the previous result and was 
obtained by “‘dressing the particles” and neglecting 
the contribution from wi) (Xt: X,°t), the ‘cor- 
relation of different particles.* Similarly in the cal- 
culation of 


(H, (Xt) Bp (x1) = | Dy (XO) YH, (x, x1) Hp (X, Xn) dX 


In 


we can en the terms /~n, or assume f, (X 
=f) tv 


-* This This “method of obtaining the spectral density of 
electric field fluctuation was first pointed out to the 
author by W.B.Thompson of the Atomic Energy 
Research Establishment, Harwell, United Kingdom, in 
a lecture given at General Atomic in January 1960. 


X, t)= 
1 
2) provided E (x, Xn) isreplaced by E (x, AX Ne 
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Thus 


Xj) Bg (x, Xj) dx dv, 


f(y) dv, kakp 
k,_ik-v,) «(—k,ik-v¥,) 


(B,,(xt) Ey (xt)) =n | fle) ) By (x 


RCE 


= (Are)? n Qn 5 | Wak 


With the change of variable m=k-v, this becomes 


F (— o/k) 


|e(K, i) |” 


nf dkdw _ kakp 27 


(By (xt) Hp (xt) = (4 we)? | a 


in agreement with Eq. (27). 


1.5 FLUCTUATION-DISSIPATION THEOREM 


Consider the Vlasov equation 


ON at ee he ean 
Ot ox m CV 
Suppose that at t=—oo, f=/{%=(m/2x Q)2 2 


exp (— mv?/2@) and the electric field is switched 
on adiabatically, i.e., 


-iA)teik-x . 


E =lim £, (k/k) 
A—0 
It is assumed that E is of order e so that f= f+ /@ 
where 


= = - = ()),, 
Ot ox m (ola 


After solving for f@), the total current density is 


determined 


1(«t)=—e lv { (xv; t)dv + —— 


ot 
= jy (K/h) efor 
The result for the current amplitude is 
jy = (1/%) B 
where 


: 4x 
ae hal Nester see 
4x 1 : 
— Je(hia) 2 [Im ¢+i Ree] . 


wo |e(K,i@ 


Since — Im ¢=(k Lp) (x/k) @ F (—o/k), the spectral 
density of the electric field fluctuations may be 
expressed as 


Sup (K,@) =2 O 1) ka ka/k2 (37) 


1.6 KrroHHoFr’s RapiaTion LAW 


The energy density of the electrostatic field is 


(E (xt) - E (x?) dk da 
Pa =| aoe Wik) 
where 
_ 4xne? x F(—o/k) 
W (Kk, «) Boe eho 


From the previous problem, the absorption coefficient 
may be defined as follows: the power aE Og is 


* 1 é 
C= 5) Re}, yoni 
i i) H,* 
=a(k,w) > Re a 
The absorption coefficient is 


a (k, w) = 87 Re (1/z,,) = —2w Ime (k, iw) 
1 Dita ee ; 
Sint oe 


According to Kirchhoff’s law, we should expect that 
the emission per unit volume from the plasma would be 
¢ (kK, @) = W(K, w) a (kK, w) 

; oo 

(k Lp) k2 


F? (—w/k) 
e(K, iw) |? ° 


(38) 


That this is the case can be seen by a direct calculation 
of the emission. The force on a test particle of velocity 
v’ is from Eq. (35), 

of ak ik 
Se) ake ky) 
anaen(ke—— th ke aye) 
Hake weer 


1 


F (v’) = —e E(x’ X')= —4 
k 


a Kk 
a eae 
The rate at which the particle loses energy is 
y’-F (v’) which is therefore the rate of emission of 
energy from one particle. For a plasma in equilibrium 
there are nf (v’) particles in (X’,dX’) so that the 
total emission per unit volume is 


pais (pes gy EY Imei ik: 1 
tre? an liv ie) a e(k, —ik-v’)/? 
If we change the variable of integration to m = — k-v’ 
the result is 
*dkdo 
eae Oo) 


where e (kK, m) is given by Eq. (38). Kirchhoff’s law 
has previously been stated for plasma waves [2] in 
the form 


e (k) =O 2 ex (k) (39) 


where e.(k) is Landau’s damping coefficient. This 
result is recovered if we integrate Eq. (38) over w 
for kLp <1. Eq. (38) is more general than Eq. (39) 
in that it applies to all wavelengths including kLp> 1 
in which case plasma waves are very strongly damped. 


1.7 FLUCTUATIONS OF CURRENT DENSITY 
The current density is ] =— e » Vn 0 (X — Xn). The 


ensemble average of (jx (Xt) jg (x’ t’)) is calculated 
making use of Eq. (23). The result is 


: 0: ; hea ke 
Sép(k,io) = ne®{S FU (k,iv) | da —— ga" | 
kak . ; 1 


The real part of 2 Si, (Kk, iw) is the spectral density 


25 kak 
Sap (K,0) = ne®{ 2 22 F(—a/k) | dan — a4 
20 wo? F(—o/k) ka kp \ 
Pai Mick aaron: «ale? 


FLUCTUATIONS OF PLASMAS 
We note that S) (k, «) differs from the corresponding 
quantity for the electric field by a factor of (c@/4 x)?. 
This could have been anticipated because the spectral 
density is essentially an ensemble average of the 
square of Fourier components. According to Maxwell’s 
equations imo (kK, m)+ik-j (k,@)—0, ik-E (k, «) 
=47 0 (kK, w), or k-j (kK, w) = — (im/47) [k-E (k, «)]. 
The relationship between the spectral densities is 
thus apparent. 

The above result can also be obtained by a super- 
position of independent dressed test particles as in 
Section 1.4. The current density at x due to a dressed 
test particle with X,=(x,, V,) is 


j (x, X,) = — ev, 6 (x — x,) — ne [v Of (x, Vv, t) dv 


where [2] 
: 4ne* 7 dk : 

<4 =, 5 : etki cx) 
Crear.” m | (27)3 


ff k-af@/ev 1 
a lk oon k? neerexeie 


Eq. (41) may be obtained as follows: 


(ja (XE) Jp (X', #')) 
Shik K pk el AV OU Nate Xa Fy Xe aXe 


PGES Te GhGee eas per ee 
=| eae) tarot er Seek, DD. 


Substituting W)( from Eq. (23) we obtain the same 
result for 2 Re Sy, (kK, im) as Eq. (41). 

A fluctuation dissipation theorem exists for the 
current density that involves a different dissipation 
tensor from that previously employed for the electric 
field fluctuations. It is defined as follows: 


ay +y- Of. € 


Ot ox 4 [Bex — ¥ P| : oe = 
V7 o= tren| (f(x, v, t)dy — 1. 


At t= — co, f=/ (v) and an external electric field 
of order e is switched on adiabatically, i.e., 


Bex (Xt) =lim E(k @) ef —i44 eik- x, 
40 


We can calculate the conduction current as 


jxh= —nefvf (xv, t)dv 


== j (k, «) el (mt Lk 4 x) 


where 
jx (K, @) = Ong (K, iw) Ep (kK, «) 
and 
Tb 2 0) v5 ey kok 
ie (kyi a) = >\7 =U (kyiw) (5.s——ts"] 
hake - i 1 
-|- aio (k Lp)? 1—sE ra} 6 


The theorem for current fluctuations is 
Sap (k, im) =0 Ou p (k, ia) (42) 
or 
Sap (kK, o) =2 O Re [ong (k, iw)]. 
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L.8 FLUCTUATIONS WITH A CONSTANT MAGNETIC FIELD 


The calculations in this case follow the same pattern 
as in the case of zero magnetic field. The only new 
feature is the addition of the term — (e/mc) (v xB)- 
-(0 f/é v) to the Vlasov equations. The resultant spiral 
unperturbed orbits make the calculations considerably 
more involved. However, no new techniques are 
required so that we shall simply discuss the results. 

The dielectric constant is 


es (k | () i [k : ofle Vin 


p+i[k+ V]n a2) 


é(k, p) = = fev y 


where 


[k-V]n=keve+ “0 
a=V, |W 


w,=e B/me. 
We note that 


1 
é(k,0)=1+ (ite 


as in the case of zero magnetic field. The other function 
required to express the results is 


& _In? (kt @) 
=| avi) Doors [K-V]n 


n 


U (k, P) = 


with this definition 
€(k, p) =1+(k Lp) [1 — (x p/k) U (k, p)). 
The joint probability functions are as follows: 


WO (X16; Xy' UV) =V Ff (v1) 6 [xy’ —x (#')] O[vy’ —v(e')] 
(44) 
where 7=t’ —?t and 


V (t’) === U4 I. sin (Py + We T) ey 


+, 1 cos (8, +a, T) ey + z Cz 


x (t’) = x, +a [cos (8, +, tT) — cos B,]) ex 
+a [sin (8; +a t) — sin By] ey +24 2 T ez. 


Why (Xz t; Xy' t') =f (04) f (v9') 
wi (X,t; Xe’ =f (v,) fe 2) oni 


x [2 eP —) Woe (V1, Vo’) 


eik * (x_’— X,) 


Wok (Vis Vo) = 


exp {— ?[k1 a, eos (B, — a) —k1 a, cos (6, — «)]} 
n (k Lp)? ¢ (k, 0) fea 
jy — My Jn, (ky a) In (ky Ay) 
x 2 
a [p +1 (K + Vo)n,] 


o exp {t [n. (By — a) — n, (8, — a) |} 
y 1(K + V5)n._ i (K+ 04)n, (a/k) U (Kk, p) 7) 
SN teip eri [! Catal 
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Most of the previous results for zero magnetic field 
are recovered in the following sense; results that 
depend only on k and p remain formally the same, 
but with the new definitions of U (k, p) and e (Kk, 7). 
The expressions that contain position and velocity 
coordinates are formally similar with the exception 


-of the Bessel-function sums and the angular factors 


produced by the spiral orbits. For example, the electric 
field at x due to a fully dressed particle at position x 
and velocity v’ is 
< ; dk ik 
E (x, X’)=4 me else Sar 
Sila) In (ky a) it elt) MS x) 
POS e (Kk, —i[K- V]n) 
n,n’ 


elk: (x — x’) 


(45) 


This is to be compared with Eq. (35). The spectral 
density of electric field fluctuations can be calculated 
in the manner of Eq. (36). 


(By (xt) Hp (x't’)) 

= | (x, X,) Ep(x'; X 

z (See 
( 


27)? 


(WO Xt; Xt) dX, dX,’ 


elk teh Si 9 (Kk, 2). 


BOR 
The result for Sx, (kK, @) =2 Re Sz, (kK, tw) is 


: kakp 2a Re U(K,io) 
Sa (kK, w) = (47)? ioe cbs el igs i 


which is formally the same as Eq. (27). 

As in Section 1.5, a resistance can be defined. The 
only modification is the addition of the Lorentz force 
term to the Vlasov equation. The result is formally 
the same, i.e., 


_Uteie) 
| e(k,iq@) |? 


so that, as before, 


Sap (k, @) =2 O ny, ke. kp/k?. 


Similarly the formal expressions for Kirchhoff’s law 


in Section 1.6 are unaltered. 

The current density fluctuations are somewhat more 
involved so that a more detailed discussion will be 
given. The ensemble average is 


J (%,0) 10,0) = (ne?/V) | WIP (X, t; XY’ t) 6 (x —x,) 

gad Ww (Xie) oe 
wo and wi are given by Kq. (44). It is convenient 
to express all vectors and tensors in terms of the unit 
vectors 


¢; =k/k, eg =k xB/(k, B) and e,=k xB x k/ (kk, B) 


The cartesian components of k, vy and B are (k, cos a, 
k\ sin a, kz): (— v, sin B, v cos B, vz); and (0,0, B). 


Therefore 


V=0, C1 + Vg Cy + Ve Cy 
h i . 
where Ue ars [kz vz c, v, sin (6 —a)|] 
Vg= — v, cos (8 —«) 
ky iss ° ) 
Vea er oy, Caen (/o} —= G2), 


We can associate with 
symbolic components 


these components certain 


v(") = (ke vz + ne,)/k 


P=] Vi ah (ky a)| Tn (ky (t) 
rea Hide 

Fal 04) Vaan See te = NO, 

Vs 7 v- Li NOe.. 


The purpose of the symbolic components is to express 


quantities like v, exp [i k, acos (8 —«)] in terms of 


Bessel-function sums. For example, 


v, exp [ik, a cos (6 —«)|] 
eo Jn (ky ajein @—* +72) (k-y,—k, v, sin(f—2)]/k 
OA ky (t) )ein(@—a + F/2) y aU 


The result for Eq. (46) is 
dk pdp 
| 


(j (xt) j =f 5 ays 


ae Sop (k, Pp) Cy CR 


xp 
where 


) Ve (n) vpl (1) 


Sap(k,p) =n e* | 


n 
av ae ama! 
| oe n° me 
pi* 


| #( (v wad - so kv, ( ene) 


(Kk a) va") 


=F 5 ko” 


(EZny 


A conductivity tensor is defined as follows: 


: Ly: =n! yi OTe aD) Ae, 
(4) (@o.8 m ov m a 


V?@—4rne| [fj dv—1]. 


At t=-- oo, f=f( (v) and the external field 


1 E (x,.f) =lim E(k, w) e!(@—19)' et®-* 
20 
is switched on adiabatically, H is of order [e]. 
The linear response is calculated and 
Ja, (xX, t) = — ne |v Of (x, vV,t)dv 
=p (k, w) el (ot+k +x). 


ja (K, ©) = ap (Kk, i) Ep (K, ). 
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Placing p=iw, the result for oy, is 


O48 (k, Pp) 
by |v’ (—1) ei k Ix’ (—)— xe 


0 


1 ! a vip) (0) 4 Pt dt 
- [a V f() (v) 2 


e Lp)* (kK, p) . 


x key (—t) et k-x'(— 9) xle-pPtdr 


0 
[a Vf (v) [ op’ (—t) etk Ix’(—)—xle-ptdz \ : 


0 


(48) 


The orbit functions x’ (t), v’ (t) are given by Eq. (44). 
After making Bessel function expansions and carrying 


out the angular integrations, we find that Sj, (kK, p) = 
=0 o48(K,p) which is the fluctuation dissipation 
theorem. 


In order to establish a superposition principle, con- 
sider the Hermitian spectral density 
Sop (k, m) = Sap (k, im) + [Sia (k, im) |* 
and substitute 


oo A P 
: : = ] 7 apy (nN) ate 
@ + ke," mi 0 (w+ kvy™) + oe) 


into Eq. (47). The result is 
Sag (k,@) = 220n eld Vv f (v) 
PEM + A) yl! VG™* d [eo + bv, ] 
| es (Tena Ex ite) Eo* i gg) 
aay (Gx + ine) (Ee* + ing”) 
where 


&, (k,w) = ay {dv} (v) Jn? (kb, a) vg 6 [wo + ko] 


PAS 


This can be put in a more suggestive form by intro- 
ducing the effective velocity 


{O(v) Tn? (La) Val” 


: [@ + ko] 


Yo (K,@) = 


1 i@ 


OV aD) = acer ipo) emt ee 
in terms of which 
Sup (km) — 27 ne? | dy f (v Px (k, a) d[o+ ko] 


x [vai — dV 4] [vp —dV,]* . (49) 


We shall now obtain this result by superposing 
independent dressed test particles. The current density 
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at X, due to a dressed test particle at X can be found 
by solving the test particle problem [2]. 


VaXos Xx) == = €Vq, 0(Xo — X)—ne Uz, OF dV 
= 3 Crise) Te (kK, v) 
where 
ik (k, v) — __ ge—ik|acos(p ae Ink 1) ein (B a + 7/2) 
n 
Vv ie CO —— —— eae 
Meee rms 
Ville (kL a’) v a, 4) | 
eae a ta Tay J 


SS DR AO) J,(k, a)ein(B— « + 7/2) 
e€ Do i(k, a) 


n 


fy") —6bV_(k,—ikv,™)} . (50) 
We can now compute 


Ga,4 jae) 


- +| i (x, X,)j. X')) Wy (Xt; XY) dX, dX)! 


"dk (dp th on 

s lay Jaap ek ert DSi (Kk, p) ea ep. 
: : = 

The result. is 


Tn? (K | a) 
p+iky,™) 


n 


x [vi — dV, (k, —ikv,”) | 


I 


Sia (k, p) = ne®[f (v) dv 


x [vp — dV 5 (k, —ikv,™) ]* 


The Hermitian spectral density clearly agrees with 
Eq. (49). The anti-Hermitian spectral density is the 
Hilbert transform of the Hermitian spectral density 
so that the superposition of dressed test particles 
gives completely equivalent results. 


2. Non-equilibrium states with Coulomb forces 


2.1 INTRODUCTION 


A hot plasma may exist in a state quite different 
from thermodynamic equilibrium for a substantial 
length of time. Indeed, it is upon this fact that the 
hope for fusion power is based. Such states are ap- 
proximately stationary and it is of some interest to 
consider fluctuations. 


The states about which we shall examine fluctuations 
are stationary in the sense of our expansion. They 
will be adequately described for our present purposes 
by specifying the one-body distribution function to 
lowest order. This in turn uniquely determines the 


110 


two-body correlation function. For example the one- 
body distribution function will be a solution of 
8 f(0) ez ra | ; mr OF? 
mena eee OTe ey h a 
ex m | ox: [xx OV 
(1) 


‘We shall consider only spatially homogeneous so- 


There are two restrictions on 


lutions: {== 7°) (vy): 
First of all, there must be no 


the function f(°) (v) 
current density 


j= —nelfe )(v) vdv=0, 


because the magnetic field term is absent in Eq. (1). 
Second, the secular equation 
_ 1 ae? (ik 2hM/OY gy _ 9 
e(k, p) = 1——8 | ee ae 
must have no roots in which p has a positive real 
part, ie., the state /(°) (v) must be stable. 
The two-body correlation function satisfies the 
equation 


ox 


C ; 4] ee 
HV: Eee 4 


92 9 f,) Pa 1 Dy = 
AREER PE eed SES i ie 
m ov Joex |x—x 
Sara (0) nee) 1 a, : 
ne avis | poe : — ane ian 
Wie ONE) GRR IS = 3 | 
e @ 1 é ie df, | 
= ee (9) (y uve (9) (vy) —44 
mox |x —x’| lh v3 h® (¥) ov’ 
(2) 
This equation determines P (X, X’') when /,°°) (Vv) is 


given [3]. This information is sufficient to determine 
the auto-correlation function and spectral density for 
any quantity such as electric field or current density. 
Calculations will be made for a plasma consisting 
of electrons and infinite-mass ions, electrons and finite- 
mass ions and then a constant magnetic field will be 


added. 


2.2 JOINT PROBABILITY FUNCTIONS 


This treatment will be quite similar to Section 1.2. 
It is however more convenient to introduce condi- 
tional probability functions for our present purposes, so 
that we shall repeat some of the previous discussion. 
The function D, (Xt; X’t’) satisfies the Liouville 
equation in the co-ordinates X’, ¢’ and the initial 
conditions 

D, (Xt; X't) =D, (Xt) 6 (X’— X). 


The function C (Xt| X’t’) is defined by integrating 
out all initial co-ordinates but one, i.e., 


fr (Xt) C (Xyt| X'¢) = VD, (Xt; X't) (AX)N- 


(3) 


where 


fy (Xi) =V]D, (Xt) (dX) 


C (X,t| X’t’) satisfies the Liouville equation in (X’, t’) 
and the initial condition 
OC (Xt | Xt) = VD, (X't) 6 (X'— Xy)/f, (Xf). (4) 


The s-body functions are defined as in Section 1: 


DCCr EX eX sat) 


— Vs Ws. (XG¢ Aah?) (bet aX! pee dX,’ 
UM oad re caew ene 
= Vs ~ Ber xe t') axe ee rae 


fs (X,-- X,; t)=V*(D, (Xt) (@X)N- 


The initial conditions for one- and two-body functions 
are as follows 


Oe =v b{X xX) 
eA A, 3t)=V 0 (X45) —X,) fa ay oa bits (Aa t) 
GRE ee ee eae ae xX, (5) 
ee Xf) ty, x, ce x, 
(The abbreviated notation 2, (X o t’) will be ae 


instead of 2, (X,t| X,’ t’) wherever this can be accom- 
plished without confusion.) 

F, and Q, are determined by taking moments of 
the Liouville equation and then expanding; i.e., 


P= PO) +. FO) + 


where the parameter of expansion is e, m, or l/n. This 
procedure has been carried out in detail for the test- 
particle problem [2]. Essentially the same equations 
apply to the present problem. However the initial 
conditions are different in the present case’ in partic- 
ular we do not wish to assume that the field particles 
are initially in thermal equilibrium. It is assumed that 
a partial specification of the initial density in phase 
space D, (Xt) is given in terms of its moments. For 
a spatially homogeneous plasma 


fe(Ash=fy™ (v 
fo (X, Xoth=f, (vil 

fy (XX. Xs; t)=fi (Vil) fa (Vo #) fi (Vs) 

+f (vq) P (X_ X35) +f (V2) P (Xy, X3) 

+f (v3) P (X1, XQ). (6) 
P (X,, X,) is first order in the expansion parameter, 
symmetric with respect to the interchange of X, and 
X,, and depends on the spatial co-ordinates only as 
X,—x,. It is determined by f,() (v,) according to 
Eq. (1). It is convenient to introduce a conditional 
probability defined by 


IP ACX Xo) =f ey 


For present purposes it is necessary to calculate Loe 
to zero order and F,, to first order. The required initial 
conditions are from Eqs. (5) and (6) 

2, (Xt) = VO { Xa X,) 

Py (X,' t) =f. (v9) (8) 

Pi (Ky) =fi (vq) +6 (X, |X) 


Jth®™ (Vib =f, (V1 4) 
fy vot) +P (X,, X») 


) G(X, | X2) (7) 


FLUCTUATIONS OF PLASMAS 
The zero-order functions satisfy the differential equa- 
tion 


a € 4) (xa Hy ' CO i Q; (0) ( AG’ sf) 
m Oy |) 18 Oo) (X,/, t’) 


where 


Em (x,'t’) = ne| seep ta (Aa a Xa 


. Oe |X" 
The solutions are 

(0 he gh, _ The Tee 
Oe MCA) 0 [X,—X, 


) (Yio) 


The equation for the first order contribution to F,, is 


Vv, (t’—t)] 6 (v,/—V,) 


Le (Gs a) = f,© (10) 


a) , om aie, e2 Of, ©) r,) 
—— Gy a —— f (1) a\¢ y a aa ae, 
wo wa ospe Co) m ae xm 
{ 1 ae Gr) } 
: at? C= \ 
\ TAT e a meee jax,'l=str} 


(11) 


This is the usual equation for the field particle distri- 
bution [2] except for the term St {F,!. The form of 
this collision operator is 


2 7g) u va de Tame = ’ vant 
St{F,} = | = esa Pi ok pe) Nae 


hth I) OGY oe = Gee 


P (X,', X,';t') depends only on x,’—x,’ so that 
St{F,} is independent of spatial co-ordinates. 

The solution of Eq. (11) subject to the initial con- 
dition of Eq. (8) is obtained in the usual way [2] by 
integrating along the characteristic or unperturbed 
orbits and making use of Fourier and Laplace trans- 


forms. The result is 


FL (X,/ t’) =f, ( vy +[s {F,\ dt" 
ah 
y + 10° 
De ae a le eee) ; 
=| > (x, x) 
© Zlhoae Oe ator eecun 
y —100 
ee ee 
e(k,p) k® |p+i(k-y,) ' (p +ik-v) J 
(12) 


In this expression, 


Mp? Pik: df{Mjav 
A ih TN 


and (g (V, | Vy) is defined such that 
GC = ee [eke 9G (v | V2). 
The particular moments of D, (Xt; X't’) that are 
usually required are 
W,; (Xit; Xj’ t’) = V2|D,(Xt; X's") (4 X)N-1 (a X9N-1, 
The only two independent moments are 
Way oat hg 7, A DO Oa ea): 
Way (XP) hy ag) By a G9: 
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We shall require W,, only to zero order and W,, to 
first order. The results for these quantities are as 
follows 


WO (XE ASV FO Ola va (Ct) 
a. (13) 
W (X,t;Xy't’)- hae DH v,’) 
WD Xt,;Xy' _ =f!) (v4) fy (Wo't!) +f (vt) f1(V 0’) 
oa eik - (%’—%) 


+ fi (v4) etont 


ob 


dp , hi 
| Pe e?  — Wop (Vy, Vo’) 5 
where 
Weave) In P (Van Ve)) 
ERY io V3) —= |e (aes Kenye) uae 


k-AfOlV, . wp? fv, 
= e (K, p) ee? Fearn 
f Px (V3, V) At 
ee | (p +ik-v) avy 


and Px (V1, Vo) =f" (V1) Ge (Vy | Vo). 
With the present restriction to a spatially homogen- 
eous plasma, there is never any contribution from 
W® or the first three terms of Wi. They will 
henceforth be simply omitted. 

For some applications additional moments are 
required of D, (Xt; X’t’) such as 


X’t')\(d X)N-2(d X’)\N-2 


(14) 
The independent functions are W,,,;, Wy.. and Wy, 
which are obtained by a simple generalization of. the 
procedure employed to calculate W,, and W,,. The 
problem is one of two singled-out test particles, which 
to the order considered in the present calculations, 
do not interact. The results are as follows 


Wise (Xi, Xjt; Xe’ t') =V3(D,(Xt, 


WO), (X,, Xt; XV) = Gas Vi) fi (Vo) 
6 [x;'—x,—V, (t/—#)] 6 [v,’—v,] 
W(X, Xot;X,'t') = ar (Vy acy V») 


6 [X_’—X»—Vz (t'—#)] 6 (V'— Vp) 
= fy (vs) P (X41, X9) 

Afi MV WS (Ab Ast) 

Sehr a) WT 6: ke Cece (10) 


In the latter expression we have omitted terms such 
as 7," (vs) {1° (Ve) fx, (V4t), which give no contri- 
bution for a spatially homogeneous plasma. 


Wa) (xX 
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2.3. ELECTRIC FIELD FLUCTUATIONS 
The ensemble average is calculated as in Section 1.3: 


(B (xt) B(x’t’)) 


o e r) e 
SD xe) reo ; eae 
| 2 ( t; X ) Ox | x — x; | ex’ roi 
In 
Def @ il F) 1 
= 2 (0) : ryt r , 
V J@x|x—x,| 0x’ |x’—x,’| WAGON td Xd X, 
ra) ] 


4 nre? nWO (Kae 1 aX 


ox |x—x,|0 x’ |x’—- x, 
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After carrying out the integrations as far as possible, 


(E (xt) B(x?) = ee ert [- st eik-t§+(K,p) 


Ap ecg VO 


where t =t'’—t, r=x’— x and 
4 )) 2 2X 
St (k, p) = (4x)? nes 
dv, f, (V3) Wa vad vs (uP 
x 4 — v,,V 
(/ p ik v, * leat HEAVY» Va) 


v1 E?  e(K, p) 


- Op? Kk Of, /0V, - (Oe) ‘i on all 
Dit “A De wk f 


To achieve a more ee form the following 
quantities are introduced 


“A, (W) dv 


= | 


\emyae ela: [ Pe (v, v) dv’ 


U (k, 


In terms of these quantities 


 eik.p) 
tee epee (16) 


p+ik-vV, 


and 


S* (kji@)= (axa eas TET ie 


i JOE (ia) CL Vhs 
i(m + k- v,— iA) 


where the interpretation of the integral is such that 


lim : = =tid(w+k-v,) + — E 


gig (OK 1 ¥q)— 14) o+K-v, ~ 


U (k,i@) 


-- Jim 
2—>0-° 


To make any further progress we must make use of 
some of the properties of the pair distribution func- 
tion Px (V1, V,). The Fourier transform of Eq. (2) 
is 


lim [kK - (Vv. — V,) —iA] m Pr (Vj, Vo) 


A—0 
-= ce i | 6 11) + he (V v1) [= : phe 
— [fy (ve) ++ ha (v5)] HE fae 


After dividing by k-(v,— v,)—i/ and integrating over 
v, we obtain an integral equation for he (V,) 


he (My) = Ee 7 Je (k, =i kv] #4) 
| nam i |Z U&—ik-y) 
+ femal. an 
Let Hy (u) =|dv Ae (Vv) 6 (w—k-y/k), multiply Eq. (17) 


by 6(@+Kk-v,) and integrate over y,. The result is 


Hrgtowaiiop = A = {le (k, ie] Re U (k, ia) 
= Ime (k,i@) E U (k, iw) 
ena (\Vn) eo Viem 
| ‘k fe Sie : lt (18) 


We can now substitute this result into Eq. (16) and 
obtain : 


; . kk zi 
S+ (k,iw) = (47)? ne a " 
; ju — -é(K,i o) | ri: Hx (— o/k) 
ag elme Re U (k, iw) —- ie . 


Since S* is a symmetric dyadic, the spectral density is 


S (k,w) = 2 Re S+ (k, ia) 
“Yr Seg eK 27 J Re U(k, i w) Im Hx (— @/k) 
= (4r)*ne k* ok | e (K, iw) |? ee Ime -\. 


It has been previously established by Lenarp [3] that 
Im Hx (— o/k)=0. The final result is therefore 


kk 2 m Re U(k, io) 


Ak ée(k,iq) |? ~ 


Se) ee tk 


(19) 
This is formally the same as Eq. (27) in Section 1. The 
previous derivation can easily be generalized to apply 
to a plasma consisting of electrons and ions. Eq. (19) 
still apples with the following new definitions 


F k » #0) (vy) dv 
Dn) = 25 [Oe 
j 


5 (20) 


ik- 0 fj [OV 


ere * 


é (k, Pp) = 


Lay | 


J 


where pj? =47 ne”/m; and the summation is over 
particle species. 

To indicate some of the features of non-equilibrium 
states, the electrostatic energy per degree of freedom 
will be calculated. That is 


nite BE a eee 


woe oreo 


where 


= 4nne? x ReU(k,io) 
W (k,«) = kh? Ok [e(Ki@) |? ? 


(21) 
and the energy per degree of freedom is defined as 


0 (k da 
eae, — [= W (k,«) z 


Dey 
: (22) 


Consider for example, a plasma in which the electron 
and ion distribution functions are 


fe) (¥) =| a le exp[-- mev? /20¢] 


poy) =(sr6)° exp[— mjv?/20)] , 


where 0; < @.. Asymptotic forms for U and e¢ can 
be employed in various regions of w, k space as illus- 
trated in Fig. 2. The following definitions are employed 


1 4xne* 
meted = Oe i? @ 

1 4nne* 
mivi2 = O; Tea oi 
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BiRSed are ae 


—=— 


Fig. 2. Asymptotic forms for U and ¢ in various regions 
of w, k space. 


i) Plasma wave region: If k <1/Le and w >kv, 
the asymptotic forms are as follows: 


1 a) i 1 wo i 
2 ( Yeh 4 Leena G vj 


ee 1 
Re U (k,iw) = —= 
or 


21 Ve 27 vj? 
1 w \2 
1 ED le) o 
~ — =e e since 7 >i, 
\/ 27 Ve" Ve 


Wy? 2 r o 2 1 _ (ea) 2 
poe | = e e 
o ' 2\ko} (ie Le)* 


where Wp? =Wpe* + Wpi2. The denominator in Eq. (21) 
has a resonance at =p. The result obtained from 
integrating across this resonance is 


Je(k,i)|2 = 2 


O(k) Ov gp 1 
oe for Sa 


(23) 


ii) Ion wave region: If kL; <1 and ku > ow >kv, 
the asymptotic forms are as follows 


Wy see 
ete sien) 


1 
A/ 27 Ve? r Wier 
7 1 Wpi\” |2 
|e (k, ie) |? = [} + EL? | | 


=| 1 1 malar 


rs |, Ee er 


Re U (k,i@) = 


The resonance now takes place at 
Wo? =Wpi* (k Le)? | [L + (& Le)*] 
The resonant width is 


sys 
2 


Ae FF + ena 
AE) (S)oo 


which remains sufficiently small for approximate 
integration as long as O, > O; and kL; < 1. The 


1 O 1 ]} 
2 O; 1+ (kL)? IJ’ 
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result obtained from integrating across the ion reso- 
nance 18 


O (k) Oe 


» 


ie . l \t 
b exp |— Gy O; l + (k JON? 


eee eee i} 
‘Vom NO} “PL 2 6 14D? 
(25) 


If kLe <1, then O(k)~O, (kL-)?, provided that 
me|mi > (O./O;) exp (— 9-/0;) and O (k) =O; (kL)? 
for the other direction of the inequality. For kL.~1, 
O (k) ~ +0, or +0; according to the sign of the same 
inequality. For kL. >1 the exponential terms will 
eventually dominate and 0 (k) ~@;. For moderately 
high electron temperature, the energy/degree of free- 
dom increases monotonically with k from zero to 
+@;. For very high electron temperature there is a 
maximum in the neighborhood of kLe~1 which is 
about +O.. 

Another case of interest is where there is a small 
number of runaway electrons. For example, 


f. (v) = el i) a i i i | 


(2 7 U9”) ? 


Ae il : 1 (v+ Ve)? 
a oe ok 25 ace 
(Qin 042)2 


fi (w) =d(v + Vi). (26) 
For simplicity the ions are assumed to have infinite 
mass. If »Vi=V-An there will be no current as 
required for a spatially homogeneous plasma. The 
requirement for stability is 


tm [Fool —3 (2 

ft;  — ‘\ ® Vo 2 \ uv ; 
The validity of the present calculations is restricted 
to cases where Eq. (27) is satisfied. However we can 
consider the energy per mode as A n increases up to the 
limit given by Eq. (27). Asymptotic forms for U and « 
can be employed for various regions of w, kz space as 
indicated in Fig. 3. The z-axis is taken to be in the 
direction of V., and we consider only modes for which 
i 


: il 1 (00) 2 
Re U (kz,i@) * /3 TV,2 exp 2 - a 
Aji! lanl Oe Va) 


+ OX) 


For w >kz v, and kz < wp/v 
/e(k,iw)|? 


| 
| | 
A 
al 
Ww wae | 
4 | 
4: | 
‘ | 
\e 7 
Mt 7 | 
ana 
Pe | 
Zi | 
re 
4 | 
Ww We | 
tJi= 
fb E oe 4 
al OG tre | 
a | See | 
ye ae | gehen a | 
4 | Are | 
Za = 
Z see | 
a sg | | 
4 oe | w=kz% ai 
ie a a a ee, See eee 

ee = eee | 

(6) Ww i) Ihe = 
Ve- 4 Vo 

Fig. 3 Asymptotic forms for U and « in various regions 


of w, kz space. 


A resonance takes place at @ =p of width 


Aw 1 Tt Wp \3 1/ wp \? 
mp 2 Vs tet OE ore, | 
(@p—kzVe) wp?An _ 1 [@p — kz Ve\2 

rine ke =o a esP | a kez ‘) it ’ 
Provided kz <@,/v, and An/n < (v,/Ve)?, then 
Aw/op < 1 so that the resonance is sharp. The 
result obtained from integrating across the resonance is 
given in Kq. (28), at bottom of page. The latter 
term of Eq. (28) comes from the region of kz >0, o<0 
where the first exponential always dominates. As 
long as ky > @p/Ve or kz < Wyp/Ve the first expo- 
nential dominates and @ (kz) ~ 0... However when 
kz =Wp|(Ve — V1) Wp/Ve, then 


0 (kz) Oe 
5 = 4 
Le ae 3 
| exp |—s00 el Vo) + (wMAn/v,n) 
eke = _t S =. 


= ] a = 
exp | <a (Ve v)*|— (An/m) (¥/ 1)? (%o/ Ve) 
(29) 
As long as Eq. (27) is satisfied, this result remains 
finite. However the energy for modes in the neigh- 


borhood of kz wp/Ve becomes very large and ulti- 
mately infinite as 


(2) (en 44) 
n Vo] \V% 2\% 


2.4. THEOREMS RELATING TO FLUCTUATIONS 


The electric field due to a test charge is defined as 
follows: 


ie _ op 2 m{ o Wp \2 iL wm \2 oof ered ee COB eae) 

[! ma r | Lae 24 larabaralll ae ease oe a rm oye aii 
o—kzVe wp*An 1 [wo — kz Ve\2]\2 
| ome Uson exp| = =o |} V2@ = 47e [6 (x—x, y,t) 4 noi dy]. 
: Wp* VoAn (@p — kz Ve)? 
Olkez) _ Oe ae ( jena +( nv, Jexp E 2 (kev,)? 6. 

2 exp ( Oo sa (= ae =) ke Uo \ A 1 [ V\2 (@p -- kz Ve)?* ! 4 Cs) 

2 kz? V9? kz, a jf i Pa E 2kyv,? | 
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This differs from the thermal equilibrium problem in 
that St {f}, the collision term for the field particles 
does not vanish. However, for a spatially homogeneous 
plasma it is independent of position, and can be neg- 
lected because it only drives the k =0 modes. The cal- 
culation is therefore identical to the thermal equili- 
brium problem formally. The electric field at a point x 
due to a fully dressed test particle at x, with velocity 
Vv, is 


ae Pe Alte ae Ref: ik 
ete ae 


and the superposition theorem is retained i.e., 
(E (x, t) E(x’ ¢’)) 
=a (x, X,) E(x’, Xy’) WY (Xt; Xy'') dX, dX,’ 


leads to Eq. (19) for S (k, @). 

For the same reason the calculation of 7)= 
— [4r/(w | e |*)] Ime (k,im) in Section 1.5 remains 
formally correct. Therefore the fluctuation-dissipation 
theorem takes the form 

S (kK, w) =20 (k, @) ry (kK, w) k k/k? (31) 
where 
4x2ne? w Re U (kK, ia) 


O(k,@) = k? k Ime(K,io) * 


Consider for example, the case of electrons and ions at 
different temperatures: 


@ (Kk, w) = © x | 
fis Feo (3 (eel) + (2) ons 
oe | . ( )? exp |-- z 


If 0.=0; it is clear that O (k, w)=0.=0;. Many 
limiting cases are possible for 9,40). For example, if 
O0.>0;, then O (k, w) ~ O; for o< kv; and O (k, wm) ~ 
~ @, for w>kv. It is clear that for non-equilibrium 
states the fluctuation-dissipation relation is not very 
useful. 

The previous calculation of the absorption coeffi- 
cient in Section 1.6 also remains formally correct, i.e., 


ra. 

> 

s/s 
a 

rie 

oO oO 
al nw 
ko 

= 

bo] | bo] = 


a (k, w) = — 2m Im « (Kk, ia). 


According to Kirchhoff’s law we should expect that the 
emission per unit volume from the plasma would be 


é(k, ) = a(k, w) W (k, o) 
4xzne* 2xm Re U (k, i ) Ime (k, io) 
7" k? k | e (k, i @) |? 


(33) 


The force on a test particle is — eH (x,, X,) so that 
the spontaneous emission from nf‘ (y,) test particles 
per unit volume is 


dk k-w Ime (k.i @) 
3 


anne | [a vf (v’) k2 | E (k, i w) 2 . 


FLUCTUATIONS OF PLASMAS 
Since Re U (k, iw) = [f(v’) dv'd(m+k-v'/k), this 
reduces to 
[ d Kk [ dw 
( 


2 x)3 


e (k, «) 


On 


where e (kK, @) is given by Eq. (33). Ina situation where 
instability is approached, Re e—>0, Im ¢-+0 so that 
e (kK, w) co. However, the emission 


” la 
e(k) = |-5— e (ka) 
remains finite. For example if f; (v) is given by 


Kqs. (26), the result from integrating across the reso- 
nance at @ =p is 


se g m wpt Me ; 1 _ Op a 
e (0,0, kz) 0.|/3 (kz %)8 1exp| 2 faa 


An v U, \2 eae 
! : * [} r ( a (1 , ) 
nv, V1 Wp 


which remains finite when kz ~w,/V_- and 


An v,\2 V De Wee 
4 US = | “| J e exp 5 =| | ; 
n Vo U 74 Vo 


2.5. FOKKER-PLANCK EQUATIONS 


The fact that Im H; =0 is sufficient to determine 
Im hy (V,) in Eq. (17) and the collision operator 


Sti 


is therefore determined as shown by LENaRD [3]. It 
is however instructive to obtain this result by the 
present methods. 

The number of particles in (X’, dX’) at time ¢ is 


(Xt) = D6 [x’ — xn’ #16 [v’ — wn’ (t] (86) 


Ce dk 4xk 
mM oper ke Imhe(v), (35) 


where X,’ (t’), vn’ (t') describe the orbit of the mn" 
particle. f (X’, t’) satisfies the equation 


re) 0 é eat é fa 
(+ ¥- eo Ske) 1) =0 67 
with 


Pee 0 ] 
Bit) = es Ox, x =e 
l-n 


Eq. (37) can be integrated along the unperturbed linear 
orbits and the result can then be substituted back 
into Eq. (37) to obtain 


Wd é / / 
Wiehe ents 
é O 1 yt , , 
aed . ei oes ss) -t 
= a {E(t )7/[x—v ¢ Wiens 


. 

e\2 oO , , ” iP " 

Ese. 7 if: / u" t _— t X t 

+ (y) ay BO eae E+ v ( ye 
r=t 


3) Drewstald 
! / eH . 3 8 
% geri’ vy (Ht) v 58) (38) 
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The next step is to take the ensemble average of each 
term in the equation. Thus 


G (Sey st) 
[oe xn) é (ViVi oC ae Xt AX OX aX 


n 


== eS ou.) 
where f, is the usual one-body function. 
Chi (x8) 7 [x—v (= 9), ¥ st) 
=t5i( é 1 ee ee 
=|e D's : hoe aay (Ea el 


eo aul 
leén 
SCO (WV = Va) DAE XT Xd Xa Xx aX’ 


2 4) 1 ay) el D5 
=n else ee] 6 [x'— v’ (!— t) — x, | 


COW av Wind et) ded Xe 


Making use of Eq. (13) we finally get the result 


prep ,Orly ) 


(aNiee aS 
J (27)? J 201 k2e(k,p—ik-v’) 

CL Viaeloe Vein) 1 ) 
J (12) 


poe ike vi) r np 
As usual, it is assumed that this expression goes to its 
asymptotic form, determined by the pole at p=0, 
in a time sufficiently short compared to observable 
times, that the asymptotic form is always a good 
approximation. Thus 


(CE (xf) f[x’ —v @ — 0), v’; ¢)) 


dk 4nk Ime(k;—ik-v’) 
= nef (v’) | (Qn)3 ke [e]2 


= nE(x’, X’) f(v’). 
In the second term on the right hand side of Eq. (38), 


it is necessary to make use of Eqs. (15), the probability 
distributions for two singled-out particles. The result is 


(E(x) [x +v' "1; 0°] f le’ tv "2, V5") 
=nC [v’ (t’—t"), ¢—t"] f,© (v’) 


where 
dk d 
Ct (7) = (5a 54 epttik-r $+ (k, p) 


and S+(k, p) is given by Eq. (16). The form of the 
Fokker-Planck equation is therefore 


lar tV ser Her) = StH 


e 
m oy’ 


SE (x5) AO) 


t—t 


oF (=) 5 ae C+ (v'r,2)- _ f(v") (39) 


C+ (r, t) =C (r, 7) 
=0 


(t™>0) 
(220) 


so that Ct can be replaced by C in the integration. 
C is a symmetric dyadic in the present case so that 
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C (r,t) =C (—r, —1). If most of the integral comes 
from values of t less than any observable time, we 
can use the asymptotic value; i.e., 
—t 1 iso 

|dz Calvi te = |C(v't,t) dr 


QO = (3) 


1 dk : , 
Es eee: S(G—ik-v). 


2 


Now, substituting from Eq. (19), the final result is 


aero Paks if Ime «kK (0) (vy 
OS eae Wee je, Sik vie AY) 


tTMpy? ReU kk 0 f, 
2h ero Me (40) 


a Jel? k2 
Although this is in a different form, the result is iden- 
tical to that of Lenard. The purpose of the present 
calculation has been simply to express the Fokker- 
Planck coefficients in terms of the electric field fluc- 
tuations. 

There is another problem in which at ¢=0 all par- 
ticles but one have the distribution function f ® (vy) 
which is spatially homogeneous. One particle is singled 
out and initially has the arbitrary distribution func- 
tion Q(X). The lowest order one-body function for 
the singled-out particle is 


W (X, t) =| (Xe SX ak et) 


where 6 [X —X ,(t)] = 6 (x —x )— Vt) 6 (V—Y,). 
first order equation for W is 


The 


+¥- sob W (Xe) = St{} 


(a) 


{ o 
\ét Ox 


The determination of St{W} has previously been 
accomplished in the case where the field particle 
distribution is Maxwellian [2]. The equations previous- 
ly employed are applicable with some alterations that 
will be cited. The collision operator takes the form 


sae woot; 
St(W} =-—— | 


te) 
FWOLT. = wor (42) 
with 
PS —ne[E (x, x’) df (X, X’: t) dX’ 
T= —ne[E (x, x’) G(X, X's 8) dX’. 


Of is determined by the equations 


fo ra) , 0 / 
jaty Atv. Cera) 
e af o@@(X,x’,t,) 
m ov’ ox’ rStif© A )} _ 


V2@(X,x’,t) =—4e6(x’ —x) +4nne[d/(X,X't)dv’ 


In this case the only additional term is St {f (v’)} 
given by Eq. (40). Since it only drives the k —0 modes, 


it can be omitted and the result is formally the same 
as before. 


G is determined by the equations: 


fo 7) Fone wee 
Vet ee Ox’ sigaah Nien 51) 
; e a i ) x Fie 7 
uo ae a VOX), 
(44) 
VA (X, x’; t)=420ne G (Xoey AOE) ay = 
and ; 
ra — eik(x—x’) _ 
yp (x, X ) 4me els = ; [f(v’) = he (v’)] 


where hx (v’) is given . Eq. (17). It is a straightfor- 
ward matter to solve these equations and show that 


St {Wi} = —- — - {Ei (x, X) W(X) 
fn oleae S(k,—ik-y)- 4 wo(xy}. 
(45) 


The coefficients are the same as before. This is a 
Fokker-Planck equation of the classic type where the 
coefficients do not contain the dependent variable. 
f (v) is required to be spatially homogeneous, but 
W) (Xt) is not. 


2.6 FLUCTUATIONS WITH A CONSTANT MAGNETIC FIELD 


The calculations follow the same pattern as in the 
case of zero magnetic field. The details of the calcula- 
tions will be omitted here. The velocity coordinates 
(v,,/, vz) will be employed where the magnetic field 
is taken to be in the z-direction. The spatially homo- 
geneous one-body function f (v,, vz) is independent 


of fp. 
The joint probability functions are as follows: 

WO (Xt; X’t’) 

= VfOV(V)O[s" 


—Xx(t ye! LD) §(y,! —vz)6(B’—B-@,t) 


(46) 
where +=t’—# and 


x(t) = x + a[cos(f + wt) — cos f] ex 
+ a [sin (6 + wt) — sin f] ey + vztez 
W2(Xt; X't) =f (yr) (Ov) 


dk pdp 
voli Dai © 
where r=x’— x, k=(k,, a, kz), 
Wor (v, Vv’) = (1/n) exp [—ik, a’ cos (p’— )] 
Tn’ (ki a’) 
2 2 ae aaa 


n 


pt+ik-r Wor(v,V’) (47) 


i” ein’ (B’— 4) 


. Oy [k-df/e se 


< [11 hoon’ 
+ [av n Pe (v, y’ eg ee a 


Jutksa"y to 9) 
Yeap hk Ww 


n 


aif (ka)i “nl eit (B— a) 
p+i{k-v)n 
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N We 


[K-V], = ke Vz 4 
fk. | aa 0 f) a n Of) 
OV fn ", OUz a ov 7 


e(k,p) = 1— oe F-(dv ee n- 2(k, a)i[k- OfF/OWV]n 


p+i[K-Vn 


Quantities analogous to hp (Vv 
are introduced as follows: 


,) and Hg (u) in Section 2.3 


he (¥) = [ Prey, Vv) dv’ 


— e ik, acos(p- ) hase) Jn (ky a)irein (6 - a) 
fl 
Hu) = D3: hn(v,, vz) Fn? (k, a) 6 (u—[K-V],/k) dv. 
n 

The results for the electric field fluctuations are then 
formally the same as the zero magnetic field case 
including the theorems discussed in Section 2.4. For 
example, 


S+ (k, iw) 
== (440)? es — Re U. 


Ee Ime 


H(—o/k 
(01 (4g) 


where the present definitions of « and H apply and 


J 7 (k 
Uk, p)= =[avfo) ap eee 


It has been established, that Im i (w) =0 in the pre- 
sence of a magnetic field, RostoKER [4]. Therefore 


kk 2x Re U (k,i0) 


So) = (4a) oes amyl PSTD (49) 
and 
, S (k, w i 4 dw’ 
Sino) = Pf S(k.cn"). (50) 


It should be noted that Eqs. (48), (49) and (50) imply 
an explicit expression for Re H (uw) 


Re H (u) Bee ee Re U 
- = | 
Ime | Bick Ime 
du’ Re U(k, —ikw’) 
Pf —u |e(k, —ikw’) |? ° ey) 


By means of the procedure employed in Section 2.5, 
the Fokker-Planck equation for a spatially homoge- 
neous plasma with a constant magnetic field is 
obtained. The result is 


| @ ) ¢ 
lat “nee ox me i iB eo 
St if = m Ov 


e\2 a 
a z av 
ak ik 
2) eae? 


Sn (ky a) rel” (6 ee 
>: 6 (K, — i [k= ¥]n) 


far EC @s9 ZW) 
0 
e ik | acos(b — a) 


EG, X) = 4ne| os 


(53) 


n 
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and r(t) =x (t) — x where x (rt) is given in Kq. (47). 
It should be noted that C (r (t); 7) 4C (r (—t); —7) 
so that the limits of the t-integration in Eq. (52) 
may not be changed from (0, oo) to (— oe, oo). Instead 
we have 


| dr (r(x): 7) 
0 
= pe Sy (k a) J i(k a)i"- n’ ei(n n’) (B — «) 
2)? CANON AOL 5 As 
| Sik 7). (54) 


where S+ (k,iw) is given by Eq. (48) or Eqs. (49) 
and (50). The only dependence on « is through the 
operators 


4) ky a : rg) 
D Ox == VL COs (p = “aR — ky sin(p == (06 av, 
Oo 
aes A 
+ kz ae (55) 


so that the «-integrations can easily be carried out. 
This accomplishes the following reduction of the 
Fokker-Planck equation 


4ne* ¢ dk Im ra) 
Stiff} . m | (27)3 k? Sk ev | Jerk) 
xf fO zi wy? [Re U (k, —i[k- V]n) 
ey =a Sv) k3 |e(k, —i[k- V]n) |? 
Pe iameda ga Rouiiiw Vite \ 

De | ane “le(K,ia’) |? ||k- | tJ 

(56) 
where 
el. o no oe Ohi (WeiG) @ 
k-|, kz, a ov | | a VAP LG) QR” 


Since é f/é 6 =0 for a spatially homogeneous plasma, 
the result is simply 


Ace =a: Kae 

Sire oan 
4) 
S[k S| Fes @ Inka (v.02) 
where 
1 
—Imha(01,%) = EE at \(v) Ime 
T Wp" (0) 
ere Rel fe2e \ (67) 


This result has been obtained previously [4]. We note 
that the terms involving the Hilbert transform of 
the spectral density have all dropped out, not because 
of symmetry of C[r(z), t], but because f (v) is 
independent of f. In the case of a test-particle problem 
the Fokker-Planck equation takes the form 


e 


a a a 
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where 


2 Ce = 5 
St {w} = = 5 B(x, X)w (X, 1) 


wo) (Xt) (58) 


e\e a -¢ é 
a (‘,) ay | ATEOOD ay 
0 
and E (x, X), C [r(z pial are the same as in Kq. (52). 
In this case hee w) (X, t), the lowest order one- 
body function for the singled-out particle is arbitrary 
so that 6 w/a BAO. 
The collision operator can be expressed as 

Lif dee 


St {w} = m jopoem = a 
1 ew) 1 @ i (0) 
ny © Opn |) Odom el il. 
2 44)(0) iL @ ew) 
+5e¢ Teg thas ri lie pe ce 
é Gwe) 1 fe T op OT zo awl) 
- Gone Oop. od (5 "Ove op j 


The coefficients in this collision operator are obtained 
from Eq. (56). 


yi eal see 
F,=4ne? | (2n)8 Oe le(k, 
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5 dk 1 n 
Fy due" | aD 
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ifk- Vn) | 


ie (ky a). Ime 


le(&, —i[k- ¥],)|?- 


p dk ke Qn? (ka) Re U(k, — iL K- Vn) 
T 22 = = (2re0»)*| oy, 2 x)8 ke - |e (Kk, Certs V]n) |? 
>. dk 1 n\2 Jy? (kb, a)ReU 
Ppp = (2 mew) | 5 2x)3 ks DG [e(K, =i[k- VE 
dk kz n Jn? (ka) ReU 
Daz = (27e wp)? is ont ud\e)- [e(K,; —i[k-vi)l? — 


n 


These coefficients are the same as in the spatially 
homogeneous case. The additional coefficients are 


Sik Chis Ver In(k1a)In’ (ka) Ree 
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le(K,io)|? 


2.7 DIFFUSION IN THE PRESENCE OF A CONSTANT 


MAGNETIC FIELD 


Consider the test-particle problem where the lowest 
order one-body function is 


wl) (X’ t’) 


, 5 - or 
ey 8 a 888 hod) 
and x(t) is given in Eq. (43). This function simply 
describes the motion of the test particle on its unper- 
turbed orbit. We shall be interested in the quantity 

(er) 


= [w (XE) dX’ r 2 


where 
Mie ee) aly 1). 
If w (X’ t') =w® (X' t’), it is clear that wie) = 0 The 
collision operator, however, has the effect of spreading 
out the distribution function so that if w (X’t)= 
=wO%+w, then (7,7}40. To calculate wi), we 
integrate Eq. (58) along the unperturbed orbits: 
i’ 
[ar St fw 


r= 


ees) 


where 


wl) (£”) =6 {x' +a’ (cos [B’ +- a, (t” —t’)] — cos fp’) — 
— x —a (cos [6 +«@, (t’’ —t)] — cos B)} 
x 0 {y’ +a’ (sin [B’ +a, (t’’ —t’)] — nD p')—y 
— a (sin [f’ +a, (t’’ — t)] — sin f)} 
x 6 [z’ + v2’ (t’ —t’) —z— vz (t"’ — 8] 
Peis = 18) 


ee lp 


(60) 
Eq. (59) is employed for St {w}. To calculate (0, 7) 
we first carry out the coordinate integration, then the 
velocity integration and finally the time integration. 
It will be apparent that only two terms in St {w(} 
produce ae so that the others will be omitted. 


VA a 


Z 


too. Yaoq 


fe a 7 Oe —-F )\— cos 6 ) 
— a(cos[B + w(t” — t)] — cos[B + a(t’ — t)])}? 
+ {a’ (sin [B’ + ao (t” — t)] — sin p’) 
— a(sin[B + (¢” — t)] — sin[B + a(t’ — t)))}?| 
ie 2 j-ee * oO 


Oa Fo + P68 aah 
6(v’1 — v1) t! t 
L241) § [p' — B — w(t’ — 9]. 


Now integrate by parts twice. It is apparent that the 
only contributions obtain when r? is differentiated 
twice. The result is therefore 


= Hae 


Sy 


m \v 2 


(eo 
1) = Jat" (Loo + Tap) [1 — 008 w.(¢” —#’)] 


v= t 


4 , 
=> Mm ow te Sig Tap} (t ==) 
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(61) 


FLUCTUATIONS OF PLASMAS 


Hoe i == 1/m.. In terms of the electric field 
fluctuations 
T=— [are (r(t);t)d 
where 
C(r(@),t) = ©@)EC +r(@),t+7)). 
Therefore (r,?)=D (t' —t), where the diffusion co- 


efficient is 


4c? ¢ 
=== fae 0} 
D= fara 


(xt)-E, &® + r(t),t + 1) (62) 
0 
and 
| y B-E 
E L nes EK = B2 B . 


An elementary derivation of a formula similar to 
Eq. (62) has previously been given by SprrzEr [5]. 
Eq. (62) is, in fact, the same as Spitzer’s formula for 
a zero-velocity test charge; i.e., r(t)=0. 

Spitzer has discussed the effect of an instability 
of the collective modes of oscillation on the diffusion 
coefficient D. It is a qualitative discussion because 
his formula is not explicit and because non-linear 
effects are considered. The present calculations do 
not include non-linear effects since they are restricted 
to stable distribution functions. However we may 
consider a distribution function that approaches 
instability when some parameter is varied such as 
that given by Eq. (26). Only a zero velocity test 
charge will be considered so that 


4ne*c? dk k,* {Re U (k, —1a@) 
Bt J (20)? k® \ fe (k, —ia) 2 
Re U (K, i @) | 

"Te (Kia) 2 J 


De 


(63) 
where 


Re U(k, + iw.) = 
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a NS 
eae ae eee 


— (hk, a,)? (1 — cosa, ”| 


: kzV,%)? 
ale ae exp | + Fiw.t +ikeVet — Hees 


— (k; a,)? (1 — cosa, 0| (64) 


Bo = VUel@e, A = U4) E5 


E(k, 2-10.) = jee dv exp[+ ia-T] 
: (Ly) 
0 
- exp | (ez 3 iis (k, a)? — cos .7)| 
+ 8 <2 J [arexp [Fiat + ikzVet] 
1 
0 
S exp (Re 3 , (k, a,)?0— coset) |} 
(65) 
where 1/L,2= wp? /Uo°? - 
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We assume that wp>a, and (A n/n) (v9/v,)? <1. 
An is the parameter to be varied to ultimately pro- 
duce instability. Eq. (63) can be evaluated by con- 
sidering various regions of k-space in which U and é 
have simple asymptotic forms. For example if k>1/Lo, 


exl, Re U~1/V27 0,2 and 


Dy a Ae abet Maier Ea) 


M Vo 


(66) 


where kmax 18 the usual cut-off at the inverse of the 
closest distance of approach. This is the usual classical 
result. Now consider the contribution from the region 
kay<1 where 


: k 1 @ \2 
tnd baal Heal 


ie bo Alea (+a¢-kzVe)? \ 

Vane n © P| (kz)? | 
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|e(k, Lie)? = E ( a | 
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ie mi : 1 @, \2 
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kzVe) An [ % \? 1 / Fa — kzVe \2|\2 
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It is more convenient to carry out the integration 


(ei Oca 


a =: 


in spherical coordinates i.e., kz=ku, ky =k wal — uw", 
dk=2nk? dkdy. There is a resonance for w?=«w2/wp? 
that is sufficiently narrow to permit approximate 
methods of integration as long as ka,<1 and 
(An/n) (vo/v})?<1. After integrating across the 
resonance 
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i a ( all ae [x2 dk x (67) 


(27) L, 2 MU, Wp 
il Op 2 , Vo In z leas al | 
| se L (ee “| } V1 n ae 2 kv 


a Von? = EVE 3An ‘- ee ae II 
oxp|-3 (i) |e, Cet) mea 


If An/n =0, the result is small compared to Eq. (66). 
However, if 
1 Vel? 
- exp [- ay =" ; 
= 0 


An v,\? Ve 

Bae 
the denominator in Eq. (67) becomes infinite for 
k~w»,/V-. We may therefore expect significant contri- 
butions to the diffusion coefficient from the collective 
modes when they become unstable. The present 
formalism is not suitable for calculating the diffusion 
coefficient under these circumstances, since it diverges. 
It should be possible to treat the linear phase of 
instabilities by an extension of the present formalism 
in which the time-dependence of the Fokker-Planck 
coefficients is retained. 
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EQUILIBRE ET STABILITE D’UN PLASMA EN SYMETRIE DE 
REVOLUTION AVEC PRESSION ANISOTROPE 


C. Mprcter Et M. CorTsarris 


B : 
GROUPE DE RECHERCHES DE L’ASSOCIATION EuratomM-CEA suR LA FUSION 


FONTENAY-AUX-RosEs, SEINE, FRANCE 


Dans ce travail, on 6tudie la stabilité des plasmas en symétrie de révolution avec une pression 
amisotrope en généralisant les méthodes employées dans un article précédent [Fusion Nucléaire 
1 (1960) 47]. On étend la condition nécessaire de stabilité déja trouvée en pression scalaire et 
de plus apparaissent deux conditions nouvelles toujours vérifiées dans le cas précédent. 


Introduction 


Dans un travail précédent [1], ’un de nous avait 
obtenu un critére local généralisant le critére de 
SuyDAM en géométrie de révolution avec pression 
scalaire. Nous allons ici étendre les résultats précédents 
au cas de la pression non scalaire en géométrie de 
révolution. Le fait nouveau est l’apparition de deux 
conditions entre les pressions paralléle et perpendi- 
culaire qui doivent étre vérifiées en tout point du 
plasma pour que la stabilité soit possible. Elles 
s’écrivent: 


1+ Zo) 
ON Spares it) ee | (1) 
en posant: 
Pie Pil. Pl 
o_= Be l= tey7 


et en utilisant le systeme de Gauss rationalisé avec 
c=l. 

Ces conditions sont identiques a celles de R. Lust [2] 
et de L. I. Rupakov et R. Z. SaGpEEV [3] obtenues 
pour un plasma homogene infini dans un champ magné- 
tique uniforme. Quand ces inégalités sont satisfaites, 
on établit un critére analogue a celui du cas scalaire. 


Etudes des équilibres 
Ils sont régis par les équations: 
j xB — div p=0 
div B=0, (2) 


ou nous supposerons en analogie avec [2] que: 


’ p=p, (| —ee)+p) ee 


avec e le vecteur unité B/B et | lunité dyadique. 
Le systéme peut alors s’écrire sous la forme: 
(1—o_)rot B x B—B(B-grado_) = grad p— B,? grado_ 
div B=0, (3) 
en posant: 
Be=|BP?, p= > (pi + P1)- 


En symétrie de révolution la solution de div B—0 
s écrit: 


B= Bo e+ Be,=(T'/r) ee — (l/r) es x grady (4) 


avec les mémes notations que dans [1], voyez l’ex- 
pression (1), page 47. 

En projettant sur les trois axes (y, }, 7) du systeme 
adapté défini dans [1], voyez page 48, on obtient: 


op B? Oa_ 
oy 2 oe t 
Vo ots ap — BP ac_ E 
DN sg ener bye rrcatev nana 
avec: 
: Ik aE aa) oT 
= a ‘ 2 , 
ae rJB op ey J op (J B*) eo + B Op e,, (6) 


ou g (wp) est une fonction quelconque de yw. 


Remarque 


Les conditions aux limites, si le plasma est supposé 
entouré d’un conducteur parfait, imposent que la limite 
soit une surface y—constante et que o— soit constant 
sur cette limite. Un moyen simple de réaliser cette 
condition, et peut étre le seul, est de supposer que: 
a_=o_(y). Dans ce cas le systeéme précédent se 
simplifie considérablement et devient: 


o_=o_ (yp) 
TT (y) (7) 
p=p (yp) 
et y est déterminé pour l’équation: 
I oe 
Agee | grad p|? 
ate, : rp’ ; 
seme rr he Nimeony rg Ae 
avec: 
(Ch ime oe 
ue or r er oe 


Le systéme est alors parfaitement analogue au cas 
scalaire. Dans le cas plus particulier ot o_ est choisie 
constant, la derniére équation s’écrit: 


1 / / 
Hy = —= (19) (9) 


121 


C. MERCIER & M. COTSAFTIS 


ou 
p 
l= ” 


Pf 
qui est identique a l’équation dans le cas scalaire; 
ce qui montre que dans ce cas Vintroduction d’une 
pression non scalaire ne modifie en rien l’équilibre 
4 condition de définir une pression fictive py. 

Stabilité 
On part du 6Wer de BERNSTEIN ef al. [4, p. 27] 
qui s’écrit: 
Ont 5 {az {|Q)?—3 -Qx& + divé (§- grad p,) 
: 3 l pe 
—o_(Q+Bdiv&-+ (B/B,?) €-grad > B?) 
(Q+ Bdivé + grad&-B—§ x j) 
+ [(BV)§ - B/B?] div (o_ B? §) 
+ 40_[(B-V)§-B/BP + 3 p, div)? 


(10) 
(11) 


+ yp. ldiv——(G/B2)(B-V)E BE) 
Q=rot 6 xB: 


Le terme de surface disparait avec la seule condition 
n-&—0O dans le cas ol o_=constante sur la surface 
limite. 

Dans le systeme adapté, en utilisant les équations 
d’équilibre, le 6 Wr devient: 


O Wie = = [1 dy dO dz 


1 — o_ e2 (1 —«o_)r? 
oF ae. SY Bi cl. ae ape ee w 
a Wig? 1672 (Oo J ( Ox oy 9 
aU 


Ae 1 oJB 2 
—- 2 {- a T R2 . 
(1 a_) JB | eq | oy sax aap 


aU 2 
ee + Dz) 
WO 


0U og JX i 


Sano” (3. (JX) +J 
i Iu ta) ( aU 
OM oll : coli) 


—37(D- (TU + BeZ) + IX (z— 
t 
o_B;? 


Z aBe aT \}2 a : J 
) ery ee CES 00 


2 dy - ex 
(D.(rU+ Bez) APEX: |e 
Z eBe oa 


X)+J 


Dei 


1 
Pio, ex 


Be 
2 
| Dinu + BZ) +JIX (e— 5 FF} 


o On 
7 JBe 


é 
i @ (o eee oC. oU 
J Ue oy 


) é 
aor 2 
a op CEB; op 2J dx 


5 (TUX ! 
wh 
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ou: 
7D Gye 
(sir) — T Ez/(r? B)=U 
b,/B=Z 
C ae! @ 
si Ox T 72 G0 
TOO ty 36 - 
rp? Oy | Jeo (J B?) 
SU ice ee ie ») 
BA IK = E By i BR Bp (J B?) 
or G 


Oo 1 al Be 
ae, 
6, yp “a Co Y 
On développe en série de Fourier les X, U et Z 


X= y X," cosm@+X," sin m6 


m 


Gaia. U,™ 
U ) Lape) == —= 
m m 


m 


cos m @ 


Li y Z," cos m § +Z," sin m 6, (13) 
m 
et on pose: 
X= eA zt The Gt 
(ai = Oe at 7 (OED (14) 


Live = Vie ai ] Life 


En analogie avec [1], voyez page 50, nous étudierons 
les déplacements définis comme suit: 


Xm=o (p) exp (i¢), 
Lip (i kim) Xan, 
Um=h Xm — (0/0 y) Xm (15) 
avec: 
% 


a m| (J Dlr?) dy + (p) x. 


a 


Les fonctions arbitraires h (y,y), k=k (zy, p) seront sup- 
posées réelles et bornées pour m— + co 


27K — my, 


Cis 
= 0 = => dy. 


v(p) = (16) 
Nous cherchons un critére local au voisinage des 
surfaces w=Y, ou 2x7 K—m6,=0. Aussi sup- 
poserons nous 9 (y) nulle a y,+Ay et les quantités 
non singulieres a w» seront prises avec leur valeur 
en Wo dans J. 
Dans ce cas v s’écrira: 


v(p) = (p vw) (52), = Mm (P—WYo) 


yp Or 
B= 35 a duo dz. (17) 

En reportant ces déplacements dans 6 Wrm on 
constate que le minimum s’obtient pour m= co. Alors 
6 Wro 8 écrit: 


Wee = 5 | Foy) dpdy (18) 


E AT lh ge! Tl 12 
d (1—o_) J E éy — fe — Mh (y— po) 5s os n| 
p 1 C 2 
| 1 a F 2 3 ees p 
(l—o_) JB |: FEF py JB" 


— Th’ — TH (y—yp) =| +h+ 2yf 


Bees 1 l éBP @ JT 
a bs 2 cet eA es 
ep & Be ( (: 2 


oy Gin 
—T hi —T p(y —yy) * i Thy 
¢ (oe é idl: , -) ; 0’ 
o faa Bp ef — Th’ (p—yo) — 
l @Be = 
oo J(2— 2 =) a yBe| 


Ceci peut étre écrit: 


D=ah*+2bhytcyt2dh+2ey+f (19) 


avec: y=(y—y) pk, a=J Be[1+(2 p,/B?)], 
be Ps c=3 py [J 
% ey ah , ee ‘ @ JT 
2 ( : oA Rey ( oy 7 
_ J pl eB? 
2 Be ey 
: 2F\5 +( P\ a \o pi od 
; f me SBP B? 2] op J dy? 
: 37? p, T? | Etre 
f=|1—o- i Be Be" oO THe | 27 
=. *(l—a_)/ Jz Ge olf 
9B 24 Sew. at. 
2B| TT | T * By | 
pp, lat , (3p , Leb? iP 
1 Be J oy : ee P. a] 2B? oy a oa fh 
a) WS re) 
» 2 2 po Te 
- 22| (1 o_)? By 7 2 By J (1 o.)| 
ie Ol 1G 2 a fae J do. OB? 


2 dy oy 
OJ OB? | 4pi—P. (Sey 


Gyr oy 7 
ap (ai 


J \op BP op -éy 4B? ow 
(20) 
ou: 
p=TZ J — Th — TH (y—y)e + Jz. (21) 


Si on n’impose aucune condition sur h et k, Vappli- 
cation de la méthode de Lagrange a dWr.. fait 
apparaitre une singularité pour k en (y —wp»)* non 
admissible. En prenant des déplacements bornés de 
méme allure que ceux ainsi trouvés, sauf au voisinage 
de la singularité, on peut montrer que la valeur 
obtenue pour 6 Wr.. est aussi voisine que l’on veut 
de la valeur obtenue sans condition. On peut ainsi 
ne pas tenir compte des conditions de régularité des 
fonctions h et k. 


EQUILIBRE ET STABILITE D’UN PLASMA 


Deux cas se présentent: 


1) ac — b*<0 en un point quelconque sur la surface 
y—=Wo. Dans ce cas, en peut toujours trouver 
un déplacement qui rend 6 Wp. négatif. Par 
conséquent une condition nécessaire de stabilité 
s’écrit: 


1 2 = 6 9 1 2 “). 
SP 2) (Die es") (22) 
Cette formule est identique a l'une des conditions 
données dans [2] et [3]. Elle s’écrit encore: 


o_ (23) 
2) ac—b2>0 
Le minimum s’écrit alors: 
bWreo =| Mdydy 


d? (ae — bd)? 
M = f-- ae 


a(ac — b?) ~ ) 


La minimisation sur @ (w) se fait comme dans le 
travail précédent [1]. On se raméne a la forme stan- 


dard: 
b Wr = = | lo Md z| dy 
= = fity—vo® @' +4 ol dy (25) 
dont le minimum s’écrit : 
6 Wro= > 0 (4 + 4 (26) 


soit encore: 


8Wroo= 5 Odx [a(S] + Caw +p) 


+ ao? -+ Bo + y| (27) 
= a A al - RSS ees 
oO = EG ee pata hiietoe Be 
Ie z 
y = a) 
2am + P=2(1 o\ a By Bl 
sige 0 
aw? + po+y = (1—co_) Be 2a J (l1—«e_) 
0! Gy off DE HG Af IEW 
=| (1 —go_) oy oy 2 | (i o-)F5 alg re 
1 , 0c_0B/? | 2p ( 2 m pi OJ 0 Bi? 
2 dy Oy | J \ey Be oy op 
Api — Pp 7 (OBA? Vly 8J 
4 BA ow a oy 
(Sf a J py 0B] 
Ga -) Oy Ge 2 B?2 op 
1 fa} Af 40! 
wae | 0 oS) oy re 
od 2 J 0B; 1} 
pp —o.) +5 om (3 +7 Bs 


N ees . \ 
Il reste encore & minimiser par rapport a une 
fonction f qui représente le choix du parametrage 
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en x des courbes méridiennes des surfaces y= con- 
stante. 

Si x et 7) sont deux paramétrages différents, on a: 


v¥=f (%) avec Jdy=JS yd Yo et bd x= b 1% =| 


L’expression & minimiser est de la forme: 


b(PP2+Q/) dz (28) 
ou: 
Sn FANG 
Poses (F * (29) 


Si P est négatif en un point quelconque de la surface 
y=Wo, on peut toujours trouver un déplacement tel 
que 0 Wp. soit négatif. Une deuxiéme condition 
nécessaire de stabilité s’écrit donc: 


IPSS) sone © <1! (30) 


Cette expression est identique a l'autre condition 
donnée dans [2] et [3]. 


Si P est positif, le caleul du minimum donne le 
eritere suivant: 


Q=Q1+92+93>0 (31) 
avec: 
= ah Se Sf ge! 
@- Re 
4b vu aie 
(=< a 


Sie 


Tdi. ar i Op\2 
a de: aa are o_) B? (=) Jay 


eo ee mi DeLee 


a idy. ro VJIdyz 


e 
10 oa Jd 
x 1542 4h Oo 
De api! iy. ~J dy - dVsaz| 
V = a ogee A TE Op 
BE Oy PBR PBA —e_) Op 


Q,= OF dy Be x20 — Be) (hg ye oa 8 Go| 


1 i: il el iby" ig Coed 
J Oop 2Be ow JB? dy r- 


= aa = do_(1+ 20,) +0, (3+ 50,1). 


Remarques 


1) CHANDRASEKHAR ef al. [5] ont donné aussi deux 
conditions nécessaires de stabilité en pression 
non scalaire. L’une d’elles est identique a l’ex- 
pression (30) tandis que l’autre est différente 
et plus sévere. Elle s’écrit: 


if 


Paes {eo Veen 


(32) 
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& comparer avec 


It ae 


= 6 
= — 23 
Ca On a (23) 
2) Quand A tend vers zéro, Q tend vers — oo, il 
y a done toujours instabilité. 
3) Quand o_ tend vers 1, le terme Q, devient infini 
et en utilisant la relation d’équilibre: 


T (1 —o_)=g9 (y) (33) 
peut s’écrire: 
BPTI dy)-} oa) 
[oon | [OP ye 


JT {op Coll Gn JT [ep\2 Rid ae 
—$: Be (<2) ay D ape — oe (-”) dy me ay 


a. Ser tore TIdz| + termes finis. (34) 


op 0o- 


va) y o y 


Les trois premiers termes sont négatifs par 
application de Vinégalité de Schwartz. Si sur 
une surface y, o_ =1 en un point, cette surface 
ne peut étre qu’une surface limite (sauf si o_ = 1 
est un maximum) parce que d’un cété ou de 
Vautre la condition de stabilité ne serait pas 
vérifiée. Par suite des conditions aux limites, 
o_ —1 partout sur toute la surface y. Le plasma 
ne peut exister que du cdté ot o_ décroit. Si 
la pression est nulle a la limite, p ne peut qu’aug- 
menter dans le plasma et par conséquent 
(6 p/Oy) (6 o_/y) est négatif et Q tend vers — oo. 
Il y a done instabilité au voisinage de cette 
surface. 

4) Si o_ =o_ (y), Q, =0. Si en outre sur une surface 
o_—0,Q, est identique au @ obtenu dans le cas 


scalaire [1] et Q@g=9[50, /(50, + 3)] B2X? J dy 


qui est positif, ainsi qu’on pouvait le prévoir 
sur la forme méme du dWr. 
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VOLTAGE CHARACTERISTICS OF A ROTATING PLASMA 


B. LEHNERT 


Roya InstirurE or TEcHNoLoay, STOCKHOLM, SWEDEN 


The balance of forces is investigated for a rotating plasma contained in a long cylindrical vessel 
and placed in an axial magnetic field. A relation is deduced between the voltage which arises 
in a radial direction in the plasma and the electric charge being transmitted through the system 
from an external source. It is found that the equivalent capacity, which describes the electrical 
behaviour of the plasma, depends upon the transmitted charge and upon the constitution of the 
vessel wall. An explanation is suggested for the voltage limiting effect earlier observed in the 


Ixion device. 


1. Introduction 


The study of a rotating magnetized plasma is of 
importance both in astrophysics and in research on 
controlled thermonuclear fusion. Most of the con- 
figurations discussed so far are axially symmetric and 
include a poloidal magnetic field in planes through 
the axis of symmetry. The field confines the plasma 
in a radial direction and guides it in the rotation 
around the axis. The present paper concerns the 
situation where the rotation is produced by an electric 
current which is generated by external sources and 
which flows across the magnetic field. Arrangements 
of this kind have earlier been reported by a number 
of authors [1]—[4] (see also [5}). 

It has been found by ALFVEN [6] that a plasma 
moving across a magnetic field behaves in the same 
way as an equivalent capacity where the stored 
energy corresponds to the kinetic energy of the motion. 
Both ANDERSON ef al. [2, 3] and Boyer ef al. [4] 
point out that this capacity will be modified in a 
rotating plasma when the centrifugal force becomes 
large enough to deform the magnetic field. Part of 
the energy fed into the system will then be used to 
increase the potential energy of the field. 

In the present paper the distortion of the magnetic 
field and its influence on the equivalent capacity will 
be investigated. In particular, the situation will be 
studied where the energy is fed into the system 
from a condenser bank. This gives information about 
the voltage characteristics which describe the relation 
between the voltage of the bank before connection 
to the plasma device and the voltage across the 
plasma when full rotation has been established. Due 
to the deformation of the magnetic field the equivalent 
capacity will depend upon the voltage applied across 
the device and upon the constitution of the walls 
of the discharge chamber. As a consequence, the 
characteristics will not become linear and the voltage 
across the plasma may sometimes have a tendency 
to saturate when the voltage of the energy source 
is increased. 

These phenomena will be studied in the following 
sections for the simplified situation of a long, 
cylindrical configuration. 


2. Theory on the balance of forces 
2.1 Basic EQUATIONS AND APPROXIMATIONS 


Consider a quasi-neutral, dissipation-free plasma 
of density 9 where the centre of mass of a fluid element 
moves with the velocity vy and the electric current 
density is i. Conservation of mass and charge is ex- 
pressed by 


; 1 do 
div Vv = = ioe 0 ait (1) 
and 
div i=0, (2) 


where d/dt=0/6t+v-V. Conservation of momentum 
is represented by the equation of motion 
dy 


and by Ohm’s law 


Mi— Me « 


O=E+vxB ixB4 
€0 


me V pi), 
(4) 

where B is the magnetic field, E the electric field 
and p is the sum of the ion pressure p; and the electron 
pressure pe. The rest of the symbols used in Eq. (4) 
have their conventional meaning. In Eqs. (3) and (4) 
the time changes are assumed to be slow enough and 
the radii of gyration small enough for terms con- 
taining i-V and d (i/o)/dt to be neglected. 

To the system of Eqs. (1)—(4) are added Maxwell’s 
equations 


1 
eo (mj Vpe 


curl B= poi (5) 


oB 
Ut Hei at (6) 


where /1) indicates the magnetic permeability in vacuo 
and MKS-units are used. 
Introduce the velocity 


v*¥ =v — (mi — me) i/e 0 (7) 


and substitute E from Eq. (4) into Eq. (6). Observing 
that div B=0 and using Eqs. (1) and (2) together 
with well-known vector operations for curl (v* = B), 
the result becomes 
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i v) veri — (m; V pe — me V pi) X Vo. (8) 


When y*—y and the pressure terms vanish, Eq. (8) 
becomes identical with a relation earlier deduced by 
Waxtn [7]. Observe that the pressure terms vanish 
when the pressure and density gradients are parallel. 


insulator 


| wall of chamber } 
Te H 
fi ie \ i \ on 
\ \ 
| Hae ea \ \ conducting 
| Bo! Boi Bo! wall 
ty Ae he f 
- | 
rele lta) } 
R 4 
ALAA J 
a. 
Fig.1 Axially symmetric configuration with axial 


magnetic field and radial electric field which set the plasma 
into rotation in the y-direction within the dotted regions 
of the figure. The upper parts of the figure show the 
ends of the configuration and the lower parts the central 
region which is assumed to be situated far from the ends. 
a—situation at the beginning of the rotation; b—situa- 
tion when a radial expansion is caused by the centrifugal 
force. The voltage 9,, across the rotating plasma is 
apphed between the cylindrical wall of the chamber and 
the edge of the hole of the insulator. 


The discussion will now be restricted to a simple 
cylindrically symmetric configuration where the 
following assumptions are valid and apply to Fig. 1: 

(i) All field quantities are independent of m and z 
in a cylindrical co-ordinate system (r, gp, z) with 

z along the axis of symmetry. 

Initially there exists a homogeneous magnetic 

field By along the z-axis within the space to 

be studied by the present theory. The region 
occupied by the plasma has a constant initial 

density 0. 

An electric field component #H, is applied in 

the radial direction which creates a_ total 

current density 7, and sets the plasma into 

rotation around the axis. This gives rise to a 

centrifugal force, a radial expansion, an in- 

duced electric field #, and a current 7,. 

The radial expansion velocity v, of the 

centre of mass of the plasma is much smaller 

than the velocity v, of rotation. 

(v) The magnetic field generated by the current i, 
is neglected; only the field arising from i, 
is taken into account. Consequently, the re- 
sulting magnetic field B will be directed along 
the z-axis. 


(ii 


— 


(iii) 
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With these assumptions the basic equations (3), 
(4), (5) and (8) reduce to 


oB op 
of = (Ba +a. 
Ovy C Vo Va ; 
@ aa + QU ae ie “| — 1, B, (10) 
0=£H,+v, B TLS yp 
eg 

holt Ope Op 
Ieee (m: are Me a, ; (11) 
Blo = Boloo- (12) 


For a rough estimate of orders of magnitude, space 
derivatives can be approximated by inverted 
characteristic lengths. In doing so, it is found that 
the ratio between the pressure term in Eq. (9) and 
the left hand member of the same equation is of the 
order of the square of the ratio between the thermal 
velocity of the ions and the velocity of rotation vy. 
The result is valid when the characteristic length of 
the pressure variation is of the order of the dimensions 
of the configuration and when the electron temperature 
does not exceed that of the ions by very much. The 
following discussion will be simplified by assuming a 
temperature which is low enough for the pressure 
gradient to be neglected in Eq. (9). 

Further, the magnitude of the third and fourth 
terms of the right-hand member of Eq. (11) is likely 
to become small compared to that of the second term 
of the same member. This occurs when the gyro- 
period of an ion is much shorter than the time required 
for the mass flow to make one revolution around the 
axis and when the thermal energy of the particles 
is much less than the energy corresponding to the 
radial potential difference across the whole con- 
figuration. 

2.2 VOLTAGE CHARACTERISTICS 
CAPACITY. 


AND EQUIVALENT 


When the terms containing the radial velocity », 
in Eq. (10) are neglected, combination with Eq. (12) 
gives 


Vp = — B,Q (H/2 7 ro,, (13) 


where the electric charge which has been transmitted 
in a radial direction per unit axial length is 
t : 
Q()=|2nri,dt 
0 
and the initial condition v, (0)=0 is imposed. It 
should be pointed out that the terms containing », 
in Eq. (10) cancel when v, has the form (13). Con- 
sequently, Eq. (13) is a good approximation not only 
for cases where the radial displacements are small 
compared with the distance r from the axis. Also 
observe that the velocity of rotation in Egs(13) a8 
independent of the state of deformation of the 
magnetic field as well as of the pressure gradients 
in Eqs. (9) and (11). Since viscous dissipation has been 
neglected, the result that v, is inversely proportional 


(14) 


to r does not contradict the equations of motion. 


The omission of viscous effects provides a good 
approximation at high temperatures and in strong 


magnetic fields where viscous interaction between the 
fluid layers is strongly reduced in the radial direction. 
It should also be observed that the force WD 
+ (1/3) 7 V (div v) due to dynamic viscosity  van- 
ishes for a velocity field y—0, const./r, 0. 

When the pressure term in Eq. (9) is dropped, 
according to the assumptions of the preceding para- 
graph, the magnetic field in the plasma obeys the 
equation 


; 1” : My Q? 
ES 2 ey ee 


3 OWES 
ji 8" 05 


(15) 
This is deduced from Eqs. (13), (9) and (12). Thus, 


B= B, (b" — a*/r?) (16) 
in the plasma region where 6” is a constant of inte- 
gration. The magnetic flux contained between surfaces 
at rm and rp is 


Tr 


Poi [270 Bdr 


Tm 


= 7.By b” (tn? — rm) — 2 7 By a? log (rn/rm) « 


(17) 


The problem is now specified by considering the 
configuration of Fig. 1 which is closely related to 
the conditions of the Ixion device [4]. Assume a 
very long cylindrical vacuum chamber where the 
wall of radius r, is used as one electrode. The ends of 
the chamber are arranged as shown by the upper 
half of Figs. la. and lb. and are assumed to be far 
away from the central region shown by the lower 
half of the same figures. The ends are provided by 
a pair of hat-shaped insulators. Plasma is injected 
and fills the space of the chamber. A voltage is applied 
between the wall at 7, and the central part of the 
plasma which is projected through the hole in the 
insulators as shown. The part of the plasma shown 
by the dots in Figs. la. and 1b. will then be set into 
rotation and the voltage across the rotating part 
will be given by @.. The potential applied at the edge 
of the insulator hole will project itself along a magnetic 
field line to a surface of radius &, in the lower part 
of Fig. la. This figure shows the situation before the 
radial expansion by the centrifugal force has taken 
place and when the magnetic field is homogeneous 
in the central region of the device. In Fig. lb. the 
expansion has moved the inner surface of the plasma 
in the central region to the radius 7. Tf the electrical 
resistivity of the wall at r, is high enough, part of 
the magnetic flux may diffuse through the wall during 
the expansion and part of the rotating plasma will 
be ‘‘scraped off” at the wall. The two extreme cases 
of infinitely-conducting and non-conducting wall are 
treated here. This is done by introducing a second 
infinitely-conducting wall at a radial distance R and 
assuming the resistivity of the chamber wall to be 
infinite. Then, R=r, and R->co give the two 
situations to be studied. 


CHARACTERISTICS OF A ROTATING PLASMA 


The configuration consists of three regions: 

(i) the space inside the inner boundary of the 
rotating plasma (7<7,), . 

(1) the region of the rotating plasma (oro), 
the only region where volume currents are 
assumed to flow, and 

(ili) the region between the chamber wall and the 
external wall (r,<r< R). 

Quantities in these three regions will be denoted 
by superscripts (’), (") and (’’’), respectively. 

When no surface currents are assumed to exist at 
the boundaries between the regions, the magnetic 
field becomes continuous; this then requires that the 
following relations are fulfilled: 


5 ee (18) 
B’' = Bb" — B, a*/r,2. (19) 


Further, the total magnetic flux inside the infinitely 
conducting wall at r = R should be conserved, 


Le. 
Re? Bo=r? B+ (r2—1,) Bb” 
— 2a? By log (r,/r,) + (2? —r,7) BY”, (20) 


where use has been made of Eq. (17). Finally, the 
magnetic flux inside the boundary r =r, of the rotating 
plasma should be conserved since the latter has been 
assumed to have zero resistivity. This gives 


E3=1,? (b" —a?/r,”). (21) 
Introduce the notations 
Oa ae Cg nN ge Oe peer op (22) 


Combination of Eqs. (18), (19), (20) and (21) now yields 
6 Bi Boa ta: 
Oe Nw Atal) var Lom (ree) (24) 
bY Bb | Bole (r,) bh)? 27 low (a—*), 
and 


Or 


With the approximations introduced in Section 2.1 
the voltage @,, across the rotating plasma can be 
found from an integration of Eq. (11) by which 


se ni 
P12 = | — Vp Bdr = ry Bo? Pr2/(2Mo Qo) (27) 
where 
Wr2 — X{1 + ty" (12 / R)? xo? log (a—*) | log (a?) 


— x3 (e-*— 1) (28) 


and use has been made of Eqs. (16) and (24). 
From Eqs. (15) and (22) the electric charge trans- 
mitted per unit length becomes 


al 
De re (29) 
Ho 


Eqs. (27) and (29) can be used in a formal deduction 
of an equivalent capacity per unit length 
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409 Vo 


C= — 
Bo Vie 


(30) 
which depends upon the deformation of the magnetic 
field, upon the transmitted charge Q, and upon the 
constitution of the chamber wall. Roughly speaking, 
a considerable deformation of the magnetic field takes 
place when the parameter x) exceeds unity. 

In the special situation where the transmitted charge 
consists of a constant contribution Q», together with 
the charge supplied from an external condenser bank 
of capacity Cs and initial voltage Vs, the total charge 
per unit length becomes 


Q=Op- Ca (Ve Pia) 2, 


where L is the effective axial length of the rotating 
plasma. Eqs. (29) and (31) yield 


(31) 


1 
2 


(L/Os) [27 ry a (Zo o/t9)? 


Qo] (32) 


The voltage characteristics which describe the relation 
between the voltage V, of the energy source and the 
voltage @,, across the plasma are determined by 
Kgs. (26), (28), (27) and (32). 

Because of diffusion through the chamber wall the 
magnetic flux ®,, inside r =r, will be changed by the 
relative amount 


AD ii Ope — 1 — (ro) 2)" low (a) 


as calculated from Eq. (25). 
Before a studying a specific example we shall ex- 
amine two limiting cases: 


Vs—O12.= 


(33) 


(i) Small transmitted charge: 


When 2, is much less than unity, x approaches 
x, and there is negligible deformation of the 
initial field. Then y,. tends to x: log (1/x,”) and 
the equivalent capacity is 
270 


Co = Betlog (x) 


(34) 


as earlier shown by ANDERSON et al. [3]. The 
constitution of the wall does not influence the 
result at small transmitted charges. 
(ii) Large transmitted charge: 

When x, becomes very large, x approaches unity, 
i.e., the plasma is expanded violently towards 
the wall at r=r,. A series expansion of Eqs. (26) 
and (28) then shows that w,, tends to (1 — x1”) x» 
for an infinitely-conducting wall (R=r,) and to 
(1—a,*)/2 x2) for a non-conducting wall (R— oo). 


When the transmitted charge becomes large the 
magnetic field is heavily distorted and there is a 
marked influence by the constitution of the wall. For 
an infinitely-conducting wall the magnetic field will 
“lean” against its inner surface and the equivalent 
capacity tends to 
40 __ 2Cylog (x71) 


—- Bela) | dear) 


(35) 


As an example C,./C)=2.29 for the Ixion where x, 
is about 0.375. The increase in the equivalent capacity 
is caused by a storage of potential energy in the magne- 


128 


tic field as pointed out by Anderson ef al. [3], who 
have deduced Eq. (35) in a different way. All the 
magnetic and kinetic energy stored in a dissipation-free 
plasma with an infinitely-conducting boundary can 
be recovered. However, when the bounding wall has 
finite conductivity and the magnetic field can diffuse 


_ through it, part of the energy will be dissipated when 


the plasma is ‘scraped off” the wall and cannot be 
recovered. In the limit of large transmitted charge 
it can then be seen from Eqs. (13), (16), (23), (24), 
(25), (29) and (30) that the kinetic energy within the 
plasma and the change in magnetic energy both ap- 
proach the value x (1 — x,*) 722 By?/2u9 per unit length 
however large the passed charge ( becomes. 


3. Applications to experiments 
3.1. EXPERIMENTAL CONDITIONS 


The present theory will now be applied to the expe- 
riments with the Ixion reported by Boyer et al. [4], 
BakER and HamMeEt [8, 9], and Baker and R1iBzE [10]. 
According to BAKER and Hammet [11] a cylindrical 
plasma beam with an effective diameter of 0.09 m acts 
as centre electrode. The diameter of the cylindrical 
wall of the chamber is 0.24 m and the length 0.9 m. 
Consequently, we put &,= 0.045 m, 7,=0.12m and 
x,=0.375. The magnetic field at the surface of the 
end insulators is 2.2 times stronger than that at the 
median plane. 

Boyer et al. report an experiment where deuterium 
is injected corresponding to a pressure of 1.5 x 
x 10-? mmHg and that impurities of H, CU, Fel, Fell, 
SiNT, SiN and O! are released from the walls at an 
early stage of the discharge and take part in the rota- 
tion. The amount of the impurities corresponds to 
about 10-?*mmHg in the experiment described by 
Boyer et al., i.e., about 40° of the total number of 
particles. Impurities contribute to the density also 
in later experiments with the Ixion [11]. 

The present theory for the balance of forces will 
now be applied to the median plane of the Ixion where 
the magnetic field is nearly homogeneous. In order to 
determine the actual density within this region of the 
rotating plasma we have to estimate the effective 
axial length L. The axial contraction of the plasma 
towards the median plane produced by the centrifugal 
force then has to be taken into account. As shown by 
the author in an earlier paper [12] this contraction 
can become considerable when the mirror ratio of the 
device is large. 

An estimate of the actual density in the median 
plane can be made by applying the present theory to 
the measurement by Baker and Ribe [10] on the dia- 
magnetic effects of the Ixion. With a capacity 
Cs = 140 uF, a voltage V, =7.5 kV, a drop to ©. +Vs 
when By is about 0.7 V sec/m? the diamagnetic effect 
gives a field reduction 6’=0.6 at the centre of the 
device. Then, x? = 0.234 according to Eq. (23). This 
gives 9’ =0.219 for an infinitely-conducting wall and 
v ” =0.122 for a non-conducting wall and, according 
to Eq. (32), ZL? o9~ 1410-8 and 2.5 x 10-8 kg/m3, 


respectively. In the experiment by Baker and Ribe 
there is a considerable deformation of the magnetic 
field within an axial length of about 0.2 m. Assuming 
the main part of the plasma to be situated within 
this region by putting L=0.2 m, we obtain 0,~ 3.5 > 
x 10 and 6.2 x 10-5 kg/m3, respectively. 

With the data given by Baker and Hammel [9, 
11] for the experiment on voltage limiting in the Ixion, 
the deuterium has a density of 5 x 10-® kg/m before 
axial contraction. Then o)~ 5 x 10->kg/m3 if L =0.2 m 
and 20% impurities of a mean mass number of 30 are 
assumed to be present. The equations determining 
the voltage characteristics are not very sensitive to 
changes in the density. In the following discussion 
we put 0)=5 x 10° kg/m? in the median plane and 
L=0.2 m. 


3.2. VOLTAGE CHARACTERISTICS OF THE IXION 


In the experiments on voltage limiting in the Ixion 
[9, 11] a first bank of 120 microfarads capacity and 
7 kilovolts initial voltage was connected to the device 
to produce a rotating plasma. After the rotation had 
been established the first bank was disconnected and 
a second bank of capacity Cy;=1494F was imme- 
diately switched in its place. The voltage V, of this 
second bank could be varied up to 20 kilovolts and an 
external series resistance of 1.33 ohms was used to 
limit the current through the plasma. In the experi- 
ments a voltage increase was observed, the peak value 
®,, of which is shown as a function of the bank vol- 
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Fig.2 Voltage *,, across the rotating plasma in the 
Txion as a function of the second capacitor bank voltage 
V;. The value of B, is 0.55 Vs/m?. Dashed curves give 
experimental results for the peak values of 1, according 
to Baker and Hamme: [9]. Full curves give calculated 
voltage characteristics at full charge transfer for an 
assumed plasma density 9 =5 x 10° kg/m® and an 
effective axial length I =0.2 m. An infinitely conducting 
chamber wall corresponds to R =r, and a non-conducting 
wall to R— oo. The radial diffusion of the magnetic 
flux across the wall at 7 =7, can be simulated by a proper 
choice of R. The intermediate full curves demonstrate 
the case R=1.12 r,. Dot-and-dash lines give the charac- 
teristics which would have been obtained for a field of 
infinite rigidity. 


CHARACTERISTICS OF A ROTATING PLASMA 
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Fig. 3 Voltage ,, across the rotating plasma in the 
Txion as a function of the second capacitor bank voltage 
V;. Same as Fig. 2, but with B,=0.94 Vs/m?. 


tage V. by the dashed lines in Figs. 2 and 3. As pointed 
out by Baker and Hammel [9] the peak voltage across 
the plasma shows a tendency to saturate when the 
second bank voltage is increased up to 20 kV. After 
the peak the voltage decreases and passes the value 
before the connection of the second bank after some 
50 to 100 uw see. 


By means of Eqs. (27), (28), (31) and (32) the vol- 
tage ®,, across the plasma has been calculated as a 
function of the second bank voltage V, for the magne- 
tic field strengths 0.55 and 0.94 V sec/m?. The cal- 
culation applies to the situation where the charge 
has been shared between the bank and the plasma. 
The results which are shown by Figs. 2 and 3 have 
been determined from the data of this Section 3.2, 
where the first bank determines the initial charge Q>. 
The full curves demonstrate the cases of infinitely- 
conducting chamber wall (R=r,), non-conducting 
wall (R->oco) and the situation with R?/r.?=1.25 
which allows part of the magnetic flux to leak through 
the wall at r=r,. Dot and dash lines give the charac- 
teristics which would have been obtained without 
any deformation of the magnetic field. 


4. Discussion 


The equivalent circuit of a rotating plasma device 
consists of a capacity, a parallel resistance and an 
internal series impedance [5]. The latter is determined 
by the resistivity of the plasma; the Hall current, the 
presence of neutral gas and by the state of motion. A 
determination of the magnitude of this impedance is 
not within the scope of the present paper. We shall 
only discuss the situation where inductances as well 
as charge leakage across the parallel resistance can 
be neglected. There are two possibilities : 


(i) The internal series impedance is negligible. The 
largest voltage which can occur across the plasma 
is then reached when the charge has been shared 
between the plasma and the condenser bank. 
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(ii) The internal series impedance is comparable to 
or exceeds the external series impedance. A 
jump of the voltage across the plasma then occurs 
when the second bank is connected, the jump 
being determined by the ratio between the inter- 
nal and external impedances. If this ratio be- 
comes very large the voltage jump may even 
exceeds the equilibrium value which is approach- 
ed as soon as the charge has been shared between 
the second bank and the plasma. 


A comparison between the voltage characteristics 
of Fig. 2 obtained from the Ixion experiments and the 
calculated curves shows that a possible explanation 
of the saturation can be provided by the present 
theory. A very large ratio between the internal and 
external series impedances should give a voltage jump 
nearly equal to the second bank voltage; this seems 
to be ruled out by the experiments. If the same ratio 
is not too large, however, a saturation of the voltage 
will be produced by the increase of the equivalent 
capacity through deformation of the magnetic field, 
as soon as the charge has been transmitted to the [xion. 
In Figs. 2 and 3 the theoretical curves for an infinitely- 
conducting wall show a strong reduction of the plasma 
voltage as compared to a situation (the dot and dash 
lines) corresponding to a magnetic field of infinite 
rigidity. Observe that the reduction is larger in Fig. 2 
than in Fig. 3; the magnetic field is weaker in the 
former figure than in the latter. For a non-conducting 
wall the same figures show that the plasma voltage 
would even drop far below the observed experimental 
values. 


A rough estimate of the field diffusion through the 
chamber wall can be made by considering the time 
constant for a circulating azimuthal wall current. 
With a thickness d, and conductivity o, of the wall 
the time constant becomes about 

T. = gto F212 de. (36) 
In the experiments on voltage limiting a stainless 
steel wall of d,=1.78 x 10-3m thickness has been 
used, {ll}. With o,=1:6 x 10° 2? m= this: “gives 
To~™ 210 pu sec. 


For the bank voltage Vs= 20 kV and the conditions 
applying to Figs. 2 and 3. Kq. (33) would give about 
70% reduction of the magnetic flux inside the device 
if the chamber wall is non-conducting. In the actual 
case, connection of the second bank gives an increase 
in the Ixion voltage which lasts for about 30 ~ see. 
The current induced in the wall by the expanding 
flux will decay by about 15% when the same time 
has elapsed. The effect of a flux reduction of 15% by 
diffusion through the wall can then be simulated by 
putting R=1.12r, which gives the intermediate full 
curves of Figs. 2 and 3. From these curves is seen that 
even a slight diffusion of the magnetic field through 
the chamber wall in an early stage of the discharge 
reduces the calculated plasma voltage to values nearly 
equal to the observed ones. 
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As time is proceeding the magnetic field continues 
to diffuse through the wall and the plasma approaches 
a state corresponding to a non-conducting wall after 
a time of the order of t,. The voltage across the device 
will then decrease appreciably and part of the plasma 
will be ‘“‘scraped off’ at the wall. This gives one pos- 
sible explanation of the observed decrease of the vol- 
tage [9], about 100 usec. after the connection of the 
second bank. In particular, it would be interesting 
to see if the voltage characteristics can be modified by 
the presence of a chamber wall made of a highly con- 
ducting material such as copper. 

Finally, if there is an increase in the amount of im- 
purities when the bank voltage is increased, then the 
density of the plasma may become an increasing func- 
tion of the voltage. This would also contribute to 
the effects which produce a saturation in the voltage 
characteristics. 
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PLASMA ACCUMULATION IN A DEVICE FED BY ENERGETIC-ION 


TRAPPING 


R. J. Mackin, JR. 


Oak Riven Nationan Lasoratory*, Oak RIpGE, TENNESSEE, U.S.A. 


Plasma accumulation (without energy losses) in a device in which energetic ions are injected 
and trapped has been discussed by Srmon [J. Nuclear Energy ©1 (1960) 215]. Simon has presented 
a general steady-state theory for devices, such as the OGRA device, where trapping is initiated by 
interactions with background gas. For such devices there is usually a critical input current or critical 
plasma density (a function of input current) above which plasma density builds up to a value limited 
by Coulomb scattering losses. For a specific regime of operation (600-keV hydrogen molecular 
ion injection and dissociation, highly efficient ion-pumping action of the trapped plasma), simple 
approximate formulas are derived which describe the critical current or density for plasma build-up. 
Second-approximation formulas are derived which describe with about 10 % error the overlapping 
segments of the density versus current curve for a broad range of parameters. 

The analysis is then applied to a system in which the initial trapping is accomplished by a 
Luce carbon are, e.g. DCX-2. Two new aspects emerge: (1) if the arc is turned off slowly or if 
an are of lower density is used, then the critical current for plasma build-up with arc is nearly 
an order of magnitude less than previously estimated; and (2) the critical are density, below 
which plasma build-up occurs after the are is removed, is sufficiently low that energy losses to 


fixed-temperature arc electrons are not significant. 
The time-dependence of plasma build-up, certain aspects of the impurity problem, and electron 
heating effects are also considered. Numerical examples are given for OGRA and DCX-2. 


1. Introduction 


Since the disclosure in 1958 of the thermonuclear 
experimental devices, DCX, see BARNETT et al. [1], 
and Oara, see KuRCHATOV [2], work has commenced 
on a number of similar experiments. All are based on 
the concept of hot-plasma accumulation by trapping 
energetic ions in a magnetic container. About a dozen 
devices working on this principle have gone at least 
through conceptual design, and the majority are now 
under construction or in operation. 

General calculations of the density of accumulated 
plasma in such devices are extremely complex because 
of the large number of phenomena involved. Calcula- 
tions have been given by Srmon [3] for plasma accu- 
mulation in a device with a fixed trapping efficiency 
(e. g. DCX), and [4] for one in which the initial trap- 
ping is on the background gas (e. g. OGRA). The latter 
theory, while taking into account only the most 
important phenomena, leads to fairly complicated 
algebraic expressions relating density and current. 
In practice, their evaluation requires machine compu- 
tation. 

Section 2 of this paper contains derivations of several 
approximations of Simon’s results [4] which are valid 
over finite ranges of parameters. Each case includes a 
first-order approximation, which displays the gross 
effects of parameter scaling, and higher approxima- 
tions which lead to values of the desired quantities 
with an error of ten percent or less. The resulting for- 
mulas describe the density-current curve over its 


entire range and give values for the so-called critical 
currents and densities. 

The results are extended in Section 3 to the evalua- 
tion of more complicated problems. These include the 
time-dependence of plasma density build-up and the 
use of an initial trapping plasma for plasma build-up. 
Section 3 also includes observations on OGRA and 
on the techniques for taking account of energy losses 
to plasma electrons in the framework of the present 
results. 

The calculations presented here are derived entirely 
from particle capture and loss considerations. There 
are no specific plasma effects taken into account, 
which suggests that it would be somewhat surprising 
if the calculations describe results of actual experi- 
ments with any degree of accuracy. A fair case can be 
made that the results set a lower limit on the require- 
ments for a successful device fed by energetic ions. 

Other calculations of this type, but tailored to indi- 
vidual machines, have been given by Grsson et al. [5], 
Damm et al. [6], and GrBErRT et al. [7]. One of the 
expressions contained herein has been previously 
given by Brnuav et al. [8].** 


2. Derivations 


These calculations have been tailored for the eva- 
luation of the DCX-2 experiment. Consequently this 
section will begin with a description of the DCX-2 
experiment. The basic particle-balance equations will 


* Operated by the Union Carbide Corporation for the United States Atomic Energy Commission. 


** Note added in proof: A report by PrevotT and GOURDON [21], just received, 


analogous to those presented here. 


contains many results 
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then be given and the magnitudes of the individual 

he : 
terms evaluated for the expected DCX-2 regime. Fi- 
nally, the local-approximation formulas will be derived. 


2.1 DCX-2 


In the DCX-2 experiment, now being designed at 
Oak Ridge National Laboratory, trapped protons 
will be accumulated in a magnetic mirror field by the 
dissociation of a beam of hydrogen molecular ions. 
The device will be fed by 600-keV H,+ or H,* ions, 
in currents up to 500 ma, which will produce a plasma 
estimated at 100 liters in volume. Either a high- 
vacuum are [9] or the background gas may be used 
as an initial trapping (dissociating) agent. If an arc is 
used, the procedure will consist of building up a 
plasma sufficiently dense that, after the arc is removed, 
trapping will continue and further build-up will ensue. 
For this to take place, it is necessary that molecular 
ions be injected in such a way that their path length 
in the trapped plasma will be in the order of tens of 
meters. With the scheme now under consideration, 
those molecular ions which are not dissociated will 
tend to remain inside the vacuum chamber and will 
constitute a large influx of hydrogen gas. It is pro- 
posed to rely almost entirely on the strong ion-pump- 
ing action of the plasma to remove this gas. Ion- 
pumping consists of the ionization of gas molecules 
in the plasma and their subsequent transport along 
magnetic field lines to a region outside the magnetic 
mirrors. If, after recombination, the return path 
through the mirrors is impeded by a constriction, then 
the gas can be pumped away by comparatively modest 
conventional pumps. 


2.2 BASIC EQUATIONS FOR AN OGRA (NO ARC) 


The first equation is a balance equation relating the 
capture and loss of protons. Capture takes place by 
the dissociation of molecular ions and loss by charge- 
exchange and by scattering through the mirrors. The 
equation given by Simon (in altered notation) is* 

Pe Ceee Cee CO E 1 


TI Oh SOR 6m 


5, 


To T+. (1) 
The notation is as follows: J is the molecular ion 
current; V, the plasma volume; C, the “‘efficiency”’ of 
a given capture (dissociation) process, as defined 
below; n,, the ion density; and 1, the time constant 
for a given loss process. The subscript + refers to a 
process involving trapped ions; 0, background gas; 
and c¢, cold ions formed by ionization of the back- 
ground gas. 


The ratio)” ci (1 +) a) is the fraction of mole- 


cular ions which are dissociated. This form is based on 
the assumption that in the absence of trapping the 
molecular ions do not have a fixed path length through 
the plasma but have a mean free path, L. 


* A tabulation of the notation used in the present 
paper is given in Section 4. 
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An assumption is necessary for the evaluation of 
the capture terms; namely, that the sum of average 
internal neutral gas (atom) density , and cold ion 
density ne is equal to the external neutral gas density 
fi. The assumption is plausible but impossible to eva- 
luate without more information than is generally 
available. Thus 

Ci =n op L (2) 


O,+Ce=N, op L. (3) 
For convenience, all targets are taken to have the 
same dissociation cross-section op. Removal of this 
restriction will be discussed. 

The losses are due to charge exchange and to scatter- 
ing through the mirrors: 


i = 

— = 1%OxV (4) 
To 

1 

SO DIE, (5) 
T+ 


where ox is the charge-exchange cross-section, v the 
proton velocity, o¢ the effective Coulomb cross-section 
for 90° scattering [3], and P the fraction of a sphere 
subtended by the mirror loss-cone. 

The average internal and external atom densities 


are related approximately, see Simon [10], by: 


No =Ny {1+ (ni064 v |v») | =N) +N. (6) 


Here, oq is the cross-section for ““destruction’’ of a neu- 
tral and is equal to the sum of the ionization and charge- 
exchange cross-sections; / is the mean chord length of 
the plasma volume (equal to four times the volume 
divided by the surface area); and v, is the mean velo- 
city of the neutral particles. Throughout, it is assumed 
that the neutral gas is H, and that a molecule is 
equivalent, as regards cross-section, to two atoms; 
v9 is the molecular velocity evaluated at the tempera- 
ture of the chamber wall. The final results will be 
generalized to include other gases. 

The second balance equation is that for neutral 
atoms. The rate at which these are removed by the 
plasma’s ionizing action is ; 


A Ny Og vf V ). 
. Se | eee 7 
des Resets 5 Oe (7) 


where f is the fraction of the cold ions which are per- 
manently removed from the system; that is, it is the effi- 
ciency of the plasma pumping. The factor in brackets 
is thus the pumping speed 6, of the plasma considered 
as a vacuum pump. Other pumps on the system will be 
assigned a pumping speed 6. There are two gas inputs 
to the system, one equal to Ny6, where N, is the 
neutral density in the absence of beam or plasma, and 
the other equal to /’ J where J’ is a constant. (For H,+ 
input, clean chamber walls, and no removal of up- 
dissociated beam, /’=2.) Thus 


lO, N= Mo (84 +6). (8) 


Eqs. (1), (6), and (8), with the definitions Eqs. (2)—(5) 
and (7), give a complete description of the system. 


PLASMA ACCUMULATION 


The analysis which follows is aimed at bringing out 
the results in physically evident and easily accessible 
form. 


equilibrium. A density above that portion of the curve 
will move up to the upper branch, and one below it 


2.3 PARAMETERS AND MAGNITUDES OF TERMS 
7 ay . pa a) 
For 600-keV H,* or 300-keV protons in hydrogen, 


op=4X10-" cm? [11] 
da =9 X10-% cm? [12] 
Ox =9 x 10-2° em? ‘ 
6g =3 X10 cm? [3] 
7.7 x 108 cm/sec. 
Vp =1.8 x 10° cm/sec. 


A representative set of conditions for the DCX-2 
experiment is: 
V=1001 
0,= 10 Ij/sec. 
N,=3 X10? atoms/cm? 


L=25 cm 
L=10m, 20m 
P=0.15 
f=0.8 
P'=2. 
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Fig.1 Plot of equilibrium ion density (cm~*) versus 
input current in milliamperes for representative DCX-2 
parameters. Curves are labeled by molecular-ion path 
length in plasma. H,* at 600 keV is used. 


Accurate density-current relationships based on 
these parameters are shown in Fig. 1. The S-shaped 
curves are characteristic of a system in which the 
trapped plasma plays a significant role in dissociating 
molecular ions and in pumping out neutral gas. The 
center branch of the curve represents an unstable 


will move down to the lower branch. The unstable 
branch thus describes a critical density which one 
might attempt to exceed by means of a temporary 
trapping mechanism in order to permit build-up to the 
upper branch. The high-current end of the unstable 
branch is characterized by an “upper critical current” 
Tuc, above which high-density accumulation occurs 
with no supplementary trapping. Once the high den- 
sity is achieved, the current may be lowered to the 
“lower critical current”? Jy, before the density drops 
to an uninteresting value. 

We wish to get an idea of the relative importance 
of the various terms in the calculation near the critical 
points. From Fig. 1, we select an ion density of 
10% cm? and an input current of 500 ma. Using the 
parameters listed above, 


Higl Rigo 
6, =2 x10° I/sec. 

6, Ny =50 ma equivalent 
No =3 X10" atoms/cm? 


CG, =4x10° 
Co +-Co=12 x10-4 

Lite Awe 
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2.4 FIRST-ORDER FORMULAS; UPPER CRITICAL CURRENT 
Noting 0,<0, and 6, oe we find from Eq. (8): 

Pr 
(9) 
where the second subscript zero indicates a_ first 
approximation. For DCX-2 parameters, oq is accu- 


rate to about 30% for 1>150 ma, n,> 1.5 x 10!°/cem?. 
Combining Eqs. (6) and (9) 


No = ——— > 
uy nsoq vf V 


Soe 
Neg = J Vv “ 


(10) 


Noting 1/t, < 1/t) and Da <1, Eqs. (1) and 
(9) give: 
ial i no vl] VOR 
a Ny a vf V | Vo > f od op L ; cn) 


Identifying terms by comparing Eq. (11) with Eq. (1), 
we note in passing that the charge-exchange loss rate 
term is independent of current and density and that 
the cold-ion capture “‘efficiency” is independent of 
density. 

In the unstable region of the S-curve, dissociation 
on trapped ions outweighs that on other targets. Thus, 
to a rough first approximation, the density in this 
region (‘critical density”) is given by 


Loe 


re 


(1+ 9)cR = (12) 
for DCX-2 parameters, independent of current. 

For L=10m, both correction terms (Cy and Ce) 
should be included in a second approximation. For 
larger L, and thus lower n,, Cy becomes important 
and (, less so. Dropping C. permits converting Eq. (11) 
to the form 

—ITt 


featip aie 


Nn? — (M4 JOR M+ = 
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This is a parabola whose extremum defines the upper 
critical current, identified by 


1 
(n+ o)UCc = 9 (n+ o)CR (14) 
EX Gi ] - 2 
+ oe = a (Ni9CR (15) 
or 
Poe @ Z 
(1,)uc = x (16) 


4foqop? L?- 


Distinguishing between the cross-sections for disso- 
ciation on ions and on neutrals, ey and op®, leads to 
the replacement of op” by opt op®. Strictly speaking, 


opt should be replaced by opt Vy/ v where v, is the 
relative velocity between molecular ions and trapped 
protons and the bar indicates an average over angle 
and, possibly, energy. At present, probably the best 
estimate of this quantity would make use of a calcu- 
lated cross-section given by ALSMILLER [14]. Eq. (16) 
has been given by Bineav et al. [8]. 
We note in passing that 


(Noo)UC = (N+ o)UC- (17) 


2.5 BETTER FORMULAS 


Correcting for C, gives to the next order for Iyc: 


Tvoxl 


 Qfoopll’ (Ie) 


(Z,)uc = U)uc [2 
The correction term is a measure of the extent to 
which burnout, defined [3] as the reduction of no 
relative to n,, has proceeded. For DCX-2 parameters, 
the correction is modest. The notion that the pheno- 
menon of burnout is necessary for the formation of 
an S-curve is incorrect. 

For the somewhat special DCX-2 parameters, the 
high-current end of the S-curve is well described by 
Eq. (13). Extrapolation toward larger L or smaller V, 
which leads to lower critical densities and currents, 
requires the use of a better expression for 7». To the 


next order, it becomes 
ee ee i, Nf Pt re 
ten = Wow + chy ) — 7) hinge (19) 
The resulting analogue to Eq. (13) is: 
yiL 
n+? a4 (n+ CR NS foa oV (20) 
from which, to first order: 
(N44)UC=/ (N49)uC (21) 
(L,)uc=y (Lo)ue. (22) 


In case either the numerator or denominator of the 
expression for y, Eq. (19), differs appreciably from 
unity, it is necessary to substitute explicitly for y in 
Kq. (20) and to find qc from the condition d I/dn, =0. 
There results a cubic expression for [yc whose solution 
should agree quite well with the exact value. The only 
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approximations which enter into it are neglect of 
1/t, and of ¢/7. The expression is: 


(PD? (LI + ONo) 
6,0R L 
—P doo |I— 2 \PI 4 


| 0. (23) 


a quadratic form 


Where 0,63 L/foxvV < 1, 


results which gives: 


mooie eS 
es a 


=aees Sey ON lola i 


(24a) 


maT 
46, ZO 


(24b) 


The combination of Eqs. (19) and (20) gives a form 
which is quadratic in n, for a given J and which accu- 
rately describes the entire lower half of the S-curve. 

Further complication arises when the residual back- 
ground gas differs from that brought in by the beam. 
Using a subscript r to denote quantities appropriate 
to the residual gas and o those appropriate to hydrogen, 
the first-order corrected (n,)uc and Jyuc corresponding 
to Eqs. (21) and (22) are 


Oy Ny Oxr Tdo fo | (25) 


n Tae 19. Ia 1 | 
(n+,)uc = ( +o)uc| ' EY jue ez Canis 


ram 6» Ny oOxpr Gado fo |? 
IPC We Gan Gan ie 
I,)uc = (1))ue ——- 
(1,)uc (1o)uc : IN Op Gals i. 
P(I))uc ¢Bo Gar fr 


(26) 


A nearly exact expression for (/)yc neglecting only 
6,, Co, and 1/t, is the solution of a cubic equation 
in I,. In the limit of large residual gas effects, 

Uae T ; ae Fxr" Bo Fdofo | 5) 
diGs )uc am | A Tr LI (1))uc Tae OBr Cdr dp 2 (27) 
E \ dy Ze tar 

' ' 1OpIN. Geren ol 
i eS oe J xr Pdolo 
(Ly )uc (Lo )uc f : IP Tis Cue tar le 

0, Ny oBr Fao fo 


(28) 


2.6 APPROXIMATE FORMULAS; LOWER CRITICAL 
CURRENT 


In the region of the lower critical current, 0) <6, 


and % +n <n; however, 6,N, and 1/t, are 
significant. The balance equations becomes 
1E apy tG; 
n,,2 
SV ca . vPy LL+ No). 29) 


This expression describes the upper half of the S-curve 
with good accuracy. 

For 6N,> II, the lower critical current, defined 
by dI/dn, =0, is given to first order by 


40x06 ae 

(Ladue = [rere Nels (30a) 
16 00 P 
= |= % No IUa)vol*- (300) 


To second order 


P(Iy)uc BU aces 
ie = ac gM + [1+ (BUSA 


The extension to heavy residual gas evidently in- 
volves Oxy, fr, and ogy in Eq. (30a) and the appropriate 
ratios in Eq. (31). 


3. Extensions 
3.1 TIME DEPENDENCE OF BUILD-UP 


The first-order approximations readily lend them- 
selves to rough estimates of the time constant for 
density build-up near critical points. The procedure 
consists of setting the sum of the terms of an approx- 
imate balance equation (e.g. Eq. (11), multiplied 
by Iop L/V) equal to dn,/dt. Thus, near the critical 
density Eq. (11) becomes 


dns eh Lee 
+ ==> non —7"5| (32a) 
= /V)ogpL[n+—(n4,.)cr] (32) 


from which 


N+ — (Ny9)cCR= 


[n+ (§ = 0) — (nz9)cr] exp (+ Jog Lt/V). (33) 


That is, the time constant is just the time for the ion 
density to increase by a factor e by trapping on itself. 
Near the upper critical current we write an analogue 

of Eq. (13): 
dn. we 


——— 
Pel noBRL - 


CPopl 


nifoqvV? 


i Fox 
Ve foq 


(34) 


This expression is based on the assumption that the 
neutral atom density comes into equilibrium with the 
ion density in a time much shorter than the ion-density 
time constant. The neutral time constant is equal to 
the chamber volume divided by the total pumping 
speed exhausting the chamber. For DCX-2 parameters. 
it is of the order of tens of milliseconds, while the ion- 
density time constant is of the order of seconds. The 
assumption is thus well justified. 

Eq. (34) is readily integrable. However, it is more 
instructive to determine the value of (1/n,) dn,/dt 
(the instantaneous fractional build-up rate) at the 
density for which it is a minimum. Straightforward 
algebra gives 


n+(Tmax) = 2 - ae (35) 
j (Tmax) + = bd (Jy)uc] (op L/ V) 3 (36) 


once again a result almost evident from first principles. 


3.2 ARC TRAPPING 


One possible route to a high-density plasma con- 
sists of using an arc or other trapping plasma to achieve 
a critical density as described in the previous sections. 
It is now recognized that particle losses associated with 
the arc itself may set an upper limit to the density, 
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so subsequent removal of the arc would be essential 
to burnout and the realization of a mirror-loss-limited 
density. As was pointed out by Simon, superposition 
of an arc-determined curve of n, (7) with an S-curve 
indicates the input current necessary to attain the 
critical density. Once this point is reached, the are 
density may be reduced at an arbitrary rate, and 
plasma build-up will ensue. 

A closer study of the details of plasma-density varia- 
tion as the arc density is changed shows possible 
advantages which have not previously been realized. 
The analysis proceeds by adding, in Eq. (1), an are- 
capture term 

Ca = Na OBa La = Na (Ba L/L) L (37) 
and an arc-loss term, 1/t,, assumed proportional to 
are density ma. Representative of the carbon ares 
used in DCX-1 are a density of 10!4 ions/em?, a loss 
time-constant of LO~* sec., (implying 1/t, = 10-1? na) 
and (opa La/L)=8 x10-" cm?. 

Immediately noticeable is that the capture effi- 
ciency of the arc, for L=10 meters, is 8/9, compared 
with a plasma capture efficiency of 4 «10-3 for n, = 
—10"'cm~3. The plasma density determined by a 
DCX-1 are is thus given by 


I Ca 1 ‘ 
ie T5C, aise a Co 
eNO sta 3¢ 
LE Nein te pe (39) 


The product Cy, Ta is independent of are density. 
The effect of reducing arc density, then, is to reduce 
the value of the denominator, 1+C,, from 9 to 1. 
That is, if the are density is reduced slowly enough 
for the plasma density to maintain an equilibrium 
with it, the eventual achievement of a given plasma 
density will require only one-ninth the input beam 
current required for a full-density carbon arc. Alter- 
natively, the same results may be achieved by opera- 
tion from the beginning with an are whose density is 
about 1°% of that of the carbon are. 

An approximate expression for n, (/) follows from 
a version of Eq. (1) which includes are terms but 
ignores 1/t+, Cy, and C,. The mean neutral density is 
given by Eq. (19), ignoring 6,/6,. For the low are- 
density regime (Cy, < 1), the result is: 


Ip (Lox A 
ata 


(1/V) op L — (1/ta) 

Figure 2 shows plots of (J) for various values of 
na. For Ca <1, the transition from an are-dominated 
plasma to an S-curve relationship is seen to involve a 
monotonic variation of n, with na, the sense depending 
on whether a critical current is exceeded. For a 
< 10° em-3, the n, (Z) curve follows the exact J = Winn 
curve of Fig. 1 within 10% in the range 10 ma< 
I< 300 ma, 10%< nn, <4 x10" cm. 

The critical are density Nac, below which an S-curve 
forms, is that for which dJ/dn,=0 at the critical 
current J,: 


9x 99 No 
_foaV 


(40) 


T= 


i 
10-}* nac = Ta ae iva (41) 
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Fig. 2 Plot of equilibrium ion density versus input 
current for various trapping-arc densities. Curves are 
labeled by are densities in ions per cm*. 


That is, the critical are density is that density for 
which the arc loss rate is less than the filling rate by 
dissociation on trapped ions. From Fig. 2, 
=1.7xl0Ucm?= and J,.=36ma; _ thus 
= 910% cm: 

This low critical are density is quite significent for 
(two-body) energy loss considerations. Since the are’s 
density at this point is comparable to the plasma den- 
sity, and since the are occupies only a few percent of 
the plasma volume, the are electrons should play a 
negligible role in reducing the energy of the trapped 
protons. Thus, an extremely cold trapping plasma can 
be tolerated if its gpa is as great as that of the carbon 
arc. 

For na =Nac, the numerator of Eq. (40) must equal 
zero; this gives, approximately and then exactly: 


Ns. Q=— 
Nac = 


= ors 6 

Log = 2foqopn l Cnta (42) 
1 SUE PLE ES 

Jen = Too(1 4 \i4 |. (43) 


It is revealing to express 1/ta in the form na, coxa 2, 
where cya is an effective loss cross-section averaged 
over the plasma volume. Then Eq. (42) becomes 


— Lox opavV 
2 foaop Lapa La | 


Iu = (44) 
The form is remarkably similar to that of the upper 
critical current, Eq. (16). 


Combining Eqs. (41) and (42): 


Dox 


Gz => TON = De ei 8 


(45) 


3.3 OGRA 


An approximate formula for the upper critical 
current in OGRA has been given in the survey article 
by Kurowatov [2]: 


(I) OxVv 


Wer 4p? L? (46) 
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Our expression, Eq. (16), differs by a factor [ox/foa, 
which turns out to be just equal to the equilibrium 
trapping efficiency if 1/7, is neglected and 9 Is 
given by Eq. (9). (This factor appears significantly 
in Eqs. (40) and (45).) Its value (with [’=2, f=1) 
at the relevant proton energy (100 keV) is 0.2 or 


0.06 depending on the choice of ox. The two measured 


values of cx at 100 kev differ [2], [13], by a factor 
of 4, implying a factor of 16 discrepancy in (I9)uc. 
Actually, for the lower cross-section, a better approxt- 
mation Eq. (24b) must be used for (J 9)uc and the 
two values are not quite so far apart. A former discre- 
pancy in op, which amounted [4] to a factor of 2.5, 
has been partly reduced by two recent measurements, 
SwEETMAN [15] and Postma [11], which agree on an 
intermediate value: 9 x 10-17 cm?. Using the other 
parameters chosen by Srtmon [4], the high and low 
values of (J)uc are 600 ma and 70 ma. 

If nitrogen is chosen as the background gas (initial 
pressure 10-7mm Hg; 6,=40,000 l/sec) the lower 
figure becomes about 100 ma. The most likely im- 
purities in a moderately clean system (CO, CH,) are 
apt to have comparable cross-sections. With the large 
assumed pumping speed this represents a 25 ma- 
equivalent gas input and is an unrealistically high 
value, probably by an order of magnitude. Since 
cold heavy ions can also serve as charge exchange 
centers, a good first approximation to including their 
effects would be -to neglect burnout for them; i.e. 
to make the charge exchange contribution of the heavy 
gas proportional to its density external to the plasma. 


3.4 ROLE OF THE ELECTRONS 


Without interpretation, the formulas given above 
do not include the effects of energy exchange in the 
plasma. It has been pointed out by Rose [16], 
Fow er [17], Lazar [18], that where this is a signi- 
ficant factor, the most important correction consists 
of replacing the lifetime t by an average over the 
energy of the trapped particles, t. The corrected 
treatment of op has already been mentioned (Sec. 3). 
If the main effect is energy loss to electrons, if energy 
dispersion is insignificant, and if charge exchange 
is the dominant loss mechanism, Rose [16] gives: 


co t 
t)— [dtexp I-| at’ fr (47a) 
0 0 
Ey Ey 
1 nN 
= ni | (4Ble) exp |—= oxvdH/e (47b) 
E, 


Cc 


in which ¢ is time measured from a particle’s injection; 
me is the electron density, equal to nz+no; H is 
instantaneous proton energy; Hy is injection energy; 
HE, is a cut-off energy, at which the argument of 
the exponential goes to infinity; and ¢ is a proton’s 
rate of energy loss per electron. Factors in the 
integrands are functions of the variable of integration. 

For a Maxwellian electron velocity distribution, 
é is described by the Chandrasekhar formula, see 


SPITZER [19]. The integration has been performed by 
Rose [16], for several fixed electron temperatures, 
such as would be encountered with initial arc trapping. 
It was remarked above (Sec. 3.2) that the critical 
carbon-are density would be sufficiently low that 
energy losses in it would not be significant. For an 
are with a much smaller dissociation cross-section 
and thus a higher critical density, this might not be 
the case. 

FOWLER [17] has performed a self-consistent energy- 
loss calculation. His assumptions were an electron 
throughput equal to the rate of gas ionization and 
a plasma potential whose depth for electrons is equal 
to the electrons’ mean energy. His results were as 
follows: For L=20m in DCX-2, there results an 
electron temperature (7'.) of about 100 eV. The hot 
electrons are roughly as effective as the protons in 
ionizing the background gas, approximately doubling 
the effective oq. The final result is an upper critical 
current of 600 ma and a lower critical current of 
150 ma. The last figure appears to set a lower limit 
on the critical current for plasma build-up using 
initial are trapping. A smaller but still significant 
effect is the electron contribution to molecular-ion 
dissociation. 

Since a large fraction of the electron velocities 
are less than the ion velocity at 7’. = 100 ev, it would 
seem unlikely that the energy loss rate would be 
highly sensitive to departures from a Maxwellian 
electron energy distribution. However, KiLLEEN and 
HECKROTTE [20], using numerical analysis of Fokker- 
Planck equations do find a reduced transfer rate. 


4. Notation 


The following tabulation lists the basic definitions 
for the symbols used in the paper. 


Basic symbols 
C “efficiency” of a given capture (dissociation) 


process, see Eqs. (2), (3), (37); used with 
subscripts +. 0,c¢,a 


C; generalized C; ay Ci=C,+C0,+Ce 


E, Ey, EZ. instantaneous proton energy, injection 


energy, cut-off energy, respectively; see 
Eq. (47) 
f fraction of cold ions permanently removed 


from the system; also used with the sub- 
scripts 0,r 

if molecular ion current; also used with the 
subscripts CR, LC, UC 

I,, I, first and second approximations to J, see 
Eq. (18) 

Wes critical current, see Eq. (41) 

f mean chord length of plasma volume (four 
times ratio of plasma volume to surface area) 

L mean free path of molecular ions through the 
plasma in the absence of trapping; also used 
with subscript a, see Eq. (37) 

n gas (atom) density; used with subscripts 
+,0,¢ and additional subscripts 0,1 
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No average internal neutral gas (atom) densitiy 

Ny external neutral gas (atom) density 

Na trapping arc density, see Eq. (37) 

Weve critical arc density 

N, density of neutrals in the absence of beam 
or plasma 

Ny density of neutrals in residual background 
gas, see Eq. (25) 

le fraction of a sphere subtended by mirror 
loss-cone 

t time 

Ts electron temperature 

v proton velocity 

Vy relative velocity between molecular ions and 
trapped protons, see discussion following 
Kq. (16) 

V volume of plasma 

y ratio of second to first approximations for 
the internal neutral gas (atom) density, see 
Kq. (19) 

UR a constant, see Eq. (8) 

é proton’s rate of energy loss per electron 

04. pumping speed of the plasma considered as 
a vacuum pump 

oh pumping speed of other pumps in system 

OB dissociation cross-section; also used with 
additional subscripts 0, r 

Oc effective Coulomb cross-section for 90° 
scattering 

Oa cross-section for “destruction” of a neutral 


(sum of ionization and charge exchange cross- 
sections) ; also used with additional subscripts 
Oy 


Ota effective loss cross-section averaged over 
plasma volume, see Eq. (44) 

Ox charge-exchange cross-section; also used with 
additional subscripts 0, r 

8 lifetime for a given loss process; also used 
with subscripts +, 0, see end of Section 2.3 
and with subscript a, see Eq. (37) 

T lifetime averaged over energy of trapped 
particles 

Subscripts 


+,0,c used to refer to process involving trapped 

ions (+), background gas (0), and cold ions 

formed by ionization of background gas (ce), 
respectively 

used to distinguish residual background 

gases (i.e. residual gas and that brought in 

by the beam); 0 refers to hydrogen, r to 

other background gas, see Eq. (25) 

0,1 subscript added to denote degree of approxi- 
mation; thus first and second approximations 
of ny are n+, and n,, respectively; see, for 
example, Eqs. (9), (18) 

a refers to arc-capture process, see Eq. (37) 

refers to critical region, i.e. the unstable 

region of S-curve, see Eq. (12) 

LC refers to lower critical current 

refers to upper critical current 


O,r 
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Superscripts 
+,0 used to distinguish between dissociation on 
ions and on neutrals, see e.g. discussion 
following Eq. (16) 
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THE DAMPING OF RAYLEIGH-TAYLOR INSTABILITIES IN A 


THETATRON DISCHARGE 


H. A. B. Bopin, A. A. Newton anv N. J. Peacock 


A.W.R.E., ALDERMASTON, BERKSHIRE, ENGLAND 


A high-speed framing camera has been used to photograph deuterium and helium discharges 
in which flute instabilities are driven by the inertial force of a radial acceleration. The wavelength 
of the instability increases with decreasing initial pressure, suggesting the damping effect of 
viscosity; in some cases this damping apparently prevents the growth of flutes entirely. A simple 
theory of viscous damping is in qualitative agreement with the observations. An instability due 
to the radial acceleration accompanying a rotation of the plasma appears at about peak field. 


1. Introduction 


Recently GREEN and NiBLErt [1] have discussed the 
observation of the Rayleigh-Taylor instability in a 
magnetic field-plasma interface in thetatron discharges. 
The temperatures were about 6eV where resistive 
damping was operative; the present paper describes 
observations at higher temperatures achieved in much 
more powerful discharges [2] where viscous damping 
of the instability is predicted. A similar type of 
instability in the linear Z-pinch has been reported by 
LatTHamM et al. [3]. 

The thetatron discharge is produced by applying 
a rapidly rising axial magnetic field (generated by 
a single-turn coil) to a gas, which breaks down at 
times when the magnetic field is close to zero (peak elec- 
tric field). A discharge, which can therefore be initiated 
at the first or subsequent current zeros, begins with 
an implosion which excites radial oscillations that 
decay as the gas is further compressed. The instability, 
which occurs with like and reversed trapped field, 
takes the form of approximately uniformly spaced 
flutes in the cylindrical plasma surface which develop 
radially whilst the plasma is accelerated. When the 
acceleration ceases, the smaller flutes stop growing 
and the larger ones continue with constant velocity 
to the tube wall, where they cause local regions of 
intense luminosity. Flutes are observed to grow during 
the implosion phase and, at higher initial gas pressures, 
during the oscillations phase. The acceleration and 
also the wavelength and growth-time of the flutes 
are usually different in the two phases of one discharge. 
In some discharges the plasma is observed to rotate 
about its axis of cylindrical symmetry as peak 
magnetic field is approached and flutes are also found 
to grow during this rotation. 


2. Theory* 
The growth of the instability is given by 
A, =A, exp (t/T), (1) 


where A, is the amplitude of a flute growing to 4, 
in a time t. The e-folding time, 1, is related to the 


* See discussion in reference [1]. 


acceleration, a, and the wavelength 4 by 
Qr/A)a P=1. (2) 


It is assumed that the medium is infinite, bounded 
by a region of zero density, (the external magnetic 
field) and the disturbances Ay, 4, are small compared 
to their distance apart or wavelength, 7. The growth 
of the instabilities may be damped either by resistive 
diffusion of magnetic field into the plasma or by 
viscosity. The effect of damping is to put a lower 
limit to- the wavelength of the fastest growing in- 
stability, this being the “wavelength of maximum 
instability’, Am. For viscous damping Am is found 
by equating t to the characteristic time for the 
transport of momentum across a distance equal to 
a wavelength, 


Sete 


2 
(Ra (3) 


The viscosity of a fully ionised plasma in the absence 
of a magnetic field has been given by MARSHALL [4] 


wy 
2 


Pe Aaa es 


1 
8x2 nm? etna 


where 7; is the ion temperature, mj the ion mass, 
e the electron charge, m the density, k is Boltzmann’s 
constant and A is a collision integral tabulated by 
SprtzER [5]. 

For deuterium 


5 
1.6 x 1019 7,2 if 
a (c.g.s.) (4) 


where 7; is in electron-volts, and one obtains: 


which increases with temperature. 
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This simple theory only applies when (a) the ion 
mean free path is less than a wavelength and (b) 
the ion collision time, T., is less than the growth-time 
of the flutes. The effect of the magnetic field on the 
viscosity is not taken into account, an approximation 
which is valid if the ion collision time is smaller than 
the ion cyclotron period. 


3. Apparatus and measurement 


The experiments were performed on the “Maggi I” 
low-inductance capacitor bank of 100 wF operating 


at 20 kV with a period of about 10 sec. Details of 


the bank have been given by Frrc# and McCormick [6]. 
The bank was coupled either to a straight coil 21 cm 
long, 6.6cm internal diameter or to a mirror coil 
of the same length and internal diameter with a 
geometrical mirror ratio of 1.44. The discharge tube 
was of transparent quartz 4.4 cm internal diameter 
and the discharge was photographed axially through 
a plate glass window by a high speed framing camera. 
The camera took 30 successive pictures and was run 
at a rate of between 3 and 7 x 10° pictures per second. 
The acceleration and growth-time were measured by 
comparing successive pictures, and the wavelength 


was found by dividing the plasma outer circumference 
by the number of flutes counted at the earliest time 
they were visible. It is assumed that the observed 
1 is Am although 4 may be less than Am, since an upper 
limit is set by the plasma circumference, the largest 
being 13.8cm, the internal 


possible wavelength 


circumference of the tube. 


4. Results 


- Table I shows seven examples in D, of instability 
during implosion and four during oscillations (three 
in D, and one in He). Four examples of stability 
where oscillations are present are noted with the upper 
limit of the observable wavelength, that is, the plasma 
circumference. It is known that all the gas is swept 
up during the implosion [2] so that the density, n, 
can be calculated and used to find a lower limit 
of the temperature from Eqs. (3) and (4). 

Figure | shows framing camera sequences cor- 
responding to examples 4, 4a, 6, 6a, 7 and 7a showing 
typical features of the instability at three different 
pressures. It is seen that at 300 Hg, instability 
is very prominent and of relatively short wavelength. 
At 1504 the wavelength is longer and the instability 


TABLE I. Instabilities in Implosion and Oscillation Phases f 
Implosion Phase Mirror Coil Straight Coil 
Dpgaieayolks wwNEM IPG ooocoscaGcGer 1 | 2 | 3 | 4 | | 6 7 8 
Gasiiece unui. phetatired avert Deuterium Helium 
Initial Pressure (wu Hg) ......... 50 | 78, _) 100 | 150 | 300 80 300 300 
Camera Pictures/second ......... 5 x 108 | 3 x 108 7 SAMOS || By 36 CO 
| —- : 7 ‘ | ae ee 

Acceleration a, 101° em sec? 1.8 4.0 2.6 Il 55 1.4 2.0 4.2 
Wavelength Ap, CM .....++++0+- meres 6.1 | 4 1.6 0.95 2.0 1.0 
Growth time t, 10-* sec ........ 22 a 52 IRS5 1.0 3159) 1883 

(Puna Onue anette Gacy da cao aoe 1.6 | 1.05 | 0.95 0.8 7.4 
Ion density at instability, | 

LOtiong/ Cote rere eer 6.8 7 21 64 pas 14 31 
Temperature from viscosity, eV .. 40 97 67 | bo 37 58 40 
Oscillation Phase ; ee i 4 
Jap Gian INCbo oy 6a00hnnan000sn0 05 la 2a 3a 4a 5a 6a 7a 8a 
Acceleration a, 1012 em sec .... peice £8 x 0.5 Tea as Lea 5.6 
Weanclemgda Ins ©80) oo oooncnaanoc 32) >4.5 >3.5 1.0 0.5 >4.5 0.55 0.8 
Growth time t, 10-" sec ........ ileas3 4.0 4.2 1.8 

(Bega As, ICE 02 ie eee epee ahs See oe 0.60 22 35 1.3 
Density at instability, 101° ions/ce 87 60 143 162 302 60 714 thee 
Temperature from viscosity, eV ..| >95 >100 >115 52 51 > 100 88 


} The values of a, 4,¢ and the number density are averages over the whole period of the inward acceleration 


* Inadequate number of frames for a measurement. 


** No instability visible. The maximum wavelength possible in the discharge is quoted. 
*** This is a second-cycle discharge containing unknown amounts of impurity from the walls. 
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20000900000 


0 14 1-00 1-14 1-43 1-57 1-72 1-86 2-00 


EXAMPLES 7 AND 7a Py = 300 MICRONS 
0 20 40 60 80 - 1:00 
EXAMPLES 4 AND 4a P, = 150 MICRONS 


1-00 i52 1-67 2°00 


EXAMPLES 6 AND 64 Ge 80 MICRONS 


Fig. 1 Framing camera photographs of discharges in deuterium viewed axially. The time in microseconds from 
the start of the discharge is shown under each photograph. 


is much less marked, while at 80 uw Hg the wavelength ‘eo 
is still longer and the instability rapidly damped out. 

Figure 2 is an axial streak-photograph taken across 
a diameter, viewing along the axis of a helium dis- 
charge at an initial pressure of 3004Hg. The in- | 
stability is seen to grow during the implosion and 
a jet of plasma strikes the walls during the oscillation 
phase. In some examples there was a tendency for 
the largest flutes to grow linearly with time, this being 
similar to observations during the later stages on 
gas-liquid interfaces described by Lewis [7]. 

A discontinuity in the acceleration between 
examples 1 and 2 occurs because the discharge takes 
place in the third, rather than the second half-cycle es 
of the bank oscillation; a similar consideration applies | 
to the straight coil, examples 6 and 7, where the : 
transition pressure is higher. Figure 3 shows an Se aed ged 
example of an instability observed when the plasma Fig. 2 Axial streak photograph of a helium discharge at 
is rotating and Table II gives values of the acceleration 300 microns Hg initial pressure. 


1-6 pS 


INTERNAL 
DIAMETER 3 7 cm 


TUBE 


3-4 Ls 


Fig.3 Axial framing camera photographs showing plasma rotation and the associated instability in deuterium, 


100 microns Hg, 20 kilovolts. 
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(due to the rotation) wavelength and growth time 
of three examples of this instability, together with 
values of (27/A) a T?. 

TABLE ITI. Rotation Phase Instabilities} 


| 
| Example number | 3b | 9b | 10b | 
| | 
| | 
(Gre WEicecierare oa.e ClO nore COI ID) | dele | 
Initial Pressure (w Hg) ....... 100 95 | 300 
Camera pictures/second.......| 5 x 108 3 96 1K! 
| | | 
| — i | | 
| Acceleration a, 1013 em sec” . 0.8 0.2 | 0.3 | 
Wenvelleavada 7, @Ws! 565500000000 0.95 | Tesi Vel | 
| Growth-time t, 1077 sec ...... | 2.2 | 4.0 | 4.5 | 
Ro Ged cy et tty aay tecoe a Peace 2.5 | he i) 3.5 


+ The values of a, A,¢ and the number density are averages over 
the period of the inward acceleration. 


5. Discussion 
5.1 GENERAL DISCUSSION 


Table 1 shows eight examples (1, 3a, 4, 4a, 5, 6a, 
9b and 10b) which satisfy Eq. (2); (27/A)a7?=1 
within the limits of experimental error. There are no 
examples with (27/A)at?<1 and four with 
(2m /A)at?>1 by amounts exceeding experimental 
error. A further examination of the results revealed 
that when (27/A)at?~1 then A,<r and when 
(2m/A) at?>1 then A,>r, or the amplitude of 
the flute was greater than the plasma radius and the 
assumption of small amplitudes is violated. The effect 
of the finite thickness, h, of the plasma [8] which tends 
to increase t has been neglected; when A= h/3 and 
the plasma is hollow, this becomes important. The 
appearance of the instability, pointed flutes separated 
by rounded troughs, is the same in all cases during 
the implosion and oscillation phases (not dependent 
on the type of coil) and it is likely that they are 
all due to Rayleigh-Taylor inertial forces. 

From Table II it is seen that (27/4) at?~1 for 
the instabilities during the rotation phase and so 
these instabilities, even although of slightly different 
appearance to the others, can be interpreted as due 
to inertial forces arising from the rotation. 


5.2 DAMPING 


In order to compare the results with the prediction 
of theory, which indicates that 42> 7553 n-2/3, it is 
necessary to know 7; and n over the pressure range 
of the experiments. Neither of these have been mea- 
sured directly, but » can be obtained from the observed 
compression assuming efficient collection of gas, see 
[2]. In the thetatron the heating is complicated by the 
presence of trapped field in the plasma and the tem- 
perature/pressure variation is not readily predictable 
without a knowledge of B=nkT'/[(B2/8 x)+nkT. 
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Although in some relatively small pressure intervals 
the temperature increases with increasing pressure, 
over the range of the present experiments the tempera- 
ture in general increases with decreasing initial pres- 
sure. This is shown by direct measurement of the 
peak electron temperature in deuterium from spectro- 


_scopic analysis of O VI/O V at 300 u Hg (Te~20 eV) 


and from bremsstrahlung measurements in the soft 
x-ray region at L0Oy Hg (Te =100 eV). The relative 
ion temperatures calculated from the instability, 
assuming viscous damping and using Eqs. (3) and (4), 
are also found (see Table I) to increase with decreasing 
pressure. This, together with the observation that the 
calculated temperatures are greater during the os- 
cillation phase (when further compression heating is 
taking place) than in the implosion phase, is consistent 
with the hypothesis that viscous damping is the pre- 
dominant mechanism. Resistive damping would give 
the opposite temperature/pressure variation [1]. 
The examples la, 2a, 3a, and 6a from 50 to 100 
microns had no flutes in the oscillation phase and 
the temperatures calculated are lower limits assuming 
that Am is greater than the plasma circumference. 


None of the conditions noted in Section 2, which 
must be satisfied for Eq. (4) to apply, can be thoroughly 
examined without an independent measurement of 7’. 
However, using the calculated values, it can be shown 


that in the examples during the implosion and 
oscillation phases the conditions (a) and (b) are 


satisfied. The approximation that the viscosity is not 
influenced by the magnetic field is probably satisfied 
as the ion collision time is less than or of the order 
of the ion cyclotron period. 

The observed re-appearance of the instability during 
the rotation, after it had been damped out in the 
oscillation phase, is not predicted by the simple 
theory. It can be shown for a rotating plasma which 
is adiabatically compressed that once it is stable 
against Rayleigh-Taylor instabilities (Ay, > 2 7 r) it will 
remain stable on compression when the effect of the 
magnetic field on the viscosity is ignored, i.e. 
(d/dr) (Am/2 = r)> 0, because the increase in viscosity 
associated with the temperature increase on com- 
pression dominates other terms, and viscous damping 
will continue to be effective. However, if the effect 
of a magnetic field in the plasma, which tends to 
decrease the viscosity [4] [9], is included, then in- 
stability on compression is predicted. This follows 
since the expression for viscosity in the presence of 
a magnetic field has a factor which decreases when 
the ratio of the ion collision period to the ion cyclotron 
period increases ; on compression this factor outweighs 
the increase due to the temperature increase, giving 
(d/dr) (Am/2 = r) <0. It should be noted that this effect 
can be eliminated if trapped field is excluded from 
the plasma. 


It is concluded that in order to account for the 
reappearance of the instability, either the viscosity 
must have been reduced by a magnetic field trapped 
in the plasma or conditions (a) or (b) (see Section 2) 
have been violated. At the time of rotational instability 


ough estimates indicate that all these possibilities 
re likely. 

It follows from the above discussion that all the 
alculated temperatures shown in Table I are lower 
imits because of the omission of the magnetic field 
orrection term in the viscosity. 


6. Conclusions 


Instabilities due to the Rayleigh-Taylor mechanism 
1ave been identified. Some of the examples observed 
lo not comply with the condition set by simple 
heory and these occurred when the assumption of 
small amplitude disturbances was violated. There was 
evidence for viscous damping, increasing in circum- 
stances where the temperature increases, supporting 
she prediction of theory. The instability was com- 
pletely damped in cases where the expected wavelength 
was greater that the plasma circumference. This 
ubsence of the instability at higher temperatures 
offers encouragement for future experiments with 
high temperature plasma. 
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ABSTRACTS IN ENGLISH 


Statistical thermodynamies of plasmas, H. S. GREEN (Unwersiiy of Adelaide, South Australia) 


Nuclear Fusion 1 (1961) 69—77 


A systematic method for the computation, with arbitrary accuracy, of the thermodynamic functions of a 
gaseous plasma is developed from first principles. The theory of the grand partition function is used to derive 
a set of exact integral equations, which determine the electronic and ionic distribution functions. An approxt- 
mate solution of these equations yields results similar to those of the Debye-Hueckel theory of electrolytes. 
More exact solutions are developed and used to compute the equation of state and other thermodynamic 
functions for plasmas. 


A simplified analysis of the dynamies of plasmas guns, J. G. Linnarr (Huratom — Comitato Nazionale per le 


Ricerche Nucleari, Frascati, Italy) Nuclear Fusion 1 (1961) 78—81 


The subject of this report is the acceleration of a cylindrical layer of plasma by an azimuthal magnetic field— 
a process similar to the ordinary By Iz pinch. The magnetic field is generated by a current drawn from a con- 
denser. The system can be represented by an L,C circuit in which the value of the inductance is changing owing 
to the movement of the plasma conductor. A simple, but approximate, description of the acceleration of the 
plasma can then be derived using the adiabatic theorem for oscillators together with the law of conservation 
of energy. The resulting approximate solutions are compared with numerical solutions of the appropriate 
differential equations. The approximate solutions are also applied to the rail-type of a plasma gun, previously 
reported by Artsimovich et. al. [Zhurn. Eksptl’ i Teoret. Fiz. 88 (1957) 3]. 


Nonlinear oscillations of rarified plasma, A. A. VEDENov, E. P. VELIKHOV, R. Z.Saapeev (I. V. Kurchatov 
Institute of Atomic Energy, U.S.S.R. Academy of Sciences, Moscow, U.S.S.R.) 
Nuclear Fusion 1 (1961) 82—100 


The paper basically is a review of a number of studies devoted to the theory of nonlinear motions of plasma 
under conditions where collisions between particles do not play a determining role. 
The problem is formulated in the introduction. It concerns the evolution in time of an initial perturbation 
of finite amplitude. The resulting physical picture will depend on these competing processes: nonlinear in- 
crease of wave steepness, dispersion, absorption and instability. In a number of cases where adsorption and 
instability are insignificant, it is possible to obtain an idea of the character of the nonlinear motions by applying 
the appropriate linear “dispersion law’’. 
The second Section presents certain specific types of nonstationary nonlinear motions permitting exact mathe- 
matical solution, namely: nonlinear oscillations of electrons at zero temperature, nonlinear motion of plasma 
across a strong magnetic field, and ion waves of finite amplitude in non-isothermal plasma where pj; < pe. 
In a number of instances, evolution of the initial perturbation leads to the formation of a multi-component 
current, some peculiarities of which are discussed in the third Section. In the next Section stationary non- 
linear waves are described, i.e. waves not changing their form with time. In a particular case they are the 
so-called “‘solitary waves’’, similar to waves on the surface of heavy liquid in a channel of finite depth. The 
possibility of the existence of such waves requires linear laws of dispersion of a specific character. The possi- 
bility of “solitary”? waves of rarefaction is pointed out. 
The question of absorption of waves in rarified plasma is then discussed. An approximate “quasi-linear’’ 
method is developed which permits the kinetic considerations in the absorption of waves of finite amplitude 
to be simplified. The method consists in the representation of the distribution function / (r, v, t) as a sum of 
rapidly and slowly varying terms. In the equation for the slowly varying term a quadratic average effect of 
fast oscillations is taken into consideration. This method is applied to two particular problems: the absorption 
of Langmuir electronic oscillations (in the limit of very small amplitude the equation for wave-damping goes 
over into the well-known formula for the so-called “‘Landau-damping’’), and the cyclotronic absorption of 
transversely polarized waves which propagate along the constant magnetic field. 
In the last section some types of instabilities of non-linear motions are shown, In addition to the instabilities 
associated with the multi-component motion, it is shown that waves in a magnetic field (in particular, soli- 


tary waves) are unstable if their amplitude exceeds a certain critical value which decreases as the plasma 


temperature decreases. 
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Fluctuations of a plasma (1), Norman Rosroker (John Jay Hopkins Laboratory, General Atomic, San Diego, 
California, U.S.A.) Nuclear Fusion 1 (1961) LO1—120 


We consider a fully ionized plasma. At time ¢ the state of the system is represented by a point X in the phase 
space of all the particles. We define D.dXdX’ .. dX) as the joint probability that at time t the system 
will be in (X, dX), at time ¢’ in (X’, dX’), ete. A systematic procedure has been developed for calculating any 
desired moment of D; as an expansion in the discreteness parameters e, m, and 1/n. Spectral densities and 
autocorrelation functions can thus be obtained without any “StoBzahlansatz” or Markoffian assumption. 
A comprehensive treatment of a plasma in thermal equilibrium has been carried out. A large ee of none 
equilibrium states may exist in a hot plasma for sufficient time to be considered stationary. Fluctuations 
have been calculated for the class of spatially homogeneous states of an infinite plasma. It is of some interest 
that thermal equilibrium relationships such as Kirchhoff’s radiation law and the fluctuation-dissipation 
theorem survive. As an application we have calculated the degree of excitation of the collective modes such 
as plasma waves, ion oscillations, ete. For distribution functions which approach instability as.some Parar 
meter is varied, the energy for some modes becomes very large and ultimately becomes infinite as instability 


is approached. 


Equilibrium and stability of an axially symmetric plasma with anisotropic pressure, CLAvuDE MERCIER, MICHEL 
~ . e 4 . * . We iF 
Corsartis (Huratom — Commissariat a VEnergie Atomique, Fontenay-aua- Roses, Seine, France) 


Nuclear Fusion 1 (1961) 121—124 


The stability of axially symmetric plasma with anisotropic pressure is studied by extending the method 
used in a preceding paper [Nuclear Fusion 1 (1960) 47]. The necessary condition for stability, previously 
found for a scalar pressure, is generalized; two additional conditions appear which are always satisfied for 
a scalar pressure. 


Voltage characteristies of a rotating plasma, B. Lennertr (Royal Institute of Technology, Stockholm, Sweden) 


Nuclear Fusion 1 (1961) 125—130 


The balance of forces is investigated for a rotating plasma contained in a long cylindrical vessel and placed 
in an axial magnetic field. A relation is deduced between the voltage which arises in a radial direction in the 
plasma and the electric charge being transmitted through the system from an external source. It is found 
that the equivalent capacity, which describes the electrical behaviour of the plasma, depends upon the trans- 
mitted charge and upon the constitution of the vessel wall. An explanation is suggested for the voltage 
limiting effect earlier observed in the Ixion device. 


Plasma accumulation in a device fed by energetic-ion trapping, R. J. Mackin, JR. (Oak Ridge National Labo- 
ratory, Oak Ridge, Tennessee, U.S.A.) Nuclear Fusion 1 (1961) 131—138 


Plasma accumulation (without energy losses) in a device in which energetic ions are injected and trapped 
has been discussed by Simon [J. Nuclear Energy € 1, (1960) 215]. Simon has presented a general steady-state 
theory for devices, such as the OGRA device, where trapping is initiated by interactions with background gas. 
For such devices there is usually a critical input current or critical plasma density (a function of input current) 
above which plasma density builds up to a value limited by Coloumb scattering losses. For a specific regime 
of operation (600-keV hydrogen molecular ion injection and dissociation, highly efficient ion-pumping action 
of the trapped plasma), simple approximate formulas are derived which describe the critical current or den- 
sity for plasma buildup. Second-approximation formulas are derived which describe with about 10°% error 
the overlapping segments of the density current curve for a broad range of parameters. 

The analysis is then applied to a system in which the initial trapping is accomplished by a Luce carbon are, 
e.g. DCX—2. Two new aspects emerge: (1) if the are is turned off slowly or if an arc of lower density is used, 
then the critical current for plasma build-up with are is nearly an order of magnitude less than previously 
estimated; and (2) the critical arc density, below which plasma build-up occurs after the are is removed, is 
sufficiently low that energy losses to fixed-temperature arc electrons are not significant. 

The time-dependence of plasma build-up, certain aspects of the impurity problem, and electron heating effects 
are also considered. Numerical examples are given for OGRA and DCX—2. 


The damping of Rayleigh-Taylor instabilities in a thetatron discharge, H. A. B. Bopin, A. A. Newton, 
N.J. Puacock (Atomic Weapons Research Hstablishment, Aldermaston, Berks., England ) 
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Nuclear Fusion 1 (1961) 139—143 
A high-speed framing camera has been used to photograph deuterium and helium discharges in which flute instabili- 
ties are driven by the inertial force of aradial acceleration. The wavelength of the instability increases with decreasing 
initial pressure, suggesting the damping effect of viscosity; in some cases this damping apparently prevents the 
growth of flutes entirely. A simple theory of viscous damping is in qualitative agreement with the observations. An 
instability due to the radial acceleration accompanying a rotation of the plasma appears at about peak field. 


RESUMES EN FRANCAIS 


Thermodynamique statistique des plasmas, H. 8S. Green (Université d’Adélaide, Australie-M éridionale ) 

Fusion Nucléaire 1 (1961) 69—77 
En partant des principes fondamentaux, auteur développe une méthode systématique pour un caleul de 
précision arbitraire des fonctions thermodynamiques d’un plasma gazeux. La théorie de la grande fonction 
de partition est utilisée en vue d’établir un ensemble exact d’équations des ions et des électrons. Une solution 
approximative de ces équations donne des résultats semblables & ceux de la théorie des électrolytes de Debye 
et Hueckel. L’auteur établit des solutions plus précises qu’il utilise pour calculer ?équation d’état et les autres 
fonctions thermodynamiques des plasmas. 


Une analyse simplifiée de la dynamique de canons & plasma, J. G. Lrnnarr (Euratom — Comitato Nazionale 
per le Ricerche Nucleart, Frascati, Italie 4) Fusion Nucléaire 1 (1961) 78—81 
Dans ce travail, on étudie l’accélération d’une couche cylindrique de plasma au moyen d’un champ magnétique 
azimutal — un processus semblable au pinch By Iz ordinaire. Le champ magnétique est créé par un courant 
déchargé d’un condensateur. Le systéme peut étre représenté par un circuit L, O dans lequel la valeur de l’in- 
duction change en résultat du mouvement du plasma conducteur. On peut ainsi donner une description simple 
mais approximative de VPaccélération du plasma par recours au théoréme adiabatique pour les oscillateurs 
ainsi qu’a la loi de la conservation de l’énergie. Les solutions approximatives qui en résultent sont comparées 
avec les solutions numériques des équations différentielles appropriées. Les solutions approximatives sont 
également appliquées au type «rail» du canon & plasma antérieurement décrit par Artsimovitch et al. [J. Hksptl’ 

a Teoret. Fiz. 38 (1957) 3]. 


Les oscillations nonlinéaires dun plasma raréfié, A.A. VEDENov, E. P. Vertkuov, R. Z.SacgpEEv (Institut 
d’Energie Atomique I. V. Kurtchatovy, Académie des Sciences de VU.R.S.S., Moscou, U.RS.S. ) 
Fusion Nucléaire 1 (1961) 82—100 


Cet article est essentiellement un apercu des travaux traitant de la théorie des mouvements nonlinéaires du 
plasma dans des conditions ot les chocs des particules ne jouent pas un réle déterminant. 

Le probléme est formulé dans l’introduction: il s’agit du développement d’une perturbation initiale d’amplitude 
finie en fonction du temps. L’image physique qui en résulte dépend des phénoménes concurrents: accroissement 
nonhnéaire de la pente du front de Vonde, dispersion, absorption et instabilité. Dans un nombre de cas, ot 
Vabsorption et Vinstabilité sont néghgeables, on peut obtenir une indication du caractére des mouvements 
nonlinéaires en appliquant la «loi de dispersion» linéaire appropriée. 

La deuxiéme partie est consacrée a la description de quelques types particuliers de mouvements nonlinéaires, 
nonstationnaires, qui permettent une solution mathématique exacte: oscillations nonlinéaires des électrons 
& température zéro; mouvements nonlinéaires du plasma en travers d’un champ magnétique intense ; ondes 
@ions d’amplitude finie dans un plasma non-isotherme ot p;<e. Dans plusieurs cas, l’évolution de la per- 
turbation initiale entraine la formation d’un courant a plusieurs composantes dont certaines caractéristiques 
sont examinées dans la troisiéme partie. Dans la quatrieéme partie, les auteurs décrivent les ondes stationnaires 
nonlinéaires, c’est-a-dire celles dont la forme ne change pas avec le temps. Dans un eas particulier, il s’agit 
d’ondes dites «ondes solitaires», qui ressemblent aux ondes a la surface d’un liquide lourd dans un canal de 
profondeur finie. De telles ondes ne peuvent se former que lorsque s’appliquent des lois Inéatres de SSIs 
d’un caractére spécial. Les auteurs signalent la possibilité de formation d’ondes politaires de raréfaction. 
Dans la cinquiéme partie, les auteurs étudient plus spécialement la question de absorption des ondes chs un 
plasma raréfié. Ils exposent une méthode quasilinéaire approximative qui ise teintes oe simplifier | étude cinétique 
de l’absorption des ondes d’amplitude finie. Cette méthode consiste, en fait, eC as la fonetion ee distri- 
bution f (r, v, t) comme la somme de deux termes dont Pun varie rapidement et 1 autre lentement: Pour 1 équation 
relative au terme lent, on tient compte de l’effet quadratique moyen des oscillations Tapides. On applique cotte 
méthode & deux cas particuliers: 1°) l’absorption des oscillations électroniques de Langmuir [dans les limites 
des amplitudes trés faibles, ’équation relative a amortissement des ondes devient la Hommule bien connue qui 
exprime l’«amortissement de Landau»], 2°) V’absorption cyclotronique des ondes polarisées transversalement 
qui se propagent le long d’un champ magnétique constant. i vil pas _ 
Dans la derniére partie, les auteurs indiquent quelques types Winstabilité des Hea Ble nonlinéaires. Ils 
montrent — en outre des instabilités des mouvements a plusieurs composantes examinées plus haut oe ae 
dans un champ magnétique les ondes (en particulier les ondes Sous) sont instables quand leur amplitude 
dépasse une certaine valeur critique, qui décroit lorsque la température du plasma diminue. 


i man Rostoxer (John Jay Hopkins Laboratory, General Atomic, San Diego, 
Te any ak ; Fusion Nucléaire 1 (1961) 101—120 


L’auteur étudie un plasma entiérement ionisé. Au temps ¢, l’état du systeme est indiqué par un point a dans 
Vespace de phase de toutes les particules. I définit D, dXdX’...dX“) comme probabilité a) le systeéme se 
heads au temps t en (X, dX), au temps ¢’ en (X’, dX’) etc. Une méthode systématique est proposée pour calculer 
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un moment quelconque de D; par un développement en série des parameétres de «discreteness» e, m, 1/n. On 
peut ainsi obtenir les densités spectrales et les fonctions d’autocorrélations sans recours au «Stosszahlansatz» 
ou & Phypothése de Markov. Un plasma en équilibre thermique fait Pobjet d’une étude compléte. Dans un 
plasma chaud, un grand nombre d’états de non-équilibre peuvent exister pendant une période suffisamment 
longue pour pouvoir les considérer comme stationnaires. Dans le cas d’un plasma infini, on a calculé les fluc- 
tuations de quelques états stables avec homogénéité spatiale. On observe que les relations d’équilibre ther- 
mique telles que la loi de la radiation de Kirchhoff et le théoréme des fluctuations dissipatives — restent 
valables. Comme exemple d’application, auteur a caleulé le degré d’excitation des modes collectifs tels que les 
ondes du plasma, les oscillations ioniques, etc. En ce qui concerne les fonctions de distribution qui s’approchent 
de l'état d’instabilité lorsque certains paramétres sont variés, énergie devient trés grande pour quelques 
modes et tend vers lVinfini & mesure que l’on s’approche de l’instabilité. 


Equilibre et stabilité d’un plasma en symétrie de révolution ayee pression anisotrope, CLAUDE Mercier, MIcHEL 
Corsarris (Huratom — Commissariat & V Energie Atomique, Fontenay-aux- Roses, Seine, France ) 


Fusion Nucléaire 1 (1961) 121—124 
Dans ce travail, on étudie la stabilité des plasmas en symétrie de révolution avec une pression anisotrope en 
généralisant les méthodes employées dans un article précédent [Fusion Nucléaire 1 (1960) 47]. On étend la 
condition nécessaire de stabilité déja trouvée en pression scalaire et de plus apparaissent deux conditions nou- 


velles toujours vérifiées dans le cas précédent. 


Caractéristiques du voltage d’un plasma en rotation, B. Lnnnerr, (Institut Royal de Technologie, Stockholm, 
Suéde ) Fusion Nucléaire 1 (1961) 125—130 


L’auteur étudie l’équilibre des forces pour un plasma en rotation, confiné dans une chambre cylindrique allongée, 
et placé dans un champ magnétique axial. I dérive une relation entre la tension produite en direction radiale 
dans le plasma, et la charge électrique engendrée par une source extérieure et transmise par ce systéme. Il 
trouve que la capacité équivalente, qui décrit le comportement électrique du plasma, dépend de la charge 
transmise par le plasma et de la constitution des parois de la chambre. Il propose une explication de leffet 
de limitation de tension, déj& observé dans lVappareil «Ixion». 


Accumulation de plasma dans un appareil alimenté par la capture d’ions énergétiques, R. J. Mackin, JR. (Oak 
Ridge National Laboratory, Oak Ridge, Tennessee, Etats-Unis) Fusion Nucléaire 1 (1961) 131—188 


Simon [J. Nuclear Energy € 1 (1960) 215] a traité Paccumulation d’un plasma, sans perte d’énergie, dans un 
appareil ot les ions énergétiques sont injectés et capturés. I] a développé une théorie générale des états stationnaires 
pour des appareils tels que TOGRA, ot la capture est amorcée au moyen d’interactions avec des gaz résiduels. 
Dans les appareils de ce type on observe normalement un courant critique d’entrée ou une densité critique 
du plasma (une fonction du courant d’entrée). Quand ces quantités critiques sont surpassées, la densité du 
plasma s’accroit a une valeur limitée par les pertes dues a la diffusion Coloumbienne. Des simples formules ap- 
proximatives sont dérivées pour des opérations spécifiques (injection a 600 keV de molécules d’hydrogéne 
ionisées suivie de leur dissociation; le plasma capturé se comportant comme une pompe d’ions trés effective). 
Ces formules approximatives fournissent une explication pour le courant et done pour les densités critiques 
associées avec Vaccroissement du plasma. Les formules de deuxiéme approximation, qui sont dérivées, décrivent 
avec une erreur de 10°% (pour une gamme étendue de paramétres) les zones de recouvrement de la courbe 
représentant la densité en fonction du courant. 

Par suite, on applique cette méthode & un systéme dans lequel la capture initiale est accomplie par l’are de 
carbone de Luce, comme par exemple dans l’appareil DCX-2. On constate deux aspects nouveaux: (1) si l’in- 
tensité de Pare est lentement diminuée, ou si un are de densité plus basse est utilisé, le courant de plasma est 
presque d’un ordre de grandeur inférieur a celui estimé dans les travaux antérieurs; et (2) la densité critique 
de Vare (au-dessous de laquelle le plasma croit aprés la disparition de l’are) est suffisamment basse pour que les 
pertes d’énergie aux électrons de température fixée soient peu importantes. . 

On a aussi étudié Paccroissement du plasma en fonction du temps, ainsi que certains aspects du probléme d’im- 
aes et les effets du chauffage des électrons. Des exemples numériques pour lOGRA et le DCX-2 sont 

onnés. 


L’amortissement des instabilités de Rayleigh-Taylor dans une décharge thétatronique, H. A. B. Bopry, A. A. 
Newton, N.J. Peacock (Atomic Weapons Research Establishment, Aldermaston, Berkshire, Angleterre ) 
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Fusion Nucléaire 1 (1961) 139—148 
Les auteurs ont étudié — au moyen des photographies successives ultra-rapides — les instabilités caractérisées par 
les stries et produites par les forces inertiales dans des décharges en deutérium et hélium. Les stries sont poussées 
par la force inerte d’une accélération radiale. La longueur d’onde associée avec l’instabilité s’accroit 4 mesure que 
décroit la pression initiale — un effet suggérant un amortissement dt & la viscosité. Dans certaines srlataeaiee 
amortissement semble supprimer entiérement le développement desstries. L’hy pothése simple proposée pour l’amor- 
tissement dt a la viscosité est en accord qualitatif avec les expériences. Une instabilité — attribuée & Vaccélération 
radiale associée avec la rotation du plasma — apparait au moment ou le champ magnétique approche du maximum 


AHHOTALMA TO-PYCCKH 


CratTucrwyeckasd TepMojlMHaMHKa m1a3MbI, X. C. PPUH, (Adeaaudckuii ynueepcumem, FOornaa A ecmpaau.s) 


AnepHbiit cuHte3 1 (1961) 69—77 


Mcxoa4 43 OCHOBHBIX NpHHIMHOB, paspabaTprBaeTca CHCTeMaTH4eCK Hit MeCTOL BbIYHCIICHHA — C IPOW3BOJIbHOM TOUHOCTBIO — 
TeEPMOAMHAMMYECKHX (PyHKUH ra3z00Opa3Holt Na3MbI. Teopua PyHKUHH PaciipeteseHUA IIPHMeHAeTCA JIA BLIBOa CHCTeMbI 
TOMYHBIX HHTCTPalIbHbIX YPaBHeHHH, ONPeeAFOMMX SPYHKUMH pacnpedeseHvA HOHOB M 9s1eKTPOHOB. IlpuOsmxenHoe pemenne 
STHX ypaBHeHHH WaeT pe3yNbTaTbl, MOAOOHbIe pesynbTaTaM TeOpuH geKTpoNMTOB JeOaii-Xtoxensn. Ipusogstca Gomee 


TOYHbIC PCWIeCHHA, KOTOPbIe MCHOJIBSYIOTCA DIA BhIYHCIICHHA yPaBHeHHA COCTOAHHA HW pyrux TepMOJMWHAaMHYeCKHX dbyHkKunii 
TJ1a3MBI, 


YopowmesHei anasn3 THHaMHkH nia3smMennoii nymKn, JDK. P. JI UHXAPT, (Eepamom — Hayuyonaaononi Komumem 
no s0epHeIM uccaedoeanusm, Ppackamu, Umaaua) 


Anepubii cunte3 1 (1961) 78—81 


Temoii 3TOrO OTYeTA ABIIACTCA PACCMOTPeHHe YCKOPeHHA UMIMHAPM4ecKOrO MW1a3MeHHOFO cHON a3UMyTaJIbHbIM MacCHHTHbIM 
nowleM — npouecc NOTOOHbI OObIKHOBeHHOMY By Jz muH4y. MarHuTHoe nose rexepupyeTca TOKOM OT KOHJeHCaTOpa. ITY 
CHCTEMyY MO2KHO H300pa3uTb enbio L, C, B KOTOPO! BeIMYHHAa HHTYKTHBHOCTH MeHsAeTCA B 3aBHCMMOCTH OT DBIDKeHHA 
nla3MeHHOTO NpoOROAHHKa. TakKHM OOpa30M, Ha OCHOBAHUMM atnabaTHYeCKO TeOPeMbI JIA OCUMIATOPOB HM 3aKOHa COxpa- 
HeHHA SHEPrMH MOXHO BbIBECTH MpocToe, HO NpHOMKeHHOe ONMCaHHe ycKOpeHMA ma3MbI. Tlomyyennpie npuOsM%xKeHHEIE 
PeIMeHHA CPpaBHHBarOTCA C WMPOBbIMH PeWIeEHHAMM COOTBETCTBYIOWMIMX DHdpdepenuMabHBIX ypaBHenul. TI puOmmxKeHHbre 
PelleHHA Tak2Ke MPHMCHMMBI AIA Cilyyad M1a3MeHHOH MYWIKH «pesbCOBOrO» THMa, paHee OmMcaHHOi ApIHMOBHyeM H Op. 
DKyp. akcnep. u meop. Guz. 33 (1957) 3]. 


He.muetinbie Ko1eOanHA paspexenHoi n1a3mbBI1, A. A. BEXEHOB, E. I. BEIMXOB, P. 3. CATEEB (Mucmumym 
amomuou aHepeuu umeHu H. B. Kypuamoea Akademuu Hayx CCCP, Mocxea, CCCP) 
AgepHbpiit cuute3 1 (1961) 82—100 


CraTbA, B OCHOBHOM, MpenctTaBisaeT coOoi 0630p pana paOoT, NOCBAIIeHHBIX TeOpHM HeIMHeMHBIX DBYOKeHH D1a3MbI B 
YCNOBHAX, KOra CTOJIKHOBCHHA Mey 4yacTHUaMH He UrparoT OMpewesAroMmel pos. 3 
Bo BBegzeHuu PopMysMpyetcsA MOCTAHOBKA 3aa4H : OO 9BOJIFOIUMM BO BPeCMeHH HayaJIbHOTO BO3MYILCHHA K OHCYHOM AMIMINTY DBI. 
BosHukaromlad pu3wyeckad KapTHHa OyfeT 3aBHCeTb OT KOHKYPeHUMH MexAY MpoleccaMu: HesMHeMHOrO yBeIMYeHHA 
KPYTH3HbI, WHCnepcuu, NOrsoweHuA WH HeycToMuuBocTH. B pane ciyyaeB, Kora NOrNmomenHve MH HeyCTOMYMBOCTb Hecylle- 
CTBeHHbI, MOXKHO MOJYYMTbh MpescTaBseHHve O XapakTepe HEMHEHMHbIX TBUKeEHHU, NPUBIeEKAA COOTBETCTBYIOUIMM JIMHEMHBbIM 
«3aKOH DucnepcHy»>. 
Bropaa riaBa MOCBALIeHa H3J1IO%KCHHEHO HEKOTOPbIX 4YaCTHbIX THMOB HECTALWMOHAPHbIX HCJIMHeCHHbIX DBHKeEHUM, TOMyYCKAFOWHX 
TOYHOe MaTeMaTHYeCKOe PeMleHHe : HeMHeMHbIe KONeOaHHA 3IeEKTPOHOB Upu T= 0, HemMHelHbIe TBYOKCHUA T1a3MbI MOMepeK 
CHJIBHOrO MarHHTHOLO Oss, HOHHbIC BOJIHbI KOHEYHOM AMMMJINTYIbI B HEMB3OTEPMHYeCKON MW1a3Me pu pi< pe. B pane csyyaeB 
39BONFOUMA HayabHOroO BO3MYIICHHA TIPHBOOMT K OOpa30BaHHtO MHOFOMOTOKOBEIX TeYeHH, HeEKOTOPble OCOOeHHOCTH 
KOTOPbIX OOcyxaroTca Bri. 3. B yeTBepToi rnaBe ONMCaHbI yCTAHOBMBINMECA HeJIMHeEMHbIe BOJIHBI, T.€. BOJIHbI, He MEHAFOMIMe 
cBoeli (POPpMbI BO BpeMeHH. B yacTHOM coyyae ITO Tak Ha3bIBAeMble «“YeMHCHHbIe» BOJHBI, HaNOOOuve BOJIH Ha MOBEPXHOCTH 
TAKEO WKMAKOCTH B KaHasie KOHEYHOU riyO6uHbI. BO3MO2xHOCTb CyMIeCTBOBaHHA TaKHX BOJIH TpeOyeT JIMHeHHbIe 3AKOHBI JMC- 
nlepcwu ompeeweHHOrO xapakTepa. YKa3bIBaeTCA Ha BO3MO%KHOCTb YeMHeHHBIX BOJIH pa3pe7KeHHA. 
B naToi riaBe cnemunanbHo OOcyxKTaeTCA BONPOC O NOFIOUIeHHM BOJIH B pa3spexeHHO nla3Me. Pa3sBuBaeTcaA NpuOsMKeHHBIM 
«KBa3MIIMHEMHbI MCTOL, NO3BOJIAFOUIMM YIPOCTHTb KMHETHYeCKOe PACCMOTPeHHE MOTIOMUICHMA BOJIH KOHEYHOW AMMIMTY ABI. 
CylIHOcTb MeTOa 3aKs1KOYaeTCA B TOM, 4TO cyHKUMA pacnpereneHusa f(r, v, t) MpeacTaBIAeTCA B BUe CyMMbI OBICTpO Hu 
MeIWIeHHO MeHsFouIMXca yacteit. [Ip 9TOM B ypaBHeHHMM JIA MeyIeHHO MeHAIOMeiCA YaCTM YYMTbIBAeTCA KBadpaTHYHbI 
ycpenHeHHbI sbcexT Sbictpprx ocuumauMi. Metod MpHMeHseTCA K TBYM YaCTHBIM 3af1a4aM: O MOTsIOMWeHHM JIeHTMIOpOB- 
CKHX 9IEKTPOHHBIX KOeOaHni (B Mpeteme OCHS MasIbIX AMIMIMTY A BbIPAKeHHe IIA 3ATYXAHMA BOJIH MepeCXOAMT B U3BECTHY!O 
dopmysy aia Tak Ha3brBaemoro «3aTyxaHMa JlaHfay»), O UMKJIOTPOHHOM MOrIOMICHHM MOMepedHO MOJIAPH3OBaHHBIX BOJIH, 
PacnpOcTpaHAFOWIMXCA BUOJIb MOCTOAHHOrO MarHUTHOTO MOA. 

< B nocnenaueit 6-oii rape yKa3bIBaroTCA HEKOTOPbIe THIUbI HEYCTOMYMBOCTH HesIMHeHHbIX Buxenuit. Kpome HeycroianBocten 
MHOrOMOTOKOBOrO JBWXKeHMA OKa3aHa HeyCTOM4YMBOCTb BOJIH B MarHUTHOM Nose (B YaCTHOCTH, yeMMHeHHIX BOJIH), CCJIM 
yX aMOUIMTyHa MpeBbiliaeT HeKOTOPOe KPHTMYECKOe 3HaYeHHe, TCM MeHbINee, YM MeCHbIe Temiepatypa M1a3Mbl. 


@mroxtyaunu mia3zmbr (1), HOPMAH POCTOKEP ( JIabopamopua umenu Joc. Jor. Ponkunca meopemuyeckou 


OHOU KU, »Jlocenepan amomuk, Can J[uezo, Kaaugbopnua, CIA) 
Micron Sarit i : Anepupm cuntes 1 (1961) 101—120 


Vccnenyetcs 10 HOCTBIO HOHM30pOBaHHas 11a3Ma. B 11000 MOMeCHT BpeMeHH f COCTOAHMe CHCTEMbI pecTaBIAeTCA TOUKOK 
X B (—ba30BOM TIpocTpaHcTBe BCexX 4acTHIL. D<dXdX’ ... dX) ompenenseTca Kak T1OJTHaA BEPOATHOCTh, YTO B MOMCHT Bpe- 
MeHH f cucTeMa OyneT HaxoquTECA BCX, dX), a B MOMeHT BpeMecHH t’, B (X’,dX’,) uT.0. PaspadboraH cucTemaTH4eckui MeTOn 
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1, 4 1/n. Takum 06pa30M MO2KHO 


BbIYHCIICHMA JOOOrO MOMeHTa Ds tyTeM pacnpocTpaHeHHaA TapaMeTpOB JMCKPeTHOCTH @, 77 
opus Mapkosa. 


NOYYUTh CHEKTPAJIbHbIe TIOTHOCTH MW PYHKUMH aBTOKOPeJJIALMM 6e3 ccpuiku Ha «StoBzahlansatz» wu yeu 
Tlpopeneno ucuepbiBaronlee UCCMeMOBAHHe Ma3MbI B TeMJIOBOM PaBHOBeCHH. B ropsyeli mia3me OosIbiuaad Ppynma COCToO- 
AHMit HepAaBHOBeECHA MOXKET CyIMeCTBOBATb B TeYCHHe MOCTATOYHO MPOAOJDKUTeIbHOTO BPeMCHH, YTOObL MOXKHO ObLIO pac- 
CMaTPUBaTb 9TH COCTOAHMA KaK CTauMOHapHble. PaccuMTaHbl PAOKTYAUMM [JIA TPyTiitbl TIpocTpaHCTBeHHO TOMOFreHHBIX 
cTaOMIbHbIX COCTOAHMit B HeorpaHwueHHO mia3me. OTMeyaeTCA, UTO HEKOTOPbIe TeMIOBbIe PABHOBeCHA — Kak Halip. 
3aKOH u3Iy¥eHun Kupxrodda 4 TeopeMa *sKOKTYaUMOHHON WHCcuMaunN — OCTAaFOTCA B CHIC. B kayecTBe MpHMeHeHHA MBI 
BbIYHCHHJIM CTCNCHb BOZOYKTCHHA TAKUX KOJVIEKTHBHBIX OOPa30BaHHii, KaK M1a3MeHHbIe BOJIHbI, OCLMJIIAUMM MOHOB HM T.A. 
Tas cnyyas pbyHKuHii paciipeneseHua, CTPeMALUIMXCA K HeCTaOMJIBHOCTH M10 Mepe H3MCHCHHA MapaMeTpoOB, IHEPruA HeEKOTOPBIX 


o6pa30BaHHit CHIbHO BO3pacTaeT, CTpeMaCb K GecKOHeYHOCTH pH npHOmMKeHHM K HecTaOHJIbHOCTH. 


Pasnopecne H YCTOW4HBOCTh M1a3Mbi C OCeBOH CHMMeTPHel TPH AHH30TPOMHOM /1aBJIeHHH, KsJIO, MEPCbE, 
MUUWEJIb KOTCA®TUC (Eepamom — Komuccapuam no amomuHou aHepeuu, ®onmene-o-Po3, Ppanyus) 


Anepupm cunte3 1 (1961) 121—124 


Veroii4¥nBocTb my1a3Mbl C OCeBOit CHMMeTPHeit IPH AHH3OTPOMHOM aBsIeHHM H3y4aeTCA NyTeM OOOOMIeHHA MeTONOB, TIpH- 
MeHeHHBIX B TIpedbiaymei cratbe [Adepnoiii cunme3 1 (1960) 47]. O6oOmaroTca HeOOXOAMMBbIe yCOBMA TIA yCTOMYMBOCTH, 
YCTAaHOBJICHHble pahee MIA CKANAPHOTO MaBJICHHA; MOABJIAIOTCA [IBA HOBbIX COCTOAHMA, KOTOPbIe BCer a YNOBMETBOPAIOTCA 


OANA Cy4aHt CKaJIAPHOTO WaBJICHHA. 


XapakrTepucTuka HanpsxKennA Bpaljaroulelica mia3mMbl, b. JIEHEPT (Kopoaseeckui uncmumym mexnosoeuu, 
Cmoxkzoaom, Ileeyus) 


AnepHpm cuute3 1 (1961) 125—130 


VUccnenyetca paBHoBecve CHI B Cily¥ae BPalllarOUleicA Ma3Mbl, yHep2xUBaeMOK B MPOAOJIbHOM UWMJIMHOPWyeCKOM cocye u 
HaXxOJAWelHcA B OCCEBOM MarHHTHOM ose. BoiBowquTcA COOTHOWMeHMe Mex TY HallpsAxKeHHeM, BOZHHKAIOWIMM B pay{MasIbBHOM 
HanpaBsIeHHH B 1a3Me MW TPOBODHMBIM Yepe3 CHCTeMy IJIEKTPHYeCKHM 3apADOM U3 BHEeLIHerO HCTOYHHKA. KoHcTaTupyetcs, 
YTO IKBHBAJICHTHAA EMKOCTH, ONPeNeNAOWIaA WIeEKTPHYeCKOe NOBEeHHE IIa3MBI, 3ABMCHT OT 3apaAa, MPOBOAMMOrFO Yepe3 
aia3My, HW OT cTeHOK cocyna. Jlaerca OObaACHeHMe 9*dekTa, OrpaHHuMBarollero HanmpsAxKeHHe, KOTOPbI paHee HaOHOLAIICA 
B ycTaHoBKe «MkcHoM>. 


AKKyMyJIMpoBaHHe M1a3MbI B YCTaHOBKe MHTaeMOl 3axXBaTOM 3HepreTH4eckHX HOHOB, P. JK. MAKKHUH ( Ox- 
Pudsweckas Hayuonarbnas aabopamopus, Ox Pudsic, Tenneccu, CIA) 


AnepHpit cunHTe3 1 (1961) 131—138 


Caiimou DK. Hioxaeap enepdscu C 1 (1960) 215] onucbrBaeT akKKyMysIMpOBaHHe M1a3MbI (6e3 MOTepH IHEPrHH) B yCTaHOBKe 
C BBeeHHeM VM 3aXBaTOM 9HeEpreTHyecKuX HOHOB. CaiiMOH WaeT OOLMLyFO TEOPHFO yCTAHOBMBILerOCA pexKUMA JIA yCTaHOBOK 
Takux Kak OGRA, B KOTOpbIX Ha4vasIbHbIi 3aXBaT BbIZbIBACTCA B3AMMODCUCTBUAMH C OCTATOYHBIMHM ra3aMu. B ciy4ae ycra- 
HOBOK 9TOrO THNa, OObIYHO HaOmFOMAeTCA KPUTMYECKHM BXOAAWIM TOK WIM KpHTMY¥eCKad MIOTHOCTb Mm1a3Mbl (pyHKUMA 
BXOQAWerO TOKA) NPM MpeBbILIeCHHU KOTOPOM MIOTHOCTb MW1a3Mbl BOZPAaCTaeT HO BeIMYMHbI, OTPAaHMYeCHHOM MOTepAMU Ha 
KynoHosBckoe paccesHne. BbIBOnATCA MpOcTbie NpHONMKeHHbIe (POPMYIBI WIA KOHKPeTHOrO pexuMa paOoTbI (BBeZeHHe 
MOJIeKyJI HOHM3MpOBaHHOroO BOAOpOra pu 600 key vw ux DNCCOUMALMA, HevicTBHe 3aXBaYeHHOL Mia3MbI KaK BbICOKO-9(p(PeKTHB- 
HOO HOHHOYO Hacoca). ITH NpHOMMKeHHbIe (POPMYJIbI ONMCbIBAFOT KPHTHYECKH TOK HJIM KPHTHYECKYHO MWIOTHOCTh, CBA3aH- 
HyFO C HapacTaHveM m1a3MbI. BeriBOnATCA (OPMyJIbI DJIA BTOPOTO NpHOMMxKeHUA, OMMCHIBAIOIIMe C MOPPeWIHOCTbIO OKOO 
10°/) y¥acTKM MepeKPbITHA MOTHOCTH B 3aBMCHMOCTM OT KPHBOi TOKa AIA WIMpOKOrO BMama30Ha MapaMeTpos. 

3aTeM 9TOT aHasIH3 MpMMeHAeTCA K CHCTeMe, B KOTOPOii NepBOHAYasIbHbIii 3aXBaT COBepIaeTCA C MOMOLIIO YrOsIbHOL 
ayru Jitoca, Hamp. DCX-2. Toapnsetcs 1Ba HOBBIX acneKTa: 1) ecu Lyra BLIKMOYaeTCA MeJICHHO, WJIM ECM UCHOMB3yeTcA 
Hyra MeHbIWeH MIOTHOCTH, TO KPHTH4eCKHM TOK HapacTaHHsA 1J1a3MbI MOJyYaeTCA MOUTH Ha OHH MOPANOK BesIMYMHbI MeHBILe 
TIpeBapuTeJIbHbIX OUCHOK, HM 2) KPUTHYeCKAA NIOTHOCT Ayr, (HHKE KOTOPOM HapacTaHue I1a3MbI MPOUCXOAUT MocMe BbI- 
KJIKOYCHHA DYTH) HOCTATOYHO HH3KAa, YTOOBI MOTepM IHEPrHM Ha ICKTPOHbI Ayr pu PUKCHpOBaHHO Temnepatype GBM 
He3HAYMTeIbHbIMH. 

Visyyarorca TakxKe BDeEMeHHaA 3AaBHCMMOCTb HapacTaHMA Ta3MbI, HEKOTOPble MpOOMeMbI MpHMeceii u I9pceKTEI HarpeBaHua 
3neKTpoHos. Jlarotca upumMeppr aia OGRA u DCX-2. 


Tamenne Heycromaupocreii Penes-Toiia0pa B TeraTponHoM pa3paye, X. A. b. BOAMH, A. A. HbFIOTOH, H. JDK. 
TIMKOK (Hayuno-uccaedosameavckuii yenmp no amomHomy opyorcuro, Ondepmacmon, Bepxwup, Aneaus) 
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AnepHbii cunte3 1 (1961) 139—143 


Poroperucrpatop, padotaroumi B pexuMme JynbI BpeMeHM Ob UcHOb30BaH WIA TOMyYeHHA cororpaduii TeiitepueBErx vu 
TeJIMEBHIX Pa3PAQOB, B KOTOPbIX 2%KeOOKOOOpa3Hble HEYCTOMYMBOCTH NOALeEpxXUBAIOTCA MHEPLMOHHbIMM cHIaMH padastb- 
HOrO yckopeHua. JIMHa BOJIHbI HeyCTOMYMBOCTH yBeJIMYMBaeTCA TIO Mepe yMeHbINeHNA HayasbHOrO HaBieHua, 4TO 
CBUCTEJIBCTBYCT O TACALIeM eHCIBMM BA3KOCTH; B HEKOTOPBIX C/Iy¥aAX ITO TallleHHe MOBMZMMOMY TOsHOCTBIO lIpeOTBpa- 
maeT OOpa30BaHne 2%KeN0OKoB. IIpocraa Teopusa BA3KOrO TalleHUA KAYeCTBEHHO corslacyeTca C pe3yJIbTaTaMM 9KCMepHMeHTOB. 
Heycroiivusocth, oOycnopienHad palwaltbHbIM YCKOpeHHeM COmpoBOx%KTarOuluM BpallleHHe T1a3MbI MOABIIACTCH B TOT 
MOMEHT, KOra MarHuTHOe Mose npHOmMKaeTcCA K TMKy. 


RESUMENES EN ESPANOL 


Termodinamica estadistica de los plasmas, H. S. GREEN (Universidad de Adelaida, Australia Meridional) 


| Fusion Nuclear 1 (1961) 69—77 
Partiendo de principios fundamentales, el autor desarrolla un método sistemstico para calcular, con precisién 
arbitraria, las funciones termodindmicas de un plasma gaseoso. Utiliza la teorfa de la gran funcién de particién 
pare, obtener una serie de ecuaciones integrales exactas, que determinan las funciones de distribucién electronica 
e i6nica. Una solucién aproximada de estas ecuaciones proporciona resultados semejantes a los obtenidos al 
aplicar la teoria de los electrolitos de Debye-Hueckel. El autor obtiene soluciones mas precisas, que utiliza 
para calcular la ecuacién de estado y otras funciones termodindamicas de los plasmas. 


Analisis simplificado de la dindmica de los cafiones de plasma, J. G. Lryunarr (Asociacién Euratom —C.N.R.N.. 
Frascati, Italia) Fusion Nuclear 1 (1961) 78—81 


En este trabajo, se estudia la aceleracién de una capa cilindrica de plasma por medio de un campo magnético 
azimutal, proceso andlogo a la autoconstruccién B//, ordinaria. El campo magnético es generado por la corriente 
suministrada por un condensador. El sistema puede representarse por un cireuito L, C en el cual el valor de 
la inductancia varia debido al movimiento del plasma conductor. Se puede dar una descripcién simple, pero 
aproximada de la aceleracién del plasma recurriendo al teorema adiabatico para los osciladores, asi como a 
la ley de la conservacién de la energfa. Las soluciones aproximadas resultantes se comparan con las soluciones 
numéricas de las ecuaciones diferenciales correspondientes. Las mismas soluciones se aplican también al cafién 
de plasma de tipo «riel», anteriormente descrito por Artsimovich y col. [Zhurn. Eksptl’ i Teoret. Fiz. 88 (1957) 3). 


Oscilaciones no lineales de un plasma rarificado, A. A. Vepenov, E. P. Vetuov y R.Z. Sagperev (Instituto 
de Energia Atomica I. V. Kurchatov, Academia de Ciencias de la URSS, Mosci) 


Fusion Nuclear 1 (1961) 82—100 


Este articulo constituye en esencia una resefia de los trabajos dedicados a la teorfa de los movimientos no 
lineales del plasma en condiciones en que las colisiones entre particulas no desempefhan un papel decisivo. 
El planteamiento del problema se formula en la introduccién:-se refiere a la evolucién de una perturbacién 
inicial de amplitud finita en funcidn del tiempo. La imagen fisica resultante dependera de una competencia 
entre los siguientes procesos: aumento no lineal de la pendiente, dispersién, absorcién e inestabilidad. En 
determinados casos, cuando la absorcién y la inestabilidad son despreciables, es posible formarse una idea 
de la indole de los movimientos no lineales aplicando la «ley de dispersién» lineal apropiada. 

La segunda parte del trabajo esta dedicada a la descripcidn de algunos tipos particulares de movimientos no 
lineales y no estacionarios, que admiten una solucién matematica exacta: oscilacidn no lineal de los electrones 
a la temperatura cero, movimientos no lineales del plasma a través de un campo magnético intenso y ondas 
idnicas de amplitud finita en un plasma no isotérmico cuando p; < pe. En algunos casos, la evolucién de la 
perturbacion inicial da origen a la formacion de un flujo de varios componentes, algunas de cuyas caracteristicas 
se estudian en la tercera parte del trabajo. En la cuarta parte, los autores describen las ondas estacionarias 
no lineales, es decir, aquellas ondas cuya forma no varia con el tiempo. En un caso particular, se trata de las 
denominadas <ondas solitarias», andlogas a las ondas que se forman en la superficie de un liquido denso en un 
canal de profundidad finita. Estas ondas sdlo pueden formarse cuando rijan leyes lineales de dispersién de 
cardcter especifico. Los autores mencionan la posibilidad de que se formen «ondas solitariasy de rarefaccién. 
En la quinta parte, los autores estudian especialmente la cuestién de la absorcién de las ondas en un plasma 
rarificado. Exponen un método aproximado «cuasi lineal» que permite simplificar el estudio cinético de la 
absorcién de las ondas de amplitud finita. Este método consiste esencialmente en representar la funcién de 
distribucién f (r, v, t) como suma de dos términos, uno de los cuales varia rdipida y el otro, lentamente. En la 
ecuacién relativa al término lento, se tiene en cuenta el efecto cuadratico medio de las oscilaciones rapidas. 
Este método se aplica a dos casos particulares: 1) el de la absorcién de las oscilaciones electrénicas de Langmuir 
(en el intervalo de las amplitudes muy pequefias, la expresién del amortiguamiento de las ondas se transforma 
en la conocida férmula del llamado «amortiguamiento de Landau»), y 2) el de la absorcién ciclotrénica de las 
ondas transversalmente polarizadas que se propagan a lo largo de un campo magnético constante. 

En la ultima parte, los autores mencionan algunos tipos de inestabilidades de los movimientos no lineales. 
Se refieren no solamente a las inestabilidades asociadas a los flujos de varios componentes, sino también a la 
inestabilidad de las ondas en un campo magnético (ondas solitarias especialmente), que se observa cuando 
su amplitud supera cierto valor ecritico, que disminuye a medida que la temperatura del plasma desciende. 


Fluctuaciones de un plasma (I), N. Rosroxer (John Jay Hopkins Laboratory, General Atomic, San Diego, 
California, Estados Unidos) Fusién Nuclear 1 (1961) 101—120 


El autor considera un plasma totalmente ionizado. En el instante ¢, el estado del sistema esta representado 
por un punto X en el espacio fasico de todas las particulas. Define D;/dXdX’ ... dX), como la probabilidad 
de que el sistema se encuentre en (X, dX) en el instante t, en (X’, dX’) en el instante ?’, ete. Propene un método 
sistematico para calcular un momento cualquiera de Ds como un desarrollo en serie en los parametros de dis- 
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continuidad e, m y 1/n. Asi se pueden hallar las densidades espectrales y las funciones de autocorrelacién pres- 
cindiendo del — «Stosszahlansatz» y de la hipétesis de Markov. El autor hace un estudio completo de un plasma 
en equilibrio térmico. En un plasma caliente, puede existir un gran numero de estados de no equilibrio durante 
un periodo suficientemente largo para poder considerarlos como estacionarios. El autor ha calculado las fluctua- 
ciones de los estados especialmente homogéneos de un plasma infinito. Es interesante bolsenver que siguen 
cumpliéndose las relaciones de equilibrio térmico, tales como la ley de la radiacién de Kirchhoff y el iootera? 
de la disipacién de fluctuaciones. Como ejemplo de aplicacién, el autor ha calculado el grado de excitacion 
de modos colectivos, tales como las ondas de plasma, las oscilaciones idnicas, etc. En el de funciones de distri- 
bueién que se aproximan al estado de inestabilidad cuando se hace variar algun parémetro, la energia es muy 
grande para ciertos modos y tiende a infinito a medida que se va aleanzando la inestabilidad. 


Equilibrio y estabilidad de un plasma de simetria axial con presién anisotrépica, C. MERCIER y M. CoTsaFTIs 
. . ° Neate YON 
(Groupe de Recherches de V Association Euratom-CEA sur la Fusion, Fontenay-aux- Roses, Seine, Francia) 


Fusién Nuclear 1 (1961) 121—124 


En este trabajo los autores estudian la estabilidad de los plasmas de simetria axial con presion anisotropica, 
generalizando los métodos expuestos en un trabajo precedente [Pusion Nuclear 1, (1960) 47]. Extienden la 
condicién necesaria de estabilidad previamente hallada para una presién escalar y, ademas, aparecen dos 
condiciones nuevas que se cumplen siempre en el caso precedente de presién escalar. 


Caracteristicas de la tensién de un plasma en rotacién, B. Lennert (Real Instituto de Tecnologia de Dsto- 
colmo, Suecia) Fusion Nuclear 1 (1961) 125—130 


El autor estudia el equilibrio de fuerzas en el caso de un plasma en rotacién, confinado en una camara cilindrica 
alargada y colocado en un campo magnético axial. Establece una relacién entre la tensién producida en la 
direccién radial del plasma, y la carga eléctrica generada por una fuente exterior y transmitida a través del 
sistema. Comprueba que la capacidad equivalente, que describe el comportamiento eléctrico del plasma, depende 
de la carga transmitida por el mismo y de la constitucién de las paredes de la camara. Propone una explicacién 
del efecto de limitacién de tensién, ya observado en el aparato «Ixién». 


Acumulacién del plasma en un aparato alimentado por captura de iones energéticos, J. R. Mackry, JR. (Oak 
Ridge National Laboratory, Oak Ridge, Tennessee, Estados Unidos) Fusién Nuclear 1 (1961) 131—138 


Simon ha estudiado [J. Nuclear Energy €1 (1960) 215] la acumulacién de plasma, sin pérdida de energia, 
en un aparato en el que se inyectan y capturan iones energéticos. Ha formulado una teoria general de los estados 
estacionarios para aparatos tales como el OGRA, en los que la captura se inicia por medio de interacciones 
con gases residuales. En los aparatos de este tipo, se observa normalmente una intensidad critica de la co- 
rriente de entrada o una densidad critica del plasma (que es funcién de la corriente de entrada), por encima 
de los cuales la densidad del plasma aumenta hasta aleanzar un valor limitado por pérdidas debidas a la, disper- 
sién de Coulomb. El autor deduce férmulas sencillas y aproximadas para un régimen de funcionamiento dado 
(inyeccion a 600 keV de moléculas de hidrégeno ionizadas, seguida de su disociacién; comportamiento del 
plasma capturado como bomba idénica muy eficaz). Dichas férmulas aproximadas describen la intensidad de 
corriente critica, o la densidad critica para el crecimiento del plasma. Las formulas de segunda aproximacién 
que el autor establece describen con un error del 10 por ciento, para una extensa gama de pardmetros, las zonas 
de superposicién de la curva representativa de la densidad en funcién de la intensidad de la corriente. 

A continuacién, el autor aplica este método de andalisis a un sistema en el que la captura inicial se realiza por 
medio de un arco de carbono de Luce, como por ejemplo en el aparato DCX-2. Se observan dos aspectos nuevos: 
1) si la densidad del arco se hace disminuir lentamente o si se utiliza un arco de menor densidad, la intensidad 
de la corriente critica para el crecimiento del plasma es inferior en casi un orden de magnitud a la estimada 
en los trabajos anteriores; 2) la densidad critica del arco, por debajo de la cual el plasma crece después de la 
interrupcién del mismo, es suficientemente baja para que las pérdidas de energia en los electrones del arco 
de temperatura fija revistan poca importancia. 

El autor ha estudiado también el crecimiento del plasma en funcién del tiempo, as{ como ciertos aspectos del 


problema de las impurezas y efectos de calentamiento de los electrones. Cita ejemplos numéricos para los apara- 
tos OGRA y DCX-2. 


Amortiguamiento de las inestabilidades de Rayleigh-Taylor de una descarga de un thetatrén, H. A. B. Bopry, 
A. A. Newton y N. J. Peacock (A. W. R. H., Aldermaston, Berkshire, Reino Unido } 
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Fusion Nuclear 1 (1961) 139—143 
Los autores han utilizado una cAmara ultrarrdépida para obtener fotografias sucesivas de descargas en deuterio 
y helio, en las que las inestabilidades por estrias son arrastradas por la fuerza de inercia de una aceleracién 
radial. La longitud de onda asociada a la inestabilidad aumenta a medida que la presién inicial disminuye, 
efecto que sugiere un amortiguamiento debido a la viscosidad. En algunos casos, este amortiguamiento parece 
impedir por completo la formacién de estrias. El resultado de las experiencias concuerda en general con la 
teoria simple del amortiguamiento viscoso. En el momento en que la intensidad del campo magnético se aproxima 
al maximo, aparece una inestabilidad debida a la aceleracién radial asociada a la rotacién del plasma. 


ole Now! ERRATA ET ADDENDA Tom 1, Brmyck | 


Page 8 Equation (54) can be simplified. Multiply Kq. (55) by w and integrate over dw, assuming the 
current to be borne principally by the electrons: 


e ~ 1 y: 
—||E + U, x B]—Vinvo 


= —7*8 | tenet In. A)/m| fw fo (w)- 


w 


aE 3 Wp M+ (Ww) 


NOc 
This permits one to reduce Eq. (54) to the form: 
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It should be noted that no electron quantities are involved. Hence the ions behave like a 
simple gas. 


Pages 22,23 Corrected equations are: 


o\ a 
Eq. (116) yo bes) 
Ve 
Kq. (117) A, = 2uU/Wpe) (1 +2) 2 
1 ¢ Eee, 1 
Eq. (120) aide 77 | 
(14.3) 
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eve fl e\+ li fpen\e Fie\ teas S 
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Eq. (132) Inia* = Ire = 


Page 63 In Eq. (12) delete H, from exponential preceding the integral. 
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TRANSLATIONS 


A limited number of copies of the translated texts (without figures and equations) of articles which have appeared 
in “Nuclear Fusion” will soon be available for subscribers to the journal or for those official agencies, exchange centers, 
governmental libraries, etc. who receive free copies of the journal. 

If you are subscriber, or an official recipient, and wish to receive a copy of one or more translated texts, address 
your request to “The Editor, Nuclear Fusion, International Atomic Energy Agency, Kaerntner Ring 11, Vienna I, 


Austria”. Include your address and the “TT” number (see list below) of the translated texts which you wish. 


TRADUCTIONS 


Un nombre limité d’exemplaires des traductions (sans figures ni équations) des articles parus dans «Fusion nucléaire» 
seront prochainement & la disposition des abonnés et des institutions officielles, centres d’échange, bibliothéques 
nationales, etc. qui recoivent des exemplaires gratuits de la revue, 

Si vous étes abonné & la revue ou si elle vous parvient & titre officiel, et si vous désirez un exemplaire d’une ou de 
plusieurs traductions, adressez votre demande au Rédacteur de «Fusion nucléairey, Agence internationale de V’énergie 
atomique, Kaerntner Ring 11, Vienne I, Autriche. Indiquez votre adresse et le numéro «TT» (voir liste ci-dessous) 


des traductions qui vous seraient utiles. 


IJEPEBOJIbI 


B ckOpoM BpeMeHM OFpaHH4eHHOe YHCIO 9K3EMIMIAPOB TMlepeBeTeCHHbIX TeEKCTOB CTaTei (6e3 YepTexeii U POPMY/I), MOABHBLUIMXCA 
B 2KypHase ,,AnepHpiit cunTe3, 6yneT mpemOcTaBsIeHO NOAMHCYMKAaM X%KYypHasa WIM TEM OPUUMAIbHbIM YApexKTeHHAM, WeEHTpPaM 110 
oOmMeHy HH(OpMauMeli, MpAaBHTeNbCTBeEHHbIM OuOMMOTeKAaM UM T.0., KOTOpble MOMyYaroT SecmmaTHble 9K3eMIMIAPbI 2%KypHasa. 

Ecsiv BbI ABJIACTeCh MOAMMCYHKOM HIM O*UUMAIIbHBIM MOsy4aTesIeM M *KeMaeTe MOMYYTb 9IK3EMIMIAP OHOLO uM GONee NepeBeqeH- 
HbIX TeKCTOB, OOpallaiitecb m0 ampecy: ,, The Editor, Nuclear Fusion, International Atomic Energy Agency, Kaerntner 
Ring 11, Vienna I, Austria’. Ykaxute Baul agpec 4 HOMep «TT» HepeBeqeHHBbIX TeKCTOB (cM. TaONMIty HW2%Ke) KOTOPbIe BEI 


KeaeTe MOJIYAMThb. 


TRADUCCIONES 


En breve se dispondra de un nimero limitado de ejemplares de los textos traducidos (sin cifras ni ecuaciones) de 
los articulos aparecidos en «Fusién Nuclear) para las personas suscritas a la revista o para los organismos oficiales, 
centros de intercambio, bibliotecas publicas, etc., que reciben ejemplares gratuitos. 

Si esta usted suscrito a la revista, o la recibe a titulo oficial, y desea recibir un ejemplar de uno 0 mas textos traducidos, 
pidalos a la direccién siguiente: «Redactor de ‘‘Fusién Nuclear”, Organismo Internacional de Energia Atémica, 
Kaerntner Ring 11, Viena I, Austria». Indique su direccién y el numero «TT» de los textos traducidos (véase la 


lista a continuacién) que desee. 


* Translated into 


TT-1 Nuclear Fusion 1 (1960) 3—41 R 
TT-2 Nuclear Fusion 1 (1960) 42—46 

TT-3 Nuclear Fusion 1 (1960) 47—53 FE 
TT-4 Nuclear Fusion 1 (1960) 47—53 BR 
TT-5 Nuclear Fusion 1 (1960) 54—61 R 
TT-6 Nuclear Fusion 1 (1960) 62—63 R 
TT-7 Nuclear Fusion 1 (1961) 82—100 E 
TT-8 Nuclear Fusion 1 (1961) 121—124 BE 


* K — English, R — Russian 
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INFORMATION FOR AUTHORS 


quiries should be addressed to “The Editor, NUCLEAR 


FUSION, International Atomic Energy Agency, Vienna I, 


Ai 


istria.”’ 


Layout of Manuscripts 


Authors should set out their manuscripts as follows: 


a) 


Form of manuscript: A manuscript may be submitted 
in English, French, Russian or Spanish. It should be 
typed in double or triple spacing, with wide margins, 
and be on good quality paper: two additional copies 
on thin paper should be attached; 

Equations should be numbered consecutively, using 
Arabic numerals in brackets the number being placed 
at the right side of each equation, e.g. “(2)”. Where 
possible, the exact equation will be used in all trans- 
lations. It is therefore preferable to use only those 
symbols which are recognized internationally and to 
avoid abbreviations of words which are meaningful 
only in a particular language (e.g. Hoy, tinax, etc.). 
Simple symbols should be used and their meanings 
defined in the text. 

Figures: 


1) Each figure should be on a separate page and num- 
bered consecutively with Arabic numerals, e.g. 
“TMigi, 1? Bie 

2) Captions for all figures should be listed on a 
separate page and numbered appropriately ; 

3) Photographs (glossy prints) should not be sent 
unless they are indispensable ; 

4) Line drawings are preferred, if possible black ink 
on white tracing paper; 

5) To facilitate translation, internationally-recognized 


symbols only should be used on all figures, their 
definitions to be included in the _ captions. 


d) Footnotes should be numbered consecutively with 


e) 


f) 


Arabic numerals and marked within the text where they 

occur. They should then be listed on a separate page. 

References should be marked in the text consecutively 

in Arabic numerals in square brackets, and the full 

references listed in numerical order on a separate page. 

Examples of the forms to be used: “‘[1] SMITH, A.B., 

Phys. Rev. 206 (1955) 483” or “[2] JONES, L. M., 

Plasma Physics (XYZ Book Co., New York, 1951) 59”. 

Tables should be numbered consecutively with Roman 

numerals. The captions should be listed on a separate 

page. Wherever possible internationally-recognized 

symbols should be used in the column and_ their’ 
meanings defined in the text of the captions. Dimen- © 
sions should be given in the table captions. 

An author’s summary (not more than 300 words) of 

each article should be included with the manuscripts. 

The summary will be translated and will appear in 

the journal in the four official languages of the Agency. 


Note: 

One original and two copies of all figures, tables and separate 
pages of footnotes and references are necessary. 

When submitting the manuscript, the author should 
give the name of the person to whom the galley proofs 
should be sent, with the exact address. Reprint order 
forms will be sent with the galley proofs. 

If the manuscript is accepted, 50 free reprints will be 
sent to the author. Any additional reprints must be 
ordered when the author returns the galley proofs. 


RENSEIGNEMENTS A L’USAGE DES AUTEURS 
Les demandes de renseignements doivent étre adressées 
au «Rédacteur en chef, FUSION NUCLEAIRE, Agence 
internationale de l’énergie atomique, Vienne I (Autriche)» 


Présentation des manuscrits 


Les auteurs voudront bien se conformer aux dispositions 
suivantes : 


a) 


Forme du manuscrit Les manuscrits peuvent étre 
rédigés en anglais, francais, espagnol ou russe. Ils 
doivent étre dactylographiés @ double ou triple inter- 
.ligne, avec de grandes marges et sur du papier de 
bonne qualité; dewx copies supplémentaires sur papier 
pelure seront jointes a chacun d’eux. 


b) Les équations doivent étre numérotées selon l’ordre 


dans lequel elles sont données, a Vaide*de chiffres 
arabes entre parenthéses, le chiffre se trouvant & droite 
de chacune d’elles. Dans la mesure du possible, l’é- 
quation sera reproduite exactement dans toutes les 
traductions. Il est done préférable de n’utiliser que 
des symboles reconnus sur le plan international et 
@éviter les abréviations qui n’ont de signification 
que dans une langue déterminée (par exemple: Vj,), 
Viet, etc.). Il importe d’utiliser des symboles simples 
et de préciser leur signification dans le texte. 
Croquis. 

1) Chaque croquis doit figurer sur une page distincte,; 
tous les croquis doivent étre numérotés, & l’aide 
de chiffres arabes, selon ordre dans lequel ils sont 
présentés, par exemple: Fig. 1, etc. 

Les légendes de tous les croquis doivent figurer 
sur une page distincte et étre numérotées des 
maniere appropriée. 

Des photographies ne doivent étre envoyées que 
si elles sont indispensables. 

Il est préférable de soumettre des dessins au trait, 
si possible a lencre noire sur papier calque blanc. 
5) Pour faciliter la traduction, il est reeommandé de 


4) 


d) 


n’utiliser, pour tous les croquis, que des symboles 

reconnus sur le plan international, et dont la 

définition devra figurer dans les légendes. 
Les renvois a des notes doivent étre indiqués dans le 
texte, en chiffres arabes entre crochets, dans lordre 
numérique. Les notes elles-mémes figureront sur une 
page distincte. 
Les renvois a des références doivent étre indiqués dans 
le texte, en chiffres arabes, dans Vordre numérique; 
les références elles-mémes figureront dans lordre 
numerique sur une page distincte. Exemples des for- 
mules a utiliser «{5] DURAND, P., C. R. Acad. Sci. 
[| Paris. 376 (1956) 1344» ou «DUPONT, J., Physique 
des plasmas, (Nathan, Paris 1957) 59». 
Les tableaux doivent étre numérotés en chiffres ro- 
mains, selon Vordre dans lequel ils sont présentés.” 
Les légendes doivent étre reproduites sur une page 
distincte. Dans toute la mesure du possible, il convient 
d’employer des symboles reconnus sur le plan inter- 
national et de définir leur signification dans le texte 
des légendes. Les dimensions doivent étre indiquées 
dans les légendes des tableaux.” 
Un résumé (300 mots environ) de chaque article doit 
étre joint au manuscrit. Le résumé sera traduit et 
publié dans la revue dans les quatre langues de travail 
de_lAgence. 


Note 


Il est nécessaire de fournir un original et deux copies de 
tous les croquas, tableaux et pages de notes et de références. 
En soumettant son manuscrit, l’auteur indiquera le nom 
de la personne a laquelle les premiéres épreuves devront 
étre envoyées en méme temps que son adresse exacte. 
Un bon de commande pour les tirés & part sera joint aux 
épreuves. Cinquante tirés & part de chaque article publié — 
seront envoyés gracieusement &l’auteur. 8’il désire recevoir 
des examplaires supplémentaires, il devra en faire la 
demande lorsqu’il renverra les épreuves. 


HHDOPMALHA JIS ABTOPOB 


3a ClIpaBKaMU CJlenyeT OGpallaTEea 0 ampecy: «PeqakTopy 
KypHatla «A qepHbit cunTe3», MexnyHapogHoe arentcTBo m0 
\TOMHOH 9Hepruu, Bena I, Ascrpus.» 

Jopaaok odopmsenna pyKomnceii 


ABTOpaM [pemtaraetca CII€HYrOlwMH NMOpsaoK odopmnenusn 
dyKOTIMCceH : 


») Popma Pykonucu. Pykonucbh MoxeT 6bITh HpencTaBseHa Ha 
QAHTJIMMCKOM, PyCCKOM, (bpaHly3cKOM uM McnaHCKOM 
ASBIKE. TekcT pyKonMcH OKeH ObITB OTMeEYaTaH Ha nMWy- 
Ile MalllMHke yepes 06a uAU Mpu UKMepBaAA, VMETb WUpOKUe 
noid WM ObITb TpeactTaBseH Ha GyMare xopowlero KayecTBa 
B mpex 9K3emMnaAApAax. 


9) Ypaenenua OUKHbE ObITb MOCMeHOBATebHO MpOHyMepo- 
BaHbI apadcKumu yugipamu 6 CKOOKAX KOTOPbIe AOMKHbI 
ObITh pacnosO%*KeHbI CipaBa OT ypaBHeHUA, Hamp. «(2)». Ilo 
BO3MOXKHOCTH ypaBHeHHA OynyT aBaTbCaA B OMMHAKOBOIt 
(bopMe B MepeBowax Ha BCe ABZbIKH. TlosTomy >xxemaTesBHO 
MCHOJIb3OBATb B YPABHEHHAX TOIbKO MexKTyHapODHble 3HaKkH 
M w30eraTb TakKxKe COKpaleHHi COB, KOTOPbIe MOHATHDI 
TOJIBKO B TaHHOM A3bIKe (Hamp. Enap, Xmaxc MT. O.). Cne- 
AyeT MCHOJIb3OBaTb MpOCcTble 3HaAKH C MOACHeEHHeEM B TeKCTe. 

>) Pycunky u cxemol. 


1) Kaxkgpiit pucyHoK 4 CxXeMa DOJDKHbI DaBaTbes Ha OTeIIb- 
HOM cCTpaHHlle WM MpOHyMepoBaHbI MOceqOBaTesIbHO 
apaéckumu yugpamu, Hamp., «Puc. 1». 


2) Hagmucu KO BceM pHcyHKaM MW CXeMaM JOJDKHBI ObITb 
TaHbl Ha omdesbHOM AUcMe VU COOTBETCTBEHHO IPOHYMepo- 
BaHBI. 


3) Hanpapnatb dOTOcHHMKH cyIeqyeT TOMbKO B cilyyae 
KpaliHeit HEOOXONMMOCTH B HHKX. 


4) KenatesbHO WpeWcTaBAATb YepTe%xKU, BbINOJHeEHHbIe Yep- 
HOM TylIbro Ha Geno BOCKOBKe. 


5) Ha scex puicyHKax 2KellaTebHO WCHOb30BaTb Me>Ky- 
HapOHble yCAOBHbIe 3HaKH. OnpememeHHa 9THX 3HAKOB 


HOJDKHBI BKJIFOYATBCA B TOApPMCyHOYHble HanuUcH. DTo 
oOsleruuT TepeBow MaTepuanos. 


d) Cxocku QOIKHEI ObITbh IPOHyMepoBaHbl apaockumu yugipamu 
TlOCI€HOBATETbHO VM yKa3bIBATbCA B TeKcTe. 3aTeM BCe CHOCKH 
OJDKHbI ObITb AaHbl Ha OTAeJIbHOM JIMCTe. 


e) Haumenosanus cnpasounoit aumepamypot NOK ObITb TIpo- 
HYMePOBaHbI apadcKumu yUudipamMu B KBalPaTHbIX CKOOKax. 
TlomHbie HaMMeHOBaHHA BCeX UCHOMb30BAaHHbIX H31aHuli 
TOJDKHbI ObITh MpHBeeHbI B OYepeMHOM NMOpATKe Ha OTMesIb- 
HOM CTpaHHie MO cienyroulemy oOpa3ny. 

«{1] UEXOB, K., Amomuas suepeus 14 (1959) 137 won 
«{2] ABAHOB, ®., ®usuxa naasmor (AH CCCP, 1956)». 


f) Tadauyot HOMKHbI Obirb TpOHyMepoOBaHbI NOCHE LOBATeIbHO 
PuMmckumu yudpamu. Hannucu kK TaOnMnaM DOKHbI ObITS 
MepeyncsIeHbl Ha OTAebHOM sIMcTe. [lo BO3MO>%xKHOCTH B 
TaONMUaX CielyeT MCMHOb30BaTb MeXxKyHApOTHble ycMoB- 
Hbl€ 3HaKU, 3HAYCHUA KOTOPbIX JOJDKHbI ObITH DaHbI B TeKcTe 
Hanmucei K TaOmMuUaM. Pa3mMepbl DOJOKHBI TakxKe DaBaTEcsr 
B TekcTe Haamuceti K TaOnMUaM. 


g) K pykonucw kaxgOu cTaTbH OsOKHa ObITh puso xKeHa 
KpaTkad aHHOTalMA (mpHmMepHo 300 cnos). AHNHOoTalnaA 
OyayT MepeBogquTbcsx Ha paOoune a3bIKM AreHTCTBa Hi BKJIFO- 
YaTbCA B KYPHaI. . 


Ilpumeyanne: 


Bee pucyHku, CXeMbl, MAOAUYbI, AUCMbl CO CHOCKaMU K meKcmy 
u cnpasounHoll AumMepamypol HeodOxodUMO NpedcmaébAAmMb 6 mpex 
OK3eEMNAApAX. ‘ 


Iipu mpeyctraBieHuu PyKONMCH aBTOp OJDKeH yKa3aTb,. KOMY 
U 110 KaKOMY apecy JOJMKHbI ObITb HalpaBJIeHbl TPAaHKM CTATbH. 
bnanku Ha 3aKa3 JOMONHHTeMBHOrO KOMMYECTBA 9K3EMIMIAPOB 
OyHyT HalpaBsIATbCA ODHOBPeMeHHO C TrpaHKaMH. 

B cny4ae NpHHATUA pykKomMcH aBTopy OyneT OecuaTHO Hampa- 
Buiatbca 50 oTtvckos. J[ONONHUTeNbHbIe OTTHCKH caedyem 
3aka3bl6aMmb TIP BO3BpalleHnu B ACeHTCTBO TpaHOK CTaTHH. 


INSTRUCCIONES PARA LOS COLABORADORES 


La correspondencia debe dirigirse al «Redactor de la 
revista FUSION NUCLEAR, Organismo Internacional 
de Energia Atomica, Viena I, Austria». 

Presentacién de los Originales 

Al preparar los originales deberan tenerse en cuenta las 
siguientes normas: 


a) Texto de los articulos: Los articulos podran redactarse 


en espafiol, francés, inglés o ruso, El texto, con dos 
copias, se enviaré mecanografiado a doble o triple 
espacio, con amplio margen y en papel de buena calidad. 

b) Todas las ecwaciones se numeraran con nimeros arabi- 
gos colocados entre paréntesis a la derecha de cada 
ecuacion. En la medida de lo posible, las ecuaciones 
se reproduciran exactamente en todas las traducciones; 
por ello, conviene emplear los simbolos reconocidos 
internacionalmente y evitar el uso de abreviaturas 
que sdlo tengan sentido en un determinado idioma 
(por ejemplo, Vineds tmax. etc.). Deberdn utilizarse 
simbolos simples cuyo significado se definira en el texto. 

2) Higuras: 

1) Las figuras se presentaran en hojas aparte y se 
numeraran con nimeros ardbigos; por ejemplo: 
«Fig. Ll». 

2) Los textos que acompafien a las figuras se agrupa- 
ran en una hoja aparte con la numeracion correspon- 
diente. 

3) Sdlo se enviardén fotografias cuando sea indispen- 
sable. 

4) Se recomienda que las figuras se hagan en dibujo 
lineal, utilizando en lo posible tinta riegra y papel 
de dibujo blanco. 

5) Para facilitar el trabajo de traduccion conviene 
que en las figuras sdlo se empleen simbolos recono- 


cidos internacionalmente; estos simbolos se de- 
finiran en el texto que vaya al pie de la figura. 

d) Las notas de pie de pagina se indicaran en el texto 
con nimeros ardbigos y sc agruparan’-en una hoja 

_ aparte. 

e) Las fuentes bibliogrdficas se indicaran en el texto cen 
nuimeros ardbigos colocados entre corchetes, y se 
agruparan en una hoja aparte en orden numérico. Las 
menciones se haran de conformidad con los siguientes 
ejemplos: «{1] GRANADOS, A. J., Rev. esp. Fis. 17 
(1958) 483» 0 «2] JONES, L. M., Plasma Physics 
(XYZ Book Co., New York, 1957) 59». 


f) Los cwadros se numerarén con nimeros romanos y los 
textos explicativos se agruparan en una hoja aparte. 
Siempre que sea posible se utilizaran en las columnas 
sfmbolos aceptados internacionalmente, dando su 
significado en los textos explicativos. 


Junto con el original se enviard un reswmen (de unas 
300 palabras). El resumen se publicara en la revista 
en los cuatro idiomas de trabajo del Organismo. 


Nota: 

Deberdn enviarse un original y dos copias de las figuras y 
de los cuadros, asi como de las hojas separadas que conten- 
gan las notas de pie de pagina y las fuentes bibliograficas. 
Al enviar el original se indicara el nombre y la direccién 
exacta de la persona a la que deberan remitirse las pruebas 
de imprenta. Con las pruebas se remitira un formulario 
para encargar las separatas. 


Ser 


Los autores de los articulos publicados en la revista 
recibiran gratuitamente 50 separatas. Si desean recibir 
una cantidad mayor habrdn de indicarlo al devolver las 
pruebas de imprenta. 
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